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EDITOR'S PREFACE 



THE^resent Yearbook is the final report of the Joint Commis; 
sion of the N^atheniatical Association of America and the Na< 

if ^ 

tional Council of Teachers of Mathematics on "The Place of 
Mathematics in Secondary Schools/' As editor of the series of 
Yearbooks I wish to express my personal appreciation both to 
the Matheipatical Association of America and tj the National 
Council of Teachers ot Mathematics for the generous wi:v in 
which they have cooperated to make this Yearbook possible. 

W. D. Reeve 
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PREFACE 




The Joint Commission of the Mathematical Association of 
America and the National Council of Teachers of Mathematics, 
on the Place of Mathematics in the Secondary Schools, was or* 
ganized in i^gs to take over the work of separate committees of 

. the two organizations that had been api>6inted some months 
earlier to study the problems of sbcondavy mathematics. During 
the first ivff/^eSr$ of its existence the Commission was able to 
hold conferences only^^ conViection with meetings of the spon^ 
soring societies, and not much progress was made toward the 
preparation of a report.^ In January, 1937, the General Educa- 
tion Board generously made a grant to the Commission of 
$5000, an amount subsequently increased to $6500, and this 
subsidy made it po^ssible for the Commission to hold meetings 
and carry on its work more effectively, 
The Commission had been left free to choose its own approach 

' to the general problem of mathematics in secondary education. 
It -became apparent very soon, however, that the Commission 
would not be able to consider all phases of such a broad sub- 
ject nor treat exhaustively the topics it selected for discussion. 
Among the primary difficulties in preparing the Report was 
t|iat of achieving a proper balance between general principles 
involved and specific proposals concerning methods of develop- 
ing these principles. The Commission believed that there are 
three groups of persons especially interested in such a report: 
(1) students of education, (2) administrators, (3) classroom 
teachers of mathematics. Obviously these three groups will view 

meeting of the original committee of the Matnematical Association in 
December, 1934, was made possible by funds furnishe<l by the Commission on 
the Secondary School Curriculum of the Progressive Education Association, of 
which Dr. V. T. Thayer was chairman. 



xl preface 

• 

the Report hom somewbit different standpoints. Thus the 
student of education and the administrator may ^ be interested 
chiefly in different phases of ihe broader aspects of the problem, 
while the teacher may be seeking answers to specific questions 
./of instruction. It was in regard to possible interests of the 
teacher that restri^itions in the scope of the Report had espe* 
cially to be made. The Conmiission could not prepare a general 
handbook, and it did not seem advisable to discuss methods of 
instruction. 

Within the Report itself the Commission has constantly 
sought to make it clear that the members recognize that there is 
no one perfect pattern of instruction itr mathematics. Con- 
tinual experimentation is necessary if mathematical teaching is 
to meet the demands pi changing school rondit.'ons, and it 
would be unwise to attempt to mold mathematics into a single 
shape, or to make any plan too rigid. Good programs depart- 
ing considerably from those that are set forth in this Report are 
being successfully carried on. However, the Commission does 
believe that the progratns suggested are so»^nd and, moreover, 
sufTiciently flexible to meet -a wide variety of needs if they are 
ituelligently^interpreted and fdfllowed* 

If there is marked difference of opinion atnong teachers con- 
I crning the most satisfactory curricula for normal pupils, there 
is still more disagreement concerning p.^^ograms for slow ^)upils, 
and, to a less degree, concerning tliose for superior pupils. Al- 
though it is believed I v many that only a start has been made 
toward the inxcstigation of the e pioblems, the Cq^^ " lission felt 
that it could not e^ ade questions that arc so pressing at the 
present time. It is hoped that the discussion of general princi-^ 
pies and the spocjfic snggcstir)ns that are given will aid those 
schools and those teachers who nave i.ot already found a satis- 
factory solution to the problem. 

The Report is not burdened with extensive references, as is 
so^^fu^n the case in rducational discussions. Views expressed are 
those held by tiie inenibcrs of this Connnission, based on their 
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own c\pcricnce» their reading and study, and their discussions 
with other persons. It seemed that Httle would be gained by 
trying to trace ideas to doubtEul soui'ces or by the citation of 
writers who are know^n to concur with the statements in ihe Re* 
port. When other writers are quoted, they are Usually quoted 
nut because they are regarded as unimpeachable authorities 
behind whom the Commission can take shelter, but because they 
^ have given forceful or felicitous expression to views that the 
Conimissioi. endorses' On the other hand, the two basic pro- 
grams for ma hematics instruction that are set forth in Chap- 
ters V and VI have elements that are ^} familiar it seemed un- 
necessary to support them by references. In. some chapters it 
seemed desirable, however, to give chort bibliographies, and it 
is hoped that the refertnces included will prove sufficient for 
the reader who desires a further discussion than that given in the 
Report. 

Several of the chapters were published in 1938 in preliminary 
form in two pamphlets in order to receive criticisms and sug- 
gestions. Many letters were received from individuals as well 
as more or less extensive comments from committees and groups 
that had discussed the preliminary Report. All of this martial 
was very valuable in tht preparatioo of the final Report^ It is \ 
not possible to record here the names of all the many persons ■ 
who, by giving aid and counsel, have dtMUonstrated their interest 
in the work of the Commission, but the Commission desires to 
express its sincere appreciation to all of them. The obligation 
of the Comnlssion to the following persons is especially great: 
Professor Harl R. I)ouj;lass of the University of North Caro- 
lina, who met with the Commission during one of its sessions; 
Professor E. R. Breslich of the University of Chicago and Pro- 
fer^)r Virgil S. Mai lory of Montclair wState Teachers College, 
whain addition t(^ furnishing criticisms of the prelitninary Re- 
port read some of the revised chapters and responded gener- 
o\isly to questions that were asked them; Dr. C. A. Atherton of 
Horshry junior College and Dr. U. j. lianndly of Phoenix 
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Junior College, who helped in the revis^n of tlie chapter on the 
Junior College. No responsibility should be placed upon these 
persons by anyone who disagrees with the Report. Although it 
gave careful consideration to advice and criticism, the Commis- 
sion did not always follow the recommendations made, so that 
the persons mentioned will themselves not concur with all that is 
said in the parts of the Report they especially scrutinized; but 
• the Report was undoubtedly improved by their counsel and 

their suggestions. Finally, the Commission wishes also to record 
its great-indebtedness to the General Education Board for the 
fuiancial assistance it gav.c. 
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'7 had been to scfjpol most all the time and 
could spell and re^ad and write just a little, 
and could j«> the mutfiplication tablij^ip to 
six times seven is thirty^five, and I^don't 
reckon I could ever get any further than that 
if twas to live forever, I don't take no stock in 
mqthvpnatics anyway*** 

-HUCK FINN 
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INTRODUCTION 

^ THE role: of mathematics in civilization 

"There um things xohich he stretched, but mainly he told 
the truth." 

—THE ADVENTURES Ol- HUCKLEBERRY FINN 

As A background for discuss^ the place of mathematics in any 
system of education, it seems^apfMopiiate to give some attention 
to the ways in which this subject has assisted in the development 
of our civilization and the extent to which we now depend upon 
it. So old are some of the uses of mathematics and so deeply are 
they embedded i\i our cuhure that they are in danger of being 
taken for granted an^ forgotten. On the other hand, at the 
present lime the subject finding employment -in new ways 
that may not be known to those who arc not directly concerned 
with mathematics, or even tcxsome teachers of the subject. Ac- 
cordingly the theme that appears in the caption above is here 
developed briefly. 

HISTORICAL PI- R.Sl'EC FIVE 
Some of our oldest historical documents have to do, either 
exclusively or incidentally, with mathematics. The beginnings 
of the subject therefore belong definitely to pre history. Though 
present-day studies are revealing the existence of a much gieater 
knowledge of mathematics in antiquity than we had supposed, 
we shall never be able to uncover the first steps in its develop- 
ment any more than we can know in any satisfying way about 
man's first efforts toward artistic expression. It was a realization 
of the age-old character of matliematics and the social cau.ses of 
its origin that led Professor Hogben to give the picturesque 
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summary, he history of mathematics is the mirror ofciviliza-* 
tion/'^ During its centuries of growth the subject has received 
conu-^utioiis from different peoples, has been a common heri- 
tage for much of mankind, and throughou't the civilized world 
is regarded as indis|>ensable for further progress. The realiza- 
tion that so much mathematics has coinc down to u| from past 
years often leads to the belief that here at least is one science 
which has completed its grouHh, Such a view is, however, quite 
erroneous, for the subject is one which today is growing so rap- 
idly, as the great number of research papers published here and 
af)road'' indicate, that the present has been described as the 
Golden Age of Mathematics. 

MATHtMA l 1C;S AN OUKiROW I H OF FUNDAMENTAL 

HUMAN NEFDS ^ 

However refined and abstract much of mathematics now is. 
one may be sure that its origin had lo do with the Conimonplate 
matters of food, clothing, and shelter. Questions inevitable for 
all human beings— such as how many? how much? how long?- 
could be answered only by couyxling and measurxng. two 
processes, under the reletulcss stimulus of hunger, cold, and 
desire, gave the basic impulse toward the creation of mathe- 
matics, and today, in spite of its growth and ramifications, num- 
ber and /orm remain among the futulanientals of the subject. 

arithmetic: a^d geometry 
Having received -instruction in numbers during early child- 
hood, people take them for granted and so do not realize that 
the development of the number system was an epic achievement. 
One is more Hkc'y to wonder how it ever was possible to get 
along with horses and buggies than to wonder how the Romans 
managed with heir clumsy numerical notation. But upon re- 
flection one sees that the ideas, the processes, and the applica- 

' Hdgtoi, Lancelot, ^^aihemaiics for the Million, p. 32. W. W. Norton and Co., 
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lions of arithmetic, at we have it* today p forin a highly perfected, 
permanenti and universal social heritage. 

material world which surrounds us reveals form as clearly 
as it suggests number. AUhbugh natural objects ^present t|iem- 
selves in countless varie^iesp certain forms liave a tendency to 
reappear, and this constant recurrence suggests \r\sxc concepts 
and stimiMates the creating of an ap|)ropriate vocabulary. Cir- 
cles, for example, are repeppedly forcing themselves upon us; 
one sees them in the sun, the fall moon, the rij)ples on a pond, 
and everywln^e, albeit imperfectly, in the trunks of trees and 
the stems of i)lants. Kor centiiries tlie niglittime sky was regarded 
as a hemisphere, with the stars fixed upon it. and the modern 
astronomer, though he knows better, preserves the illusion and 
still speaks of the 'rclcstial sphere/* I ong before man had 
constructed a circuhir arch he had seen one flash forth mysleri- 
ously in the rainbow. \';h ions practical arts, forced upon man in 
the Struggle to survive, and raised later ia a higher plane -by his 
desire to make living more comfortable and refined, prepared 
the way for geometi-y\ 

tiil: c;rkek achievement 
The mucli repeated story that geometry as a deductive science, 
as distinct from a compilation of miscellaneous rules, was stai;ted 
by Thales after he returned from a bushiess trip to Kgypt may 
not be true. There can, however, be no doubt that Thales and 
other (irceks developed ideas that wiMe to' prove revolutionaVy 
by laying the foundation for .some ol* the most significant aspects 
of Western civilization. To them belongs the credit of initial- 
ing rational scicncv, Long before the time of the Greeks, as early 
I)erhaps as the Stone Age, men possessed certain scraps of scien- 
tific knowledgeiof a practical kind, born heuristically from their 
e\))eriences. lluis ihey understtuxi something a!)out the use 
of the lever as an aid in moving heavy objects. At a later period 
we find quite remarkable 'technical knr)w]c(lge in the civiliza- 
tions of the Chaldeans and the Egyptians. Hut peoj)les even as 
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advanced as thea* did not siu cccd in giving a reasoned explana* 
tion of natural phenomena anc^ technical processeii; apparently 
they hardly attempted to do so, On the other hand this was 
pj:ccisely what the Greeks did. and with^ them science as we * 
think of it had its beginnings. Nfucli of the Greek success is* due 
to the development given to mathematics* ^ 

Ol HER BRANCHJiS OF CLASSlCAIi MATHEMATICS « 

Such concep|s as those of e(juality, congruence, similarity, 
^ symmetry, latio and proportion, woven so firmly into geometry^^-^ 
also corn ribu ted, under the s\i^t of problems of indirect 
measurement, to the development of trigonometry, which had 
been used by the Greeks mainly in connection with astronomy. 
As«one contemplates the table of chords diat Ptolemy gives in 
great work, which the Arabs renamed Alnui^est as an act of 
reverence, ho realizes how essential all such work was ;f man ^ 
were ever to **cuntrol his environment," 

The problems that were being subjected to mathematical 
analy.^is were constantly, becoming more intricate, and revealed 
the iietessity for methods more general and techni(jues more 
\ powerful and universal than the old ones. Out of this need came 
V algebra, subject which has shown a disposition to crowd into 
more and more places witli benevolent willingness to take upon, 
itself a larger amovuit of the work of the world. 

Appreciating this characteristic of algdna, I-ermat and Des- 
caitcs made a fusion of it and geometry, giving us the study we 
know as a)ialytic\u^ro7netry. Here a strange thing liappened in 
our QUtlook upf n things. l iiough to our sight the world looks 
(on\int:ingly like a tin ee dimensional affair, tlu. new mathe- 
n!ati(s enables us to deal with a woild not so "(abin'd, cribb'd, 
(onhncd/' Aiiventurcs into regions of more tlian iluee dimeii 
sions ]\A\c hccw suKcsbfully made, the cxploiers biinging ba(k 
v.duabic sugm\sti(>ns for dealing with the physictd worhl, which 
shows (he folly of evei' (onuuitling ourseKes to a polity whi(li 
( (jo.sideis only things patently "pi actical/' 
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SoonWicr algebra and geometry were unitt^d, the growing 
de^sire touleal tll'cttively with ])henoniena and problems which 
had defied analy.si.s brought inPb the foreground (juestions about 
r(Ues of cfhuir,;. Although certain Greeks, notably Archiinedes 
and Kud()\us,^had eniployed some o( the conceptions of the 
ndculus, it leniained for the inventive and penetrating minds of 
Newton and l.eihnit/. lu fix the foundations in a definite way. 
*rhe^n)aij)emaiician is justified in growing enthusiastic about 
this subject, suu e a ntw era for mankind began with its discov- 
ery, and human cujiure will never cease to draw heavily upon 
«*iis striking methods of^nalysis. When, along with his neighbors, 
a mathematician observes publicizing of the fact tliat the world ^ 
constantly changes, i\v \my^ be pardoned for some surprjise^. for 
he is likely m recall that two and a half centuries ago Newton 
was talking about fluxions and fluents. ^ 

« 

'1H1>S1'RV1CI': VAI.ULS OF KlATIIliMATICS 

Since nnich of (jur basic niathematics grew out of needs, its 
Jiiglr utility should occasion no. surprise. As the subject ex- 
jXmdcd it be(anu* nfbre and more self-contained. Mathemati- 
cians long have regarded it as one of man's most appropriate 
activities, and^they find satisfaction and interest in the'stmly 
itself. This attitude has given an even greater incentive for 
piessing its development than has the goad of need; neverthe- 
less contac ts with the physical world luul applications to it have ^ 
been^ discovered as by {Hoduc ts. su( h results being constantly 
taken up and ( ultivated by those engaged in various technical 
pursuits. As tlu ic is no danj^cr of our being deprived of the re- 
suits of mathcm.uical incpiiiies. people may not keep in mind 
the many ways in whuU the subject ministers to us and-may 
even. forget how primitive our civilization would be without it. 
Mosi people, for example, do not know that cpiiie as much use- 
is made of dilfeiential equations as of wire in radio work. An 
inspection of textbooks li.ning to do with numeious technical 
fields, prolessions. and trades reveals their great depciidence 
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upon matliemutics, and, if made thoughtfully, caii^ well be rec- 
ommended foV those who aspire to be competent appraisers 
of our culture. (See Appendix I.) 

THE NEWER USES 

Since^the beginning of the century the science of physics has 
been greatly changed. The new work not only has employed 
novel ajfij'aratus t)ut has required more advanced mathematics. 
In thexase of the general theory of relativii]^, mathematics has 
been used in a more searching way than ever before, since purely 
mathematical attributes neca^me a guide in tite quest for physi/ 
cal laws. The greater matlumatizing of physics was to be ex- 
pected, ;It was merely another step 'in an evolution long under 
way. More significant is the fact that jome studies, until re- 
cently not mathematical at all, are rapidly becoming so. Per- 
haps the most notable example is chemistry, which is no longer 
ahnost solely a matter of test tubes and crucibles plus a little 
arithmetic, but one of differential equations and integral signs.^ 
Mathematics is a means not only for giving precise and eco- 
nomical statements for truths previously expressed less accu- 
rately and gracefully but also for affording new methods of 
discovery,^ in some instances excelling tlie resources of the labo- 
ratory, just because it can bring one to gr^ps with basic Considera- 

2 So strikiiij» has hvcu the chanj;c tliat one chemist has remarked: "Chemistry 
has graduated fioni tlie (hiss of tlie des(ti[)tive sciences into the class of the- exact 
sciences, and has tnkeii its plate hy the side of physics aiui eiij^inecring as a branch 
of mathematics." Daniels, Farringltm. "Mathematics for Siiulents of Chetnistry." 
The American MathematicahMonlhlw Vol. XXXV'. pp. 59. lyaM. 

'An on'lstatulinj; instatice of 'what mathematics has done for chemistry with 
heiu'fit to the eniite world has been descril)ed as follows. 

'*A' modest professor of nuithematical physics at Vale University discovered the 
phase rule and other thermodynamical laws of heterogeneous so.. 4t ions, and today 
these laws are the very cornerstotie of petroleum refininj^ and of other chemical 
industries. It wnult! ru)t be ina()propriaie if the oil barons and motor magnates 
ielel)rate(t^ the biithday of NVillaid (iih!)S as the most important antiiversary in 
I heir calendar— for the billions of ^^alhnis of ^jas(dine which last \ear atti\ated the 
millions of anlonifibile moiois weie distilled, lu^t onlv out <^f tfie refinery stills, 
but also out of the maihemaiiial e(juations of the me<!iiative professor. " Gray. 
George .S. "Science and Profits." Harp^r^ Magazine, April. 
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tions. In psychology arid physiology^ advances of new kinds are 
made through the application of mathematics, while certain 
types of geological studies can be made only by means ofijnathe 
nuitics, meteorology being quite saturated with it. 

Mathematical mediods have appeared somewhUt slowly in die 
social studies, as was to be expected on account of the traditional 
descriptive qualities of these subjects. The use of rtiathematics 
in economics will be considered briefly. Although in courses in 
economics there is reference to *iaws" and '^principles," from 
which it is asserted that conclusions are derived by deductive 
processes, mathematics has often been avoided. At'nK^st^a 
**curve of supply*' and a '^curve of demand " may have been 
drawn, and their iiucrsection pointed to with a certain amount 
of satisfaction. Fconomisls acquainted with mathemacical meth- 
ods have frecpiently felt a little uncomfortable at the inadequac; 
of the traditional procedures, a notable example being Marshall, 
who even in the fust edition of his great work, so often reprinted 
and revised, made use of the calculus onjy in thea^endix out 
()f consideration probably for his readers. There wasmo lack of 
emphasis, however, in the view which he expressecl that ecifv 
ijomics must be developed by mathematics if it is to afTTve at 
clarity in its basic tonsidcrations. * 
* It should be observed that it is just one hundred years since, 
the appearance of Cournot\s famous Researches on the Mathe- 
mafical Principlrs of the Theory of Wealth, Cournot. was a 
mathetnatic ian who sought to aid scholarsjn other fields, and his 
example has been Followed by later mathenic^ticians who have 
attempted to show iii some detail wherein may He ways of prog- 
ress in the sot ially important subject of economics.^ 

*A hihli{)i»r;iphv (jf ni;Ulu'nMtic;il economics from 1711 in tSj);. hv Irving 
lishrr. will Ijc fonrnl in iho translation Ijv \. T. Baron of Com not's\vork. Thv 
.Nfariiullati C'o.. i<)2(). Important recent \^(Jiks on (he subject hv American niathe- 
rij.iticians ate* i-Aans. (;. C. Mnthrmtilit (d IntrniUu titm to l'rt>}intnir\^ Nf<(ii.i\v 
Hill C!o.. nx\o. Rons. C.hailrs I'.. Ihrhitnir F.royoniirs, The Principia I*k*ss. 1931. 
Reference tnav also l)e made to the works of sucfi eroncunisis as M. I.. Moore and 
Henr\ SchuU/. The incrcasinj» nse of malhemaiics in ('(ononiics is aho shown by 
tiio estaUlis[un^» of the )<unnnl lu nunfnrhira. 



I 

8 \ Fifteenth Yearbook j 

The mathematics that is of great use in developing concepts 
and rchuionships in the field ol economics Is not solely the 
mathematics of statistical analysis, but mathematics of a more 
fundamental and classic form, It is o£ course true that statistical 
mcthods^ife of growing importance yi the study of economics 
as elsewhere. From its \'ery modest estate of a fe\v years ago, the 
theory of statistics has grown significantly and has been suc- 
cessfully employed, for instance, in education and sSociology, 
Statistical competence can now be regarded as a necessary quali- 
fication for many activities, 

MATHEMATICS AS A MODE OF THINKING - ' 
• It has already beeh suggested that though mathematics came 
into being through quite elemental needs, it has advanced far 
beyond that state. By the tiJne geometry had attained the per- 
fection that the Greeks gave ib it. mathematics had emerged as 
an instance of rigorous deductive thinking. Since then the word 
has denoted something, over and above its theorems and its 
results. To malhematize a subject does not mean merely to in- 
troduce into^it equations'^nd formulas, but rather to mold and 
fuse it into a coherent whole^^with its postulates and assumnti)>ns 
clearly recognized, its definitions faultlessly drawn, and its con- 
clusions scrupulously exact. Mathematical methods set up an 
ideal a norm, a pattern, whijLh though not attainable in all the 
activities necessary and proper to man, serve »3 a relentless spur 
to improvement. Mathematics succeeds because it searches tire- 
lessly for the principles that underlie a situation or the weak 
point in a prol)lem. It analyzes, i't dissects, and it relates; it tends 
to eliminate what is irrelevant or superfluous in order to attain 
an economy in thinking and expression. 

THE SIGNIFICANCE OF ACCURATE THINKING 

At a time when so much is heard of social needs, it is well to 
emphasize those traits which distinguish men from other crea- 
tures. Assuredly it is not the social instinct. Tqi; there art animals 
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and insects whicii have highly organized social lives; nor is it 
even such qualities as devotion and sacrifice. But man alone has 
the language sense and the high degree of reasoning power 
which allow tile progressive ievelopment of one generation after 
another, by recording, analyzing,^nd using past experience. A 
scjuirrel, like man, must deal with the problem of the normal 
granary, but it docs not concern itself with questions of abstract 
reasoning, which man ^nnot escape. 

Man sets ideals for the things he does, and accordingly an 
ideal must be set for thinking. If accuracy, cogency, should be 
this ideal, then it is attained in mathematics* That is w hy mathe- 
maticians are little troubled by the question whether thd^y see 
possible "utility'* in this or that, but feel that they are engaged 
in the most human of enterprises, accurate thinking, and are 
not demanding immediate outcomes. 

Can man by reasoning arrive at conclusions that represent his 
highest conception of truth> The answer is yes, and it is the con- 
stant business of matliematirs lo show this. If one wishes an 
example, he may recall the proof that — n is divisible by 6 for 
all integral values of n. Is rational .thinking "profitable" as well 
as possible? One need merely recall what' the modern w^orld 
owes to mechanics in order to obtain the answer. 

The fact tliat in many situations, there are variable and Vim- 
ponderable factors \/hich itifluencc people, in addition to emo- 
tional prejudice* has led to the claim that we should be more 
concerned with laticMial liviuir than with rational thinkino:. It 
seems cjuite impcjssihle to scpaiatc rational li\ iug from rational 
thinking;; pt ihaps tlir diirercnc c hetwccn the two is one of de- 
j>ri'e rather than one of fuildanicntal cpiaHiics. In any given 
.situation we may eilhci act one way or another or refuse to act; 
hut in any c ase. \\c aie held lesponsihle for our dec ision and we 
nuist fa( V the c'onsccpu'Uc cs of it» whether we like to do so or not. 
Surely prudence suLii>ests thai wc seek" to predict on the basis of 
logical analvsis what the c {)nse(iuenc es of a i;i\en mode of he- 
havioxwill be. 
\ 
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I, 

MATHEMATICS AS RELATIONAL THINKING 

\ 

Professor C. J. Keyser has i/iade the following forceful state- 
"ment in regard to relational thinking: / 

Each thing in the world has named or unnamed relations; to every- 
thing ehe. Relations are infinite in number and kind. To be is to. 
be related. It is evident that the understanding o£ relations is a 
major concern of all men an^ women. Are relations a concern of 
mathematics? They are so much its xoncern that mathematics is 
sometimes defined to be the science of relations.^ 

It is precisely in this fundamental problem of searching for rela- 
tionships and giving accurate expre- <ion to them that mathe- 
matics has been so successful. Though the thought of relation- 
ship was present in parts of Euclid and iq early -trigonometry, 
the general quest was handicapped until appropriate symbolism 
came into existence, as it began to do with the appearance of 
argebra. The letters of the alphabet, having been freed of the 
task of representing special numbers through the development 
of the Hindu-Arabic notation, became available for all numbers, 
and mathematics began to reveal the great power of symbolic 
thinking. With th^ development of calculus came an entit^ly 
new category of relationships, namely those in which change is 
involved. Equations in mathematics, from the simple formulas 
for the area of a rectangle or a circle to the differentia) equation 
for a radio circuit or the integral equations which appear in 
mathematical economics, are nothing more than expressions of 
the ways in which one variable is related to others. Similarly, all 
the tables we now have for elementary and higher functions are 
merely tables showing very explicitly the way in which certain 
quantities are connected. As mathematics grows it constantly 
acquires and develops ways of dealing with relationships which 
before had eluded it. Because a good deal of effort is needed to 
understand these methods, there has been a tendency f^ work- 
ers in some sciences to neglect them and thereby throw upon 

^ Kcyscr, C. J. Mole Philosophy and Other Essays, pp» 94 95. E. P. Duilon and 
Co., 1927. ^ 
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mithematidans the responsibility hot only of elaborating the 
methods but also of showing the applications. 

INFLUENCE OF MATHEMAllCS ON OUR 
PHILOSOPHICAL OUTLOOK 

r The success that has ^attended the development of mathe- 
matics and the benefits that have come through its wide ,em* 
ployment h? ve had an important part in enlarging the general 
intellectual background of the present day. Certain philoso- 
phers, for example Kant, have drawn very heavily upon mathe- 
matics; but it is hard to estimate how much influence such 
highly refined theories of knowledge have had outside the small 
circle that gives attention to metaphysical considerations, though , 
undoubtedly some influence has been exert8d by those who read 
Kant or by those who read those who themselves had read Kant, 
The reality of maiheniatical influence, however, is far clearer 

^lan such a debatable example indicates, for mathematics, hav- 
ing been studied by the majority of well-educated people, has 
acted directly upon them, so there is not the need of the inter- 
position of the erudite philosopher. 

Even people who have no occasion to "use*' more than the 
elements of mathematics and who have not followed its ad- 
vances regard it as a kind of stabilizing influence in a world 
quite uncertain about itself, and are heartened l)y the reflec- 
tion that over an ever-widenin^arca of activities man*s mind can 
work unerringly, without passion, prejudice, or selfishness. Of 
course they do not take this as leaning that all our problems 
may be brought within the c/mlpass of mathematical methods 
or that extensive mathematical training is desirable for every 
enterprise. The limitations of mathematics are to be conceded 
quite as candidly one admits those, for example, of music, 
of painting, cind of^' .Sc ulpture. But ju^it as these fine arts refresh 
and give renewed spirit, so mathematics braces our mental back- 
ground by revealing the fact that within some sul)jccts it is 
possible to achieve the highest ideals of thinking. The rcali/a- 
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tion th..t this is so is one of the things that should increasingly 
jcondition li^fe today. 

Our literature, both that which is read and enjoyed over a 
long period of years and that which is definitely ephemeral, 
reveals the ideas just set forth. Few books have received as high 
praise as Wordsworth gave to Euclid in the lines: 

The one that held acquaintance with the stars» 
And wedded soul to soul in purest l)ond 
Of reason, undisturbed by space or time. 

It is clear that Wordsworth recognized a very gieat human sig-. 
nificance in geometry a,nd saw a value in its theorems quite su- 
perior to what is meant by utility, A social philosophy is set^ 
forth in the lines above, one that regards men and women 
as being IjTOiight together by their intellectual possessionsi 
\\1ietherisuch a community of interests will ever be achieved to 
a significam extent is not the question, the important thing 
being that an ideal, drawn from Euclid, is set before us in lan- 
guage so felicitous that one turns back again and again to read 
and rcHect. Such ideals make our civili/^ation seem better and 
richer, especially when they are set forth in words that tend to 
strengthen tlie ideals them.selves. 

Perhaps even more haunting is the hue of Edna St. Vincent 
Millay, Euclid alOne has looked on Beauty bare," and the last 
part of her sonnet expresses a thankfulness for hooirs spent with 
geometry that must siir all who read our language: 

O blinding hour, O holy, terrible day 
When first the shaft into his vision shone 
Of light anatomized. Euclid alone 
Has looked on Beauty bare. Fortunate they , 
Who, though once only and then hut far away 
Have heard her massive sandal set on stone. ^ 

Algebra, too» has left an imprint of its power and gracefulness 
that remains fresh in mature years, as shown recetitly by the 
novelist James Hilton when he linked music and^pure mathe- 

•From The fiarp \V\*nvrr and Othrr /\irrr?s. pnhli-ihrd hv Harper and Brothers. 
Copyright 1920. 1921, 1922. 1923. by Edna St. Vincent Millay. 
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unties together, asserting that, in the long-run. it is something 
like the binomial theorem or a Bach fugue that counts, 

Tiirnitig to the dail/ press we (ind the same theme. Reporting 
upoii the Harvard Tercentenary. William L. Laurence wrote' 
' for the New York Times of September 6, 1936: 

The sessions this week'deult with the achievements of man's mind 
in the realyis of. the abstract-mathematics, astronomy, astrophysics, 
and cosmogony-With world leaders in these fields recounting their 
latest acKenturcs. 

Beginning witli the utost ahsn e mathematics, calculating dimen- 
sions of the universe, the conference f)roceeded to the more concrete 
science) dcatiuf^ with the structure and constitution of man's cosmos. 

Thus the conference went trom tlie pure achievements of man's 
intellect outward to the stars and galaxies. Thj^general picture pro- 
duced was that of man at his- best, elevated by the superiority of his 
brain power. 

It is not likely tlTat Mr. Laurence would have written in this 
fashion, or tint his paper ;vould have printed what he wrote, if 
it were not realized tliat there are people who take inspiration 
from dwelling a little on man's intellectual achievements. Con- 
fused as people are over current [)ro})lem.s it is well to remind 
them tJiat diere is indeed such a thing as "man at his best." 

We have come a long way in our thoughts, from man the 
primitive creature, learning to count in order to cope better 
with a hostile world; to the lines of Wordsworth that take one's 
thoughts inU) space, as well as inward to our intellectual posses- 
sions, to Miss Millay's conception of beauty and her deeply felt 
giatitude to geometry, to Mr. Hilton's lingering memory of the 
grip of algebra, and Mr. Laurence's suggestive Hncs on man at 
his best. Surely any question of whether mathematics influences 
our philosophy is answered. 



CHAPTER I 

LOOKING AT MODERN EDUCATION AND ITS 
GENERAL AIMS 

''Perhaps after censur'mg all the opinions that have been 
put forxvard on thi^ obscure subject, one ought to propose 
some theoiy of one's own." 

—HERODOTUS 

OUR FAITH IN EDUCATION 

Education in a Democracy. It is clearly the desire of the people 
of the United States to give wide educational opportunities to 
boys and girls.. From the founding of the Republic to the pres- 
ent, men and women prominent in the national life have main- 
tained that the successful democracy which we cherish as an 
ideal must rest upon the proper and widespread education of its 
people. It has been held not only that democracy might cease to 
exist without education, but also that a democratic order, even 
if apparently successfully achieved, must seek constantly to ex- 
tend the advantages of education to those who db not as yet 
enjoy them. Thus education is both a primary means to an end 
and an end in itself never to be regarded as completely attained. 

A Story of Rapid Growth. The growth of our school system 
shows hou vital and powerful the educational impulse has been, 
for schoolhouses and school children are unquestioned' realities. 
With the increase of numbers in the schools there have arisen 
grave problems for teachers and administrators. Especially has 
tiiis been true in the secondary schools, the rapid growth of 
which is shown by impressive figures frequently quoted.^ The 

^Thc number r*^ pupils has doubled e\erv ten voars sinrc 1890. In 1956 more 
rhan 6.000 .(kki of the u[)pr{*\iniaielv io.cxki.ooo \outh aged fourteen to seventeen 
were in hiijb school. Douglass, Hatl R. Secnndnry Edncalum for Youth in 

14 



Modern Education and Its Aims 15 

newcomers in the high school have been from social and eco- 
nomic groups whose members previously; had seldom gone be- 
yond the elementary school, if indeed that ^vas completed. Vari- 
ous reasons have been siiggesled to explain the influx. Perhaps 
one reason is that a high school education was considered a 
means to increased social prestige, while at the same time tech- 
nological developments in industry made it more -liflicult for 
boys and girls of high school age to obtain Employment.- Indus- 
try now requires more tethniuil knowledge or suflicient skill and 
endurance to perform routine tasks rapidly for hours at a stretch. 
Whatever the reasons may be, however, it remains that the high 
school ])opulation has greatly increased, a fact indicating that 
the people as a whole have faith in education. 

NiiKD Of A MORE CIOMPRK HtNSIVE VIEW OF 
EDUCAIIOX 

In the past, the polity of .the school was simply that of de- 
termining more or less arbitrarily what the boys and the girls 
should do. Traditioijally, schools have required certain subjects 
for study and have provided other activities in which jnipils 
were expected to engage. Hut with changing pupil personnel, 
traditional curricula proved unsuitcd to many newcomers, who 
seemed tovlerive little henelit from their study. The old studies 
were therefoie tuodified, and new ones were provided with tlic 
hope of meeting the changed conditions. But the.se measures 
did not meet the situation fully, and it has come to be recog- 
nized that the problems involved nuist be considered in a more 
fundamental way. 

Some of tlie elloi t.s that liave hern made to solve tlie c halleng- 
ing probU-ms w ill be biiedy desc l ibed. 

For as long as two dec-ades attention has been devoted to the 
development of .specific objectives for ea( h of the subject matter 
fields. liy making clear the way in wliith portions of a subject 

.\(i><ln,i .Imniiu. ]> uS. AmctK.iii Cnmnil of (■ iliu .11 ii m. W.l^llin;.;t(>ll, iipj;; wiih 
M.iliNlus liiiiii luillcim-, (if (he [ . S. Ollur of !■ dm .iiiuii. 
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tan contubule to achieving the goal or purpose of the whole, 
the incllectivencss and aimlessness of much teaching has been 
reduced. Educational psychologists on their part have sought 
to improve instruction by uidicating various *4)onds" that are 
to he mastered by drill or repetition. In order to have more 
complete appraisals of pupil progress, testing experts have con- 
st -ucled various kinds ol' tcsts-^inventory tests, diagnostic tests, 
and achievcmtnl tests— many of which have become standard- 
ized and are widely used 

A frank dist ussion of the educational situation must note that 
the movenicnis described have, along with their good effects, 
added some confusion. Xor there are cases where they have been 
larried to an extreme. Thus, il a list of objectives is developed 
to a too great degree of rc^lineihent, an actual handicap can be 
imposed upou^^good teachers. When one ailirms the existence of 
tliis fault, he is not denying that there are still many teachers 
whose Nvork snfleis badly from incoherence and the lack of 
definite objectives. On the other hand, tests have sometimes 
been applied without proper regard frtr class. si/e, classroom 
methods, and time allotuienis. Furthermore, in their use con- 
sideration has not always been given to the backgrounds of the 
pupils. It is probable thai a too highly meclianistic procedure 
is partly responsible for the emergence of the philosophy of the 
child-centered school and cMlier pionounced forms of progres- 
sise educiftion. 

The Elrvcyith Yearbook of the National Council of Teachers 
ot Mai hematics includes a brief survey of the principal attempts 
at ( mricuhnn revision made during tiie past few decades. Sucii 
siudies show that there has been anj:.-N er increasing expansion of 
the scope of secondaiy education, in the inteiest of both enrich- 
ment and greater llexibility. I'liey also show that there has been 
a tiend away from authoritarian piescriptions. and that this 
tendency to lemove fixed re(juiretiients has led to a marked 
reduction of emphasis on definitely fonnulaied **sid)iect matter 
(ouises." Some educators now jMopose extensive participation 
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' in. curriculum making on the part ot classroom leadiers and 
pupils. The curriculum is then viewed as "Emerging" from day * 
to day, in accordance with ever new j)lans of **icconstruciion/' 
"adaptation," "iniegratiun," and the like, Uui it is not clear 
how such a program can provide lor continuity or coherence, or, * <J 
perhaps, even avoid some degree of educational chaos/ 

The recognition that something more is needed than im- 
provement of instruction tlirough better utilization of pupil 
psychology,' const! uc lion of tests for achievement, and analysis 
of objectives for specific subjects has led to the proposal of what 
are considered to l)e more fundamental approaches to educa- 
tional problems. It is argued that the schools have been employ- 
ing (piite inadecpiaie u\ enoneous guiding ideals and principles. ^ 
though the ackn()\vledge(l l)enefit,s whicirUave accrued from the 
schools as organized gi\e* evidence to thc^Coniiary, Ilowevcr, 
the efforts to find ne\v and suflicicjit principles or apjuoaches 
hnve led to so many pr()j)(^sals that the situation has l)een niade 
more bewildering to many teaihers instead of being ccmvinc- 
'ingly clarified.- The (] nest ion aiises as to how the individual 
teacher or administi.iior is to choo.se among such a \aried col- 
lection of tlie(M ies and pi()j)()sals. 

Clearly theie is need for a compiehensixe jn)int of view that 
will look at educition as a whole. Only in the light of :xn in- 
clusive orientation \^)ill it be p()ssible loapjnaise adequately the 
possible contribution of any subjec i matter field. U is necessary 
to elaborate depen(lai)le tiiteiia of apfuaisal. of selection, of 
organization, of [not^ress. and so on. 

Twv nr \i. aspi c: I ok i nr crRRicnt M 

Only ton often the fat t is nvei looked that eveivsiliool ac tiviiv 
of importance has both an iuij){M son.il and a juMsonal aspect. 

'A lo!};^ li^t f)f .hfTrirnt *\j j»[)tf).ic hrs" aiK m .if cil .if ihr pir^rj.i time }ins \)crn 
Rt\cn In- Hrunrr. Hril)ni H. ct .»!.. ,i Trutntu r /ivr of Appioa<hrK to Currtntlum 
and Course of SfU'ly Cnywtrurtmn. M'niroi^t.i})Iir(I. I r;ifhrT«i (*o]!ouc. rnluiiilii.'^ 
rnivcniiv, Qnrloiliiin I i{»r:jT\. Ww work i>f Hmncr \\.\^ hern i^ed hv 

Noiion, fr)hii K. and Nniteu. M.ni^ncr A.. /■"Ufnl,ifi.>ri\ nf CuTTirtdnm Huildtuf^ 
Giiin and Co.. icj-^r). See rspedtlU ("h.jpfrr III. 
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The first has to do with the accumulated or developing experi- 
ence of the race and is relatively independent of personal opin- 
ions^r backgrounds. The second has to do with the reaction 
of the individual pupil or school to this reservoir of information 
or training. And so, the work of the school has both a static 
an(1 a dynamic character. On the one hand, the school transmits 
important cultural possessions of the race, without which our 
institutions could not go on. The maintenance of this heritage 
gives continuity and distinction to oui* national life. On the 
other hand, each generation necessarily re examhies this heritage 
and adapts it to its own uses in the light of new and changing 
experiences, Thtrefore it is inevitable that in many areas of 
human experience there will be factors that giadually become 
obsolete while others suddenly assume a crucial importanrc. 
The drama of human evolution is thus a continuous struggle 
between the old and the new. This fact is inevitably reflected 
in the problems of the curriculum. 

Throughout the whole history of education there have been 
countless attempts to define its functions, to clarify the meaning 
of the educational process, and to set up programs or regulations 
for the guidance of pupils and teachers. By this time we should 
realize that there can be no finality about such definitions or 
prescriptions. Fach epoch will insist on interpreting in' its own 
way the cducatioual needs of tlic rising generation, in' accord- 
ance with new demands and altered perspectives. Since human 
evolution is an unending process, it follows that education in- 
volves the necessity of constant icadjustuient. 

There arc. however, weighty stahili/intr- f;K tors that prevent 
a complete break with the past. There are. in fa( t, permanent 
l)a( kgrounds. pcispectivcs. ancl values so universal and all- 
embracing that they mi^ht be expertetl to be held cf)niinuoiisly 
in xiew. They are connected with ((Mtain permanent physical, 
mental, social, and spiritual types of Inunan needs, ancl with ele- 
ments of our world-wide environmeiu that chan^t^ only imper- 
ceptibly, if at all. It is the fiuution of the school to stress, first 
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of alli Sdaptations to permanent feattires of existence, without 
neglecting adjustment^ demanded by each successive age. If 
there is nothing of lasting significance in the programs of our 
schools, then all is writ in water an'd we are indulging in a/futile 
game of self-deception at the expense of the youth of the race. 
There is wisdom in clinging to a firm belief in enduring back- 
grounds, and even the revolutionary developments of the recent 
past, while profoundly affecting Imman welfare, serve only to 
strengthen this conviction. ' 

S 

LNDURING EDUCATIONAL CONCERNS 

, Among the human needs that will ncv(*r lose their importance 
are those of food, clothing, and sheUer. A knowledge of facts and 
activities centering aroimd these fundamental human require- 
ments should be a concern of the schools. Security, reduction 
of anxiety, of disease, and of useless drudgery depend to an ever- 
increhsing extent on the study and control of nature and its re-, 
sources. Hence science, with its countless ramifications, will 
permanently eng:i|*e the attention of the school. For* similar rea- 
sons, the stiidv (it man s soc ial institutions cannot safely be neg- 
lected. Again, the practical arts, in conjunction with science, 
leading by slow degi ces to advanced forms of ^technology, wer-c 
among nuurs chief tools in his slow ascent from savagery to the 
power age i i wlu;*h we now live. Hence, training which aims to 
develop creative ability in tlie liclds whi(h have to do with the 
transfoi niation of raw materials iiUo useful and artistic objects, 
is a vast though still neglected domain in tlie schools. And in 
tlie evolution of science and tc( hnolog\*, itiathematics has con- 
stantly furnished essential and invaluable aid. For that reason 
alone the scudy of niatlieinatit s must be regarded as a permanent 
inirredient of eveiy balaiu ed sdioyl ( urri( ul uiti. The fine arts, 
iiidudin.i; u\u^u and litf)atnu\ have piovided elements of re- 
lease from (h udi^ei v and souu es of appiecialion that aie among 
fuiinanity\s noblest tieasuies. To fuinisli toiitinuous coiUacts 
with these gieat and enduiin^ juodutts of human genius would 
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seem to be a sacred obligation of the school. Situated at a still 
higher level there is a reservoir of spiritual values and visions 
pertaining to a nobler *and finei life, to ideals of heroism and 
self-sacrificing endeavor. To be sure, such values may not be 
suitable for incorporation in textbooks and courses of study. 
But it is not too much to exi)ect that the school shall, by its 
spirit and in its daily \ctivities, keep in mind the infinitely 
subtle and permanent problem of. personality growth. 

This brief sketch of the school's permanent interests could 
easily be extended ox be made more explicit-, Enough has been 
said, however, to suggest the major aims "oT objectives of the 
school. But aims or objectives are not cold abstractions to be 
realized merely by a sei*ies of methodically planned activities. 
They are. rather, the schoors confession of faith and an indica- 
lion of the manner in which it interprets it*5 stew^Hrbhij). 




CHAPTER II . f 

GENERAL OliJ EC FIVES FOR SECONDARY 
. EDUCATION 

'7 pray thee overname them; and as thou namest them I 
trill drscrihe them; and according to my description, level 
at 7ny a[]rlfion/' 

— PORIIA IN IHi: MKRCHANr OF VKNICE 

In the preceding chapter the thesis was developed tliat tlie 
school should give adecpiate attention to the broad areas of ex- 
perience that have been shown to be of almost universal occur- 
rence and importance. Unless he is brought into contact with 
them, the pupil will be unable to interpret, to appreciate, and 
to participate helpfully in important domains of modern life. 
In the present chapter a somewhat detailed discussion will be 
given of certain bioad and general objectives that should guide 
the instruction and the training which secondary scliools pro- 
vide for pupils. 

A Classification of Objectives. It is evident that educational 
objectives in the last analysis will cciucr around three perma- 
ncnt factors, namely, the physical universe, society, and the 
child. They are invariant frames of reference of the educational 
process. To disregard or overstress any one of them unbalances 
the emphasis on desirable purj)oses of education. Accordingly, 
objectives may be regarded as having either a factual and im- 
personal aspect or a personal, psychological bearing. Thus, 
when we study a ^ivcn domain in a jnnely s( ieiuihc way, irre- 
spective f)T"tT><^ Icirner's personal reactions, ue are mainlv 
interested in facts, skills. oru;ani/ed knowledge, accurate con- 
cepts, and tl)e like. If» on the other hand, we scrutinize the way 
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in which the pujDil behaves in a given situation, or his modes of 
reaction, we are led to such categories as habits of work or study, 
attitudes, interests, insight, modes of thinking, types of appre- 
ciation, creaiiveness, and the like. 

A clear recognition of these two essentially different yet com- 
plementary types- of objectives is one of the achievements of 
recent educational theory. It is generally conceded that in the 
past the chief emphasis was on impersonal or factual objectives. 
Perhaps there are extremists now leaning too far in their psy- 
chological or child-centered point of view. But educational ad- 
vancement demands that due weight be given to both types of 
objectives. 

This chapter will deal with objectives mostly of the/ second 
type. The discussion will be limited to those objectives to the 
achievement of which the study of mathematics can make a sub- 
stantial contribution. No attempt has been made to list them in 
order of importance. All are signjji'cant. It is not injiplied that 
mathematics is the only study that can contribute to the attain- 
ment of these objectives, but its contributions are outstanding. 

ABILITY TO THINK CLEARLY 

Educational leaders have pointed out that facility with skills 
and acquaintance with facts do not constitute a sufTicient goal 
for schools to set in their instruction of youth. One often hears 
the complaint that boys and girls are given only miscellaneous 
information and are drilled in routine performance when they 
should be '^trained to think/* The goal implied by the last 
words is very broad, and not all of the related activities are espe- 
cially pertinent to the genera^ place of inathetnatics in educa- 
tion. .An attempt ^vill be made to indicate some activities that 
will serve to illustrate behaviors associated with clear thinking. 

Gatheriuf^ and Orf^ariizinp; Data, Many serious problems in- 
volve the gathering and organizing of f\'ita. ni should involve it 
if a satisfactoiy solution is to l)c obtained. In a way, this is 
merely a trite saying, immediately acceded to; hut nevertheless 
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the process is not always carried out in a forilniglu Way, Data 
may be obscure or difficult to obtain, ^vhi!e in other instances 
personal prcdilec lions and interests invite biased selection. 
School experiences should impress upon pupils the fact that in 
many social and scieiuific situations an essential step in 'good 
thinking (onsists in obtaining the facts and organizing them. 
Pupils should l)e led to reajli/e that organization of (juawiilative 
data precedes the niaiheina'lical treatnient essential for ade(}uate 
understanding of the scientific principles involved. Wliile the 
mathernaiical cui ricida of oui* secontjAry schools have not given 
ade(juate attention to these matters, ahe doinniission beHeves 
that in the futiue definite piovision nmst be made for trainitig 
of this kind, 

• Rvj\rr.\cntiu^ Data. In urging support for a jMoposition one 
has the probk*m of piopeily piesfuling the underlying data. 
Although in the ordinary . oc cupations of either adolescent or 
adult life one docs not often deliberately employ scientific: pro- 
cedures, one should be familiar with such procedures \\\ order to 
follow discussions and appraise intelligeiuly issues that may be 
vital, or at least inteiesting. to him. Among the most |non)ising 
waysjn[^\( (jniring siu'h ability is that of engaging din ing s( hool 
years in activities <U'm:nuling nt)i only the coUec lion bvit also the 
careful pieseiuation of dara. Hv such e\j)eiien(es the pupil 
should accpiire the realization lh;il the j)roper represemation of 
data is ofrcn an invaluable aid to < leiu* thinking al)onL many 
problems. 

Drawnii^ ( ^f}( hi.slons, Dava. well sclerted and propnly pre- 
sented, proN irie a basis for diauing (r)n( lusions. The diflKulty 
of this puxc'NS v.uies wilh the siuiatiiin. landing fiom cases iw 
whidi the (oiuhision is simple and obvious to tho^c in \vhi(h 
* penetration of thou'^ht or a se(ju<*nc e of i onsrcurivc steps of rea- 
sonini^ is invnUfd. I'ui ihennn! e. th(* ( oufidcnc c that may l)e 
attached to t on* lusions vaiies finm a moderate probability to a 
high degree of < ei taintv. 

For problems in many fields of man's a(ti\ilies. a < lc*ar and 
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permanent solution may be unattainable, although the answer 
to any particular problem may with the passage of time become 
clearer and more certain as pertinent information accumulates 
or more profound analysis is employed. Since one of the pur- 
poses of thinking is to gain conclusions, it is desirable for youog^ 
'people to have school experience with> subjects in which the 
ideals of permanence and high precision are realized. This ap- 
plies even for those persons whose main interest is in problems 
in which conclusions must involve doubt. The contrast that one 
is thus led to see may engender an attitude of wholesome cau- 
tion. This experience may indeed leave a particularly vivid im- 
pression when opportunities are presented to study problems 
where a numerical measure of probability is assigned to a con- 
clusion necessarily based on data somewhat contradictory or 
otherwise inadequate. 

Establishing and Judging Claims of Proof. The effort to 
establish or judge the validity of many propositions leads to 
questions about the nature of proof. Any formal discussion of 
vepistemology can hardly find place in secondary instruction, but 
there should be conscious experience with both inductive and 
deductive reasoning. l"he character and requisites of these two 
procedures should be so clearly gras]^ed that appropriate be- 
havior on the part of the pu])il is brought about in the direction 
both of understanding and of making applications. In solving 
problems the pujMl should develop the habit of asking whether 
he is starting from general premises and is seeking consequences, 
or, by exaniining partirular instances, is aiming at universal 
( ouclnsions. He should seek to discover and remove ambiguity 
in the usc'of terms. He should uiidei stand the relation bet^veen 
assumptions and conclusions, and he should grow in the ability 
to ju(ii;e the validity of reasoning whiih purports to establish 
{)roof. Proper attention must be given to generalizing these be- 
haviors and undci standings. \Vt* may then hope that pujnls will 
aj)ply iheni to sit nations arising in many different fields of 
thf)Ughl. 
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ABILITY TO USE INFORMATION, CONCEPTS, 
AND GENERAL PRINCIPLES 

One of the chief aims of the schools has always been to impart 
information which can be employed in one way or another by 
the boy or the girl both in youth and later in adult life. Certain 
factual knowledge is part of the essential equipment of even a 
moderately educated person. But it is not enough, for equally 
important is the ability to think in terms of broad concepts and 
to apply general principles. Since in the secondary school a 
higher degree of maturity on the part of the pupil may be as- 
sumed, this school begins to differentiate itself markedly from 
the ^elementary school in the development of such capacities. 
Ileic arises one of the difficulties of die -secondary school, be- 
cause the varying abilities, predilections, and environments of 
pupils will greatly influence what the school may accomplish for 
them. The problem is complex, but its solution must neverthe- 
less remain one of the chief goals of education. 

ABILITY TO USE FUNDAMENTAL SKILLS 

To be even moderately literate there are certain skills that 
each individual nuist have at his command. He must first of all 
be able to read, write, and carry on certain arithmetical work. 
The clemcutary school concerns itself with such matters, but as 
society g^TOws iticreasin.ufly complex, technical, and scientific, the 
range of skills that cither arc necessary or are highly desirable 
is continually broadening. This would seem unquestionably 
true in the fields of language training and mathematical skills. 
Thus one of i\w essential functions of the secandary school is to 
foster tlie retention and further development of basic skills.^ 

^Thi fact that s*)ni(*.:Mil)jrct<;. notably rnnthemaii<s, are tiecrssary in order sue 
cessfullv tn (arrv on other stihjtuts, luis led sonic t'lhu.ilors to drstrihc them as 
"tool suhjefts/' 'l\m hj'i been unformnate. for hy sinj^bnii; out ()ne (|u.dity of a 
siihject and u«*inu it .1^ a ^enetj! designation one lends t6 forget other (}ualilie*s 
»hai arc also inifKuiani. p.n ti( ular 1> for reriain individuals. When ue consider 
the (lcvelo[)rnt'ni of A\ nidation uc see that a icntlcncy to ^row auay from mete 
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DESIRABLE ATTITUDES 

Discussion of atiitudes has come into prominence in late years 
in educational literature. This has involved the explicit inclu- 
sion in the program of tlie schools of certain objectives, which, 
while difficult to obtain, are increasingly being regarded as 
among the most important educational goals. Although the 
term "attitude'* is relatively new as a specific designation, schc^ols 
have always had ideals and purposes which could have appropri- 
ately been classified under such a name, Where^ formerly these 
aims were regarded as .by-products, to be realized automatically, 
ih6 significant feature today is the attempt to analyze what is 
meant by\tiiese attitudes and to develop instructional pf9cedure 
that will aciiieve what is desired. 

The classuication of attitudes becomes complex when carried . 
out in great detail. One finds himself involved in an intricate 
mesh of ideas that are overlapping as well as words that are am- 
biguous. In tiie pi cocnt connection it is not necessary to attempt 
an exhaustive study, so the discussion will be limited to a few 
outstaruiing aims of education that fall within the wide category 
of attitudes. 

Respect for Knoudedge. The fund of knowledge now avail- 
able is so extensive and varied that any one individual can 
become accpiainted with only a minute portion of it, At the 
same time modern prol)lems are so complex that most people 

tnol considerations is one of its chief (harac tci istics. On e\cry hand one witnesses 
the (icsiic to tiansfoirn what was orit^inally a in<*rc t<x)I so that it will )le!d satis« 
factions other than iitilitv. Conse<iuntt!y it is unjustified to call studies 

'tool subjects" just l)^(anse they ha\e great tool \;ducs. The physicist needs 
ni;ithemari< s. hut ^ains a grtar deal if he sees .n the maihcinatlcs that he uses 
as a powerful iinj)lcnirnt some of the ihinj^s the mathematician sees, quite as the 
f)erson uho is forced to use ftucij^n lanj^uape fmds new satisfaction if he c?n 
dt'\eU^p a little of the spirit of the real lan'4uaRe siiulcni. Something is sure to be 
hivt when aii> thing is viewed as u tool which lias in fact been nieicly one form in 
uhi<h human thought arid a^piiatinus ha\e <te\el()j)ed and ideals found har* 
niorijoiis and con\{>lete e\pic^sjnn. Suih a distortion, usually arising from the 
<ioMre for haste and tb<* \v i*»h to jnn\e tliicctlv tow aid S(jjue objective, is likely 
to lead lo deleai in the end. 
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must 1 largely upon the efforts of experts to clarify them and 
to indicate possible solutions, l liis liieans that the schools must 
seek to inculcate a strong and abiding respect /or knowledge in 
order that the accunuilated w isdom of the race may be preserved 
'and effectively used. I'ersons who have deve]<;ped tliis attitude 
exhibit behaviors such as the tollowing. Thvy strive to make 
their own knowledge abaiit proble^ms wiih which they are con- 
cerned as complete and as accurate as possil . They seek to 
settle questions on the basis of evidence rather than by personal 
opinion or caprice. They recognize that the judgment or opin- 
ion of those who have devoted long stu.ly to certain (juestions is, 
in general, more dependable than that of others. If they cannot 
personally attain such standards, they ar^-. willing to accept the 
recommendations of 'experts as a basis for guidance in the most 
desirable courses of action. S( bonis can help pupils develop this 
attitude in various ways. They can assist them to distinguish be- 
JUveen what is worth-while kn()\v'edgc and what is not and can 
/ give them criteria of judgment concerning the relative merits of 
varidiis types of authority. They can impress upon them the 
importance of ascertaininti; who are the authorities in vaiioui^ 
fields and the importance of turning to them for guidance. In 
these and other ways, the schools (an foster an attitude which 
will make pupils eai;ei lo increase their own knowledge and 
sympatheth: with etforis to preserve and extetid the knowledge 
of the race. Inteicsi in a sul)jt'(t (an lesult horn study of it as 
^^■ell as 'motivate it. 

Respect for Good lV()r!nf\an^hi[). So<ietv needs .i;ood work- 
men, and one cannot meet tliis demand unless !ie has come to 
realize what good workmanshif) is. To some tliis realization 
comes naturally, while in others it may bo a iiait hard to estab- 
lish. Much of the work of the modern world in\fjlves precision 
and minute attention to detsiils. such qualities beroming more 
pronounced as civilization ^rows more complex. ThciSf* at every 
level of so( ietv should he helped to attain an attitude of respect 
for good workmanship, and be nuule to realize that it is effective 
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and tUorough work that gives one a claim to an adequate return 
for labor. 

The abihty to do work well and an appreciation of the mean- 
ing of excellence are not suflicient. There must be a mental and 
moral fortitude tp stick to a task, even when other activities 
seem more itivitmg. Men and women engaged in professions 
which on the whole are congenial to them spend many hours at 
what is wearisome and devoid of much inspiration, because an 
interest and absorption in what is being done often mikes 
them oblivious of any distasteful elements. It is even a delusion 
ot young people to Ipelieve that their '*chosen occupation" will 
be full of tinills and devoid of all the elements of drudgery 
wliich they find in other work they are asked to do. In broad 
perspective, indeed, all work is likely to involve elements of 
drudgery. Many fail to accomplish i leritorious wo^'k within 
their posnbilities solely because they do not have the quality 
ronnnonly described as **stick-to-it-iveness." The majority must 
woik for other people, and* any reasonable scheme of social or- 
gaiu'zation should encourage the development cf efficient and 
dependable workers. Many students of our social structure can- 
not imagine an or^ani/ation, even though it be far more equit- 
able and charitiiblc than that ^<'hich we now have, which will 
result in making people feel constantly like sii.ging.at their 
work. A'oluntary acceptance of discipline is needed in a democ- 
rat y. and it is a duty of the schools to develop it as a product of 
the life of the srhnol as a whole. 

Rrspcct for Uridrrsfaridirif^. Related to the idea of doing 
work in a cre(litai)le manner is the ideal of reali/uig the differ- 
vwiv [)etwecn mastery and superficial understanding, A large 
pail of the i)rnyTess*f)f the race has been due to men who have 
svvw in apparently farniliat situations more than was evident to 
others. What is implied by really understanding even a com- 
pataii\olv simple ihini^ may ho cpuie an involved pro[)lem. 
Often it includes far more than one is at first inclined to believe, 
for it is possible for a peison to belie\e he understands when 
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^ in fact he (iocs not luulmtand at. all. Modern life demands 
understanding as w^'ll as excellence in work or craftsmanship. 
Kducation therefore has the obligation of bringing pupils into 
experiences Avhere they nia\ at least he aw akened to the distinc- 
tion between thorough understanding and routine performance. 

Socialmindedness. Here it will merely be noted that it is uni- 
versally conceded that schools should pro\ ide opportunities for 
boys and girls to secure a w ide range of social knowledge, and at 
the same time strive to awaktn a sense of social responsibility 
which will reuiain a dominating influence throughout their 
lives. Unless this is done there is danger that int^viduals, edu- 
cated within the schools that society has createdjknd^ supports, 
will use their knowledge and cajiacities purely selfishly or in 
definitely harmful ways. Thus, no matter how thorough the 
training that schools may gi\ e for the pur])ose of making people 
think clearly, diey may be making the clever person more adroit 
in achieving ends either individually selfish or beneiicial solely 
to a small class or group. Fear of such danger has led some 
educators to the position of subordinating the individual inter- 
ests of the pupil to a purely social end. When such a position is 
carried too far, a pcrs()nifi( ation of Sf)ciety may result that is 
almost devoid of meaning, for the implication is likely to creep 
in that the views of sfjciety may he ascertained as well as those ol 
an individual. The imperative need for a large aniomu of wcll- 
oigaiii/ed instruction and training having dcfniite social impli- 
catioii is generally rccogMi/<»{h The Counnission hclicxes. how- 
ever, that some of the desii ahle qualities n{ sn( ijl uu'ndediU'Ss 
may l)e effertixely aroused and stinuilatefl 1)\ a \;uiei\ of studies 
which in the pnst ha\e not been assoii.itcd with this t\pL' of 
emphasis. 

Opcn^inindcdnrs^. The s( lu)()l has (Ir)ne Httle t^; letnoxc tlie 
deep and wifiesj)iead tiait ol l)cing biased hv one's intriests. In 
actual fact indi\iduaK i m\\ (wi leflettixe thnikin^ oxer a wide 
iani;e f)t adixiiics. in uianv ol which it possible hn thein to 
liold a (let. abed atul s(i(.Muih( .iiiitude. as thev scaidi honestlv 
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fon the answer that the data indicate. The schools must there- 
fore aim to develop persons capable of unbiased and logical 
thinking and at tlie same time to mold character that will lessen 
the danger of unsocial employment of the power thus stimulated 
and strengthened. , - ' / 

/ 

INI ERESTS AND APPRECIATIONS 

Pupils in secqndary schools frequently have interests and ap- 
preciations which the school should help them develop. But in 
addition to encouraging siich personal interests,' the school 
should seek to arouse new ones. There are at least two impor- 
tant reasons for this educational obligation. In the first place, 
tlie successful pursuit of'any chosen activity usually requires 
competence in fields w^liose relation to his major interest the 
pupil has not previously perceived. Defniitely related subjects 
should be revealed is vital to his success. He should acquire the 
realii?ation that it/is as difficult to isolate one activity from all 
others as it is for a {)erson to live uninfluenced by the welfare or 
(i(jings of other people. In the second place, interests actually 
outside the range of one's main endeavor may have a large in- 
fluence on the satisfaction found in life. Ahhough it is to be 
hoped that one will find some enjoyment, or at least content- 
ment, in the part of the daily work of the world that he carries 
on, one is in a sense uniortunate if* in an age so rich as the 
present, he does not have sonic active inteiests and apprecia- 
tions. Kvcn those whose wot k is of an interesting and satisfying 
(haiacter often have ab.sorbing avr)cations in which they may 
achieve some distinction. It is still more important when w*ork 
is monotonous and lacks characteristics that are inspirational 
t{> ha\c something to which to turn for* intellectual and emo- 
tional stinuilus. We cannot depend upon pri\ate enterprise to 
tuniish adecjuate opportunities for wholesrjine entertainment. 
Thus theie is an increasing pro\ision for re(reationaI facilities 
at public expense^ the pu!)lic- schools often aicliui^ in sucli pro- 
grams thiough their buildings, eciuipnient, and personnel. Tfie 
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fostering of interests and appreciations in pupilj while in school, 
which is being stressed here, has a somewhat different purpose, • ' 
for it aims to make jjcople, in some ways, at least, more self- 
contained, more resourceful,, ^uid less dependent upon private 
or public mass entertainment facilities as the sole means of re- 
laxation and enjoyment. 

' • At first sight it ^might seem that the fostering of purely 
personal inicrests/and appreciations is giving education an in- 
dividualistic h}d$ at a time when educators are stressing the 
importance^sotial attitudes. It would seem to run counter to 
the conte^ion that everything a boy or girl does in school and 
everytl>m studied must Iiave^elear and unmistakable value 
for spfciety. On the contrary, however, the cultivation of personal 
imprests need not be anti-social. The individual who finds in- 
terest in liis cultural heritage and is well acquainted with it, is 
very likely to see the present more clearly than one who believes 
that the problems of loday can be detached from the past. The 
Connnission believes -that social attitudes are likely to manifest 
tliemselves in people who have an interest in such domains as 
literature, art, music, science, and mathematics. These have 
been among the truly humani/ing activities in which man has 
engaged. They reach his finer rather than his grosser nature, 
and through their influence a nobler and more kindly society 
can be built. 

In a democratic society it is imperative that there should he 
widespread appreciation and knowledge of subjects other than 
those that ha\e do with political or social matters, or arc rccj- 
uisite for professional or vo ational competency. Theie should 
he strong lK)n(is between t^roups working at diveisc occupations, 
for in no other way can we be certain of retaining our cultural 
heritai^c^o say nothing of increasing it. There is no doubt that 
art. literatuie, and s( ience will flourish in a stale where all pos- 
sess sufficient knowledge of these things to I avt" an appreciation 
and a liking for thcni; but theie may well be doubt whether the 
necessary public support will be given if the sdiools try U) train 
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only specialists and pay no attention to thoroughgoing general 
instruction. Tlirough tlieir high school studies, boys and gitls 
of ability can be made to feel that they are partakers of the sig- 
^nificani achievements and experiences of the race, their common 
heritage bringing them together and mitigating the disjunctive 
influences oiE varied avocations and special interests. 

One should distinguish between those types of detailed 
knowledge which may disappear quite quickly after the study 
of the subject has ceased and the general appreciation which re- 
mains, A pupil who studies chemistry for only a year soon for- 
gets the formulas and most of the facts he has learned; within 
a short time he coulct not pass an examination and he would be 
useless in a laboratory unless he devoted some time to review. 
But chemistry will not be throughout his life a mystery, a mere 
mime, or at most a vague dictionary definition. Having been an 
active participant in chemical study, and having himse)f per- 
formed chemical experiments, he knows in an intelligent way 
why chemistry is of great importance to human welfare, and he 
is familiar with the basic theories of the constitution of matter 
and witli methc-ls of investigation by which chemistry reveals 
many of the secrets of nature. To him the chemists of the world 
are not like workers in a land he has never visited and of which 
he has no conception wliatever. He might truthfully say in after 
years that he has never used in any vocational way the chemistry 
he studied, just as he may say fie lias never used the pictures on 
tlie walls of iiis home in any sucli sense. But if he says with calm 
and deliberate seriousness iliat tlie study of chemistry meant 
notliing to him. he is nuMcly niakinp; a higlily damaging admis- 
sion ai d is not in fact criticizing chemistry. A similar statement 
(an be made comerning the study of any otiier great field of 
learniiif?. For example, a pupil sliould derive from the study of 
tt igononieiry an appreciation of tlie importance of the subject 
in physics, enginecrinc;. surveying, and astronomy tliat will re- 
main after liis own ability to solve problems lias gone. Tlie 
^reat potential values of the residuals that remain after^detailed 



Secondary Education Objectives 33 

knowledge is forgotten has been well stated 'jy Professor 
Snedden: 

The purpose of the teaching given us in these fields was surely 
never designed to make astronomers. African explorers, writers of 
poetry, or painters of pictures out of us. But we are cultured persons 
t() the extent that we have'rith appreciations precipitated from such 
k^ng range contacts as we Vere able to make in these great human 
enterprises/-^ ^ 

Studies which give a general cultural background can also 
create interests to be carried on later as leisure-time activities. 
Although much is heard about the necessity of educating for 
profitable use of leisure, the aims are often too low or too cir- 
ciunscribed. as Professor Briggs has observed: 

Unfortunately, the prevailing conception, even among educators, 
of leisurctinie activities, is that they are primarily hiking, games of - 
various kinds, creative work that is more or less artistic, and im- 
proved association with one's fellows, ^ 

In short, the aims are often such as can be attained effectively 
without any considerable school experience, and hence are not 
ministered to by any suj^posed "educating for leisure/' 

0 IHER OBJECTIVES 

Other olijec ti\cs are fre(|ncnily mentioned, of which health is 
a proinineiu one. There ( an be no question of its ipri)ortance. 
and it is p.issul ovei here solely l)ccause rhe subject with which 
this report deals is not especially ronceined with it. One re- 
mark, however, will be made. Tlicie is an incteasini^ amount of 
knowled^^e on the pai t of the public as to sanitation and hygiene, 
and people i;.un infoiination rr^nrerning medicine or health 
through agen( ies other than the schools, as is proved by the 
rapidity with wliich they have become vitamin conscious. 11ms 
in the niaitei brahh instrudion, the responsibility of the 

- Snrdiirn P S Fhun!} \',rt.>!-.-^ f.^r \. p -20 The Nfacmill.in 
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school varies greatly from child to child, and in the case of chil- 
dren from some homes might even be completely dismissed. 

Much has been said concerning citizenship and worthy home 
membership as objectives. Such broad terms must be analyzed 
before they have meaning. Citizenship should certainly mean 
more than an alertness to crirrent problems, an awareness of 
civic responsibility, ^nd a willingness to aid in worthy enter- 
prises. It should embrace cultural interests and appreciations, 
and should imply a high degree of competence in the actual 
work in which one is engaged. One may recall profitably that 
Benjamin Franklin, often described as the world's greatest citi- 
zen, was an eminenf: philosopher and scientist as well as a faith- 
ful servant of the people. No small amount of the influence 
which he was able to exert, and the confidence he could inspire, 
came from the esteem in which he was held because of his bril- 
liant accomplishments in a number of fields. 

Worthy home membership should likewise imply knowledge, 
abilities, and appreciations quite as well as the long cherished 
domestic virtues, if the word "worthy'' is to mean much. For 
instance, elementary mathematical knowledge can be regarded 
as essential in the home, and mathematics more advanced can, 
on occasion, be desirable. The objectives previously discussed 
can all, in fact, contribute to worthy home membership as weH 
as to citizenship, if these latter objectives are raised to a desirably 
high level. 



CHAPTER III 



THE PLACE OF MATHEMATICS IN EDUCATION 

'7 shall on with my story of praise, and thefi show you 
the heart of my message/' 

—VIOLA IN TWELFTH NIGHT 

The influence that mathematics has long had in our civilization 
and . its growing irnportance indicate in a general way the place 
it should occupy in education. Since the function of the schools 
is to equip boys and girls not only to be effective members of 
our society but also to be appreciative of our culture, schools 
must especially provide contacts with a study which has done so 
niuch toward both "controlling our environment" and forming 
our intellectual background. Though such a general statement 
is easy to make, difficulties arise when its consequences are 
sought iu such specific things as curricula. For illustration one 
needs merely to call ^attention to the divergent views now ex- 
pressed- On the one hand there are those who urge that on4y a 
small amount of mathematics be universally required, and who 
say that we should expect only pupils with special inclinations 
to go further. On the other hand we have the thesis of Hogben, 
not a teacher of mathematics but a social biologist, that there 
are urgent social and individual reasons for a large number of 
persons to become proficient over a wider range of mathematics 
than they have covered in the past. 

One point should be disposed of at the b/?ginning. There are 
many persons occupying important places in society who to all 
appearances have negligible mathematical appreciations yet 
live rich cultural lives. In .some tases their study of mathematics 
evokes unpleasant memories, tempered only by recollection of 
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the joy that accompanied uhimatkrelease. What does the Com- 
mission make of this? In many caseVthe dislike for mathematics 
may have been created either by the^ineffectiveness or the per- 
sonality of a teacher or by the unsuitability of the material that 
a competent teacher had been rec^uired\o present. This, how- 
ever, cannot be offered as a universal explanation. If mathe- 
matics is to be given the prominence in eaiication which this 
Commission believes should be given it, emy effort should 
naturally be made to reduce the number of tho^e who carry on 
the subject in secondary years with a feeling of unhappincss and - 
with a belief that no substantial ben^efit is being obtained. Bet- 
ter courses of study and better teachers can do mucl) to bring 
this about, h can be said here, however, that the Commission i,s 
prepared to accept the possibility of conditioned anii|yaihy in 
some individuals, and would not force matheniaiics bcyoml the 
elements of arithmetic either upon a pupil who,se rebellious 
distaste toward the subject 5eenis firmly entrcnc) or lipon 
one whose genius or legitimate absorptions leave l,'*^e leisure 
for mathematical development. 

As to the complaint that there are too many cases where mathe- 
matics has been unsuccessfully studied, the following needs also 
to be said. Similar criticism is made of the teach^'ig of other 
subjects, so the complaint is only a part of the popular criticism 
cf current efforts at educating. We "teach" Knglish, and there is 
still much bad grammar and an apparently increased reading of 
cheap and vulgar writing. We dwell upon the social .studios, 
and their lessons are left within the classroom by many who 
succumb to the lure of economic panarras. We instruct in 
health, but the rules arc disobeyed not infi c^quently by the 
teachers themselves as well as by the physic ians who devise them. 
These are discouraging facts about human nature, but they are 
not reasons for lowering our educational standards. The Com- 
mission believ es strongly that cduc ators should not resign them- 
.selves to the (Ujc trine of "mininuinrcduration'* as the norm. It 
believes that we .should by all means recjuiie as ideals and statui- 
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ards something definitely superior to the small amounts of tins 
or that subject which some people **get along with." Constant 
reasonableness should be used in meeting the difficult special 
situations that grow out of mass education; hut the schools 
should certainly be unremitting in their efforts to raise the gen- 
eral standard of American culture. We should never be content 
with a **high standard of living" only in the material sense. 

There is a positive answer to the question as well as the some- 
what negative answer' just set forth. The Commission believes 
that undrr pro{)er teaching, supported' by discriminating and 
sympathetic guidance, a fairly large proportion of boys and girls 
can realize that man has lived so long, accom])lished so much, 
and learned so many things, that they caimot reasonably isolate 
themselves from traditions which strongly condition t^: present. 
The conviction \vill come to them that they can hope to deal 
effectively \vith the future only by -paying attention to the past. 
In view, thefeh^e, of the increasing importance of n>athematics 
to civilization, because of the tedmicjues it has perfected as well 
as its methods f)f reasoning, the Commission believes that ample 
opportunity aiul encoinagt'iucnt slujuld be givc!» to all indi- 
viduals to (ontinuc their mathematical training as far as their 
powers allow and as otlicr conditions permit. Such instruction 
slioidd be in definitely organized mathematics courses, for inci- 
dental Ican.ing of mailieniatical fragments in connection with 
other studies (annot give either the general luiderstanding or 
the apj)ieciation of the subjec t tliat is here advocated. * 

The m.iTincr in whidi mathematics as a school sul)je(:t con- 
tributes to the <>hje( tives dist ussed in Chapter II will now be 
discusse<l. 

M.\rni.M.\Tic:.\i. sirnv \s i raining in ci.f.ar 

THIXKINC; 

It is unfoilun;;te that foi a lon^ time it was maintained that 
mathematics furnished a general tiainiiuj; of tiie "reasoning 
facidti(»s/' as if a (crtain pmvt'r mi.t;ht fheief)y f)e developed to 
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function in all situations. 1 he problem of "trancler/* however, 
need not be gone into here move than to note that it is now * 
generally' accepted that transfer is possible.. It is to be observed, 
moreover, that nothing was said regarding the training of a gen- 
eral ''reasoning faculty'* when in Chapter II the ability to think 
clearly was discussed. 

What was said about gathering and organizing Hata^ pre- 
senting data, and drawing conclusions shows at once how impor- 
tant mathematics may be in giving instructive experience in 
these procedures. If, as was stated before, mathematical teaching 
in the past has not paid sufficient attention to the first point, 
gathering and organizing data, this was partly due to the fact 
that scholars in other fields were not always cooperative. They 
shut themselves away from mathematical methods. But this has 
now (hanged, and the development and the wide use 6f statisti- 
cal m nhods have greatly increased the area in which iignijicant 
quantitative work i^ possible. A certain knowledgt^i^;Df basic 
mathematics is required in these areas. A fair competence in 
algebra is needed if one is to understand concepts and pro- 
cedures beyond the most elementary ones, In a way algebra may 
^* be a "tool" for statistical work but a tool in a very fundamental 

sense, since it is woven closely into the texture of the subject 
and into the thinking which is involved. That something far 
more than routine skill is required becomes apparent when the 
subject is carried into the range of probabilities, a field into 
whicli it inevitably moves as soon as measures of reliability are 
introduced. 

The truth of what has just been said is being constantly dem- 
onstrated by individuals attempting to do statistical work with- 
out adecjuate preparati(m. The difliculties which so frequently 
take them to a mathematician for ivd usually renter around the 
meaning of things. .Actual use ot formulas may have caused no 
trouble, but neither the ideas from which the ff)rmulas were 
derived nor their implicati(His are understood. The person in 
distress has usually obtained a mmiber of wliose accuracy he is 
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sure, but whose meaning quite confounds him. Such a situation 
is evidence not of lack of numerical adroitness but of compre- 

* hension. The person may be bewildered solely because he does 
not have at his command the only language which will allow- one 
to "think through" the subject he is trying to handle. Such un- 
happy situations as this will be corrected only when mathe- 
ma'ics is rightly viewed as essential to clear thinking in certain 

• domains, and all talk of it as only a *'tool subject" has ceased. 

Portions of mathematics can be made especially effective in 
developing habits and traits discussed under the heading ''Estab- 
lishing and Judging Claims of Proof." Geometry has always 
been regarded as presenting unusually impressive instances of 
deductive reasoning. In a formal course'in the subject a pupil * 
almost daily iias an assignment involving "proofs." and in no 
other study is this likely^to be the case. The nature of the mate- 
ria»l with jvhich the proofs deal is indeed (|Uitc different from 
the "life situations" \vhich he will encounter later as an adult 
and a citizen. It is altogether probable that, in the past, mathe- 
,niatics teachers did not do all they should to make the experi- 
ences of the geometry class as broadly significant as th\y may 
well be. ' 

Geometry has been treated solely as geometry and not as a 
subject, whicli in addition to being a splendid example of deduc- 
tive reasoning;, important and interesting in it.sclf, can also serve 
the purpose of creating a critical attitude of mind toward deduc- 
tion and thinking in g^^ncral. It i^ essential to have the theorems 
of the text understood and the proi)lcms worked, and to place 
, the main en;phasis of tlic study upon geometry itself: but it is 
important also rm' TTiathcmatics teachers to make geometry yield 
all the e(hicati(nial hcucfits it can. Teachers who have experi- 
mented have found that, without lessening seriously the amount 
of geometry taught, the course can be made the means of estab- 
lishing a general critical attiturle on the part of {)upils, an atti- 
tude that they recognize and value. l\spcciallv at the high school 
level, principles of deductive thinking can be most effectively 
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taught in. connection wkh a well-organized, substantial subject 
such as geometry, which, being logical itself and free from per- 
sonal prejudice, can serve as a yardstick: It is clear that little\an 
be accomplished merely by announcing principles and criteria 
of good thinking and calling attention to the danger of their 
violation by illustrations of good and bad thinking taken from 
^*life situations." In a miscellany of such illustrations there 
would be neitht^r coherence, gi owth, nor any body of knowledge 
significant in itself. Furthermore, abstract principles of reason- 
ing are not designed to arouse response, particularly in young 
people. On the other hand it is not strange, whcin 'one pauses to 
reflect about it, that geometry, with its origin in mensuration 
constantly kept before us' by its very name, with its employment 
of figures and its superb logical structure, often has been a favor- 
ite study and has even stirred those gifted with literary expres- 
sion, though not pursuers of mathematics, to affectionate praise 
of its satisfying truth and its serene beauty. 

Ur recently there has been little inductive thinking in ele- 
tncn y mathematics. Comprehensive books on algebra have 
frequently contained a chapter with the austere title **mathe- 
niatical induction." probably poorly understood ar<i productive 
of little result unless the pupil went considerably beyond alge- 
bra. Mathematicians have disagreed with the statement of Hnx- 
Icv that mathematics knows nothing of observation, of experi- 
mentation, or of induction. Though dcfmitcly untrue, if one 
is thtnkinor of the way in which the subject has dcvclopvd, the 
criticism has been valid when applied to methods employed in 
its teaching. 1 here is now, however, a definite trend toward 
leading [)upils into new topics through their own experiences. 
Esj)ccially is such procedure possible in geometry, and the ap- 
pearance of informal geometry, including intuitive and expcri- 
mental procedures, in the seventh and eighth grades "is distinct 
and significant step in tins direction. The possibilities are cer- 
tainly numerous, and ii is to be hoped that mathematics will 
emerge finally a/^ the vehicle tfirough Nvhich may be obtained 
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impressible experiences in inductive as well as deductive rea- 
soning. ✓ 

MATHEMATICAL INFORMATION, CONCEPTS, 
ANO) PRINCIPLES 

A large body of mathematical knowledge is of unquestioned 
utility and involves no intricate techniques. For example, 
theorems of geometry are merely facts about figures, of either a 
descriptive or a metric character. Necessary for certain trades or 
technical occupations, tliey may be universally desirable. Un- 
doubtedly a very large number of Americans can find the area 
of a rectangle. To hnd the area of a circle, however, would lead 
many to ask aid, 'although some would be quick to claim. "I 
couW solve such a problem once." However, just as one need 
not inventory the mathematical requirements of trades and tech- 
nologies, he need not enumerate all instances in wliich mailie- 
rnatical information may profitably be used, in order that the 
place the subject deserves in our school curricula, on the score 
jof. information alone, may be recognized. 

On a somewhat different level, insofar as they affect mental 
activities of educated persons, come the cc)nce})ts and j)i in( iples 
with which one has contact in mathematital instruction. When 
well impressed iq)on tiie mind, thev are niore petmanent pos- 
sessions than facts or even skills, which are likely to be impaired 
tlirough disuse. In a society which draws so heavily upon mathe- 
matics, as docs our own, matheinaiical priiu iples and concepts 
should affect the maimer in whidi the individual thinks and 
should color the appraisals he makes. The si,^ned lunnbers of 
algebra, tlie similarity, the congruence, and the parallels of 
i^eometiy, the rates of c^iange of elemi*ntaiy (akulus should be 
so taught that they leave lasting impressions. 'I lie ambition 
to make maihematical instruction more broadly significant 
through emphasis on concepts his led to stressing the function 
toncrpt as a luiifying element. Inasnuuh as it deals with rela- 
tionships, it is (piite true that few concepts have greater Miiver- 
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sality or importance. A society, all members of which while in 
school have been given persistent and effective contact with this 
concept, should view p oblems and situations more intelligently 
than a society which has only a certain number of mathematical 
specialists. But the great importance of the function idea should - 
not lead to an over-emphasis upon its significance, nor. should it 
lead to slighting mathematics which does not come under its 
scope, for very important and very interesting parts of the sub- 
ject are unrelated to it. 

MATHEMATICAL SKILLS 

An effort has been made to describe the fundamental ways in 
which mathematics is embedded in thinking and to discuss its 
concepts in such a way that they will not be confused with skills, 
Hut a precise dividing line cannot be drawn. Mathematical 
technique is a very real thing. Its extensiveness and the diffi- 
culty of mastering it will always be a source of discouragement 
to som^ pupils and a perplexity to some teachers. Unless one 
has facility with its processes, however, mathematics cannot be 
used effectively. Its technicjues must be so well accjuired that, 
in a sense, they take care of themselves, leaving all of one\s 
powers available for other purposes, esj^ecially the higher ones 
of analyzing and directing. If the handl'ng of fractions or the 
solution of sini{)le equations taxes the pupiTs ability, there is 
little chance that he will deal satisfacltorjly with situations in 
which these proc esses cuter. If piere is, on the other hand, such 
command of the proc esses that there is true fluency in their use, 
there is likelihnod th.il inatheinaii( s ui.iy be justly aj)j)raised and 
effectively i^sc^L 

The character <A xhv tec hni({ues of mathematic s is in part re- 
sponsible for the fac t thai it is net ess. 11 y U) study the subject for , 
sonic time Ix^trnc it jiays extensive leturns. A pupil may attend 
one c lass in fn st aid, Umi n how to a()|)lv a tourni(juet» and later 
sa\e a lilt-. Hut it is haul to conc eive of muc h benefit from out: 
lesson in a]^t'hl<^ 01 ^eonu'try. *I lie clcep seated desire for c}ui( k 
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returns, however, will always arise in connection with mathe- 
matical study as in other situations, and should be honestly 
faced. Of course every effort should be made to make mathe- 
matics pay returns as promptly as possible; even the very pru* 
dent investor with his eye chiefly on the future is pleased with 
early dividends, for they support his faith in large ultimate 
profit. The recent efforts to make mathematics, especially alge- 
bra, yield more of interest in its early stages are both laudable 
and notable. They make the study resemble an insurance policy 
with a good surrender Value in early years. 

Though technicjues should be regarded as means and not as 
ends, those of mathematics have certain virtues on account of 
the broad educational processes involved. Some teachers, un-^ 
settled by attacks upon mathematics, have sought to turn these 
attac ks aside by fleeing from, tec hiiicjues as though they were 
evil, or have pretended that they could be learned, to the extent 
necessary, without conscious or serious effort. The actual edu- 
(ational value of the technicjues, which makes such a retreat 
uimec essary, will be touched u{)on later. 

It is not diflicult to draw up a list of situations in which one 
(an profitably use algebra, and such a list assists in a realization 
of its inipo! taiK e. One is confroiit^'d, however, with the ques- 
tion whether the niatheuiatics that could be used actually will 
be used even when the person is (ouipetent. Certainly not al- 
ways l)y any one person; even the arconiplished mathematician 
may not employ his knowledge in all situations where he could 
use mathematics. It is to be expected tliai in actual life mathe- 
matics will be used acct^rdiug to the indivichiaTs taste and the 
extent to which be is actually stiniulat(*d by some [Moblcm. 
Neither mathematics nor any other subject can make the horse 
drink. The malheinatics leat h^r is as powerless to make a pupil 
use niathemati<\s as is the te.ulu^r of health to make him fol- 
low its well-established laws. But education, which nnist not 
sliirk tlie resfK)nsibility of develo[)ing cap.icities, at ihc same 
time must enable petsons to leali/e the lU'Mning of intelli- 
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gent living in a scientific age and urge them not to slump into a 
state of mental indolence, after having been potentially brought 
to a rather high level of understanding. 

Comparatively few pupils during the secondary years know 
what their later activities and studies will be. In the abseii€€ of 
required courses or suitable advice, many erroneously assume 
that they will need no extensive work in secondary mathematics. 
On entering college they often find doors closed to desired fields 
of study because of the lack of adequate mathematical prepara- 
tion. For example, they are unable to take work of substantial 
character in the physical sciences, or in those parts of the social 
and biological sciences that employ statistical methods. To be 
sure, sj)ecial courses ure sometimes offered for poorly prepared 
students, but such weak or emasculated studies are poor substi- 
tutes for standard courses that employ mathematics where it is 
naturally needed. To postpone until college years basic prepara- 
tory studies th:lt experience has convincingly shown can profit- 
ably be pursued in the secondary school, gra\ely handicaps the 
pupil in his later effort to niake a program of real collegiate 
studies. The doctrine of "postj)onnnent,'* like the doctrine of 
''incidental leai ning," however alhuing to the shortsighted per^ 
son and howc\ei' \aIi(lQii (eitain subjects, is indefensible in 
the i'dsc of niatlieniaiic s. I'fic subject is so extensive and so 
diflicult, rc^fjuiring systematic and protracted study, as to be un- 
suitable for the gcneial aj)j)licaiion of either nt these doctrines. 

Administrators slioiild feel deep ronrern over the large nuni- 
l)i'r of jnipils who find themseUes witliont a lccjuatc preparation 
for tlic a( tivities. professions, or additional ::tlulies which they 
later wish to undertake but wliic h presuppo**c nibstantial foun- 
dations. In theii solution of this {)robleni ties tiie test of their 
ecUuational statesmanship. A strong and coiiectixe influence 
should f)e exerted upon those boys and girls who are capable of 
doing fair work with secondary mathematics but who, although 
they 'have no serious dislike for the subject, and insufficient 
kTinu-]edg(» tn Unn\ a sound of)inion. think it unneresary atid 
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yield to what is easiest or most glamorous at the moment, It is 
for the good of society that each year there should go forth from 
the secondary schools a large mimber of young people with 
marked proficiency in the technical skills of mathematics, to- 
gether with a fuudamcntal understanding of some of its con- 
cepts* Thf. steady flow of such a group into our democracy is 
a major responsibility of school administrators. 

MATHEMATICS AM) DESIRABLE ATTrrUDES 

It is often asserted that as a people we have hii^h regard for 
the specialist, the claim seeming to iiulitate a lespect for kno^^•l- 
cdgc and competence. However prevalent suc h a regard may be, 
it is not a discriminating one. Our people arc, in fact, fre- 
(jueuvly and badly victimized by pseudo-spccialisis and pseudo- 
experts, simply because ihcv are unable to rec<)i»!ii/c important 
fundainenial.s. In the futuir U'.us, as in the past, revolu- 
tionary programs of an eccMiomit: and soc ial nature wiW be urged 
upon our coutury. Aft<*" the partisan and polilital character of 
a proposal has been scrutini/ed» there \vill .still remain the (pies- 
lion whether the projK)sal is based on a bioad knowledge of 
facts and an intelligent analysis of their i elationshij). or on little 
more tlian wishtnl thinking.' 

Now no subject e\( els inalheuiat i( s and those sciences that 
(haw heavilv upon it lor ability to set up hi^h standards of 
knowledge, of anaKsis. ami of technirpies for a!ii\ing at accu- 
rate coin lusioiis. sSiru e ni.it hematics and kindled s( ieiucs undei - 
take to (ousinnt svsteinatir bodii's of doctrine, ihev stimulate 
tliinkin.^^. analvsis. cIIncokciv. nncl ^lowth. W'lien the* pupil is 
stuchio'^ theiUj he Inids ll^n^ell un.iljlc to .td\.in(f ineielv by 
using his tncmoi v oi his fluenc v n\ spcci li. I Ic uses nooks whose 
fnst chapteis tnust hr intdo.'^/nDd in oidei to .ich.inc e to tlie last. 
Oidv bv c ompi c hcndiu'^ eac h slc[) in the [)i essi\ c cU»\elop- 
nient ol these s( iciK cs c an he linalU atiani tlu- uiuk i standi nir r)f 
the things tliai ai e beiin; st udicd. ihin-^s that aie pea inaneiu and 
sil^Miiiu ant. Eioni this c oiuac t u i(h idral knou U'(lu(\ he gains an 
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experience that furnishes a background for accurate discrimina- 
tions and distinctions. We are at present confronted by so many 
social problems for which it is impossible to "know the answer'' 
that it is especially important for society to acquire the steadying 
and careful habit of procedure which may come through the 
discipline of mathematical study. Good will aad a warm heart 
are not enough to furnish us with the protection of life insui- 
ance; the formulas and the tables of the actuary are in some 
ways more necessary. This Commission believes, in short, that 
mathematics can be so taught that it will help reveal the mean- 
ing of knowledge, as distinguished, on the one hard, from opin- 
ion and conjectures, and, on the othc • iiand, from trivial and 
commonplace facts. 

It is probably true in certain respects that pupils are held to a 
higher level of achievement in mathematics classes than else- 
where by the niuure of the subject itself, for here the standard 
of accurate def.nitions, of logical coherent statements in demon- 
stration, and of precise results must necessarily be stressed. In a 
1)1 oad sense, all this is merely claiming that mathematical meth- 
ods furnish examples of good workniaiiship. The possibilities 
of giving discipline of uni\ersal signifu aiuc ;ue not lessened by 
the fact that not all the situations in \shith it niav be used have 
the general characteristics of matheinati( n. I he (juestion is one 
of creating an ideal and of settitig up standards <jf excellence, 
not ()ne of whether mathematics resembles other subjects! First 
the ideal iinrst be ;^Iirn[)se(l; then it nnisl be so lived with that it 
will become a part of our Ii\es. Thi.s prac tice can most likely be 
accomplished through formal echicational experience in which 
the ideal is tonsi<unIv eniphasi/ed. 'l liis Commission believes 
that some teac heis oi UKUheniaiic s ha\e been indifferent to their 
full oj>poiinniiy to hold np to their pnpils lui>h ideals of work- 
tnanship. College sinderns. shouin;^ \eiy cleaily thai they have 
been allowed to "^et in inaihemalic al work as well as else- 
wlieie. will unbhrshin^ly hand in papeis whose caieless appear- 
ance shonld give shame to anv student. Neat, well ari anged 
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work can have a sensory appeal, and should stimulate accuracy 
*and precision. All these (pialities, neatness, accuracy, and pre- 
cision, are merely attributes of "taking pains,!' a thing that is 
essential to good work in any field. It is not to be expected that 
mathematics will maintain the place its teachers desiie, unless 
teachers are willing to meet the insisteiice of administrators and 
educators that their subject yield all possible contributions to 
the varied goals of education. 

Intimately related to good workmanship is the ideal of thor- ^ 
ougir understanding, and certainly here eyen the technicpies of 
mathematics can be made to contribute wholesome lessons. 
Something as non essentiai as a change of letters will often 
cause confusion for the beginner. Though i pupil may think he 
understands the identity (a b) [a --^ b) ^ a- — b-, he is not 
likely to argue tl.o case if he did not see its application to 8} X 
76 until it was pointed out to him. A pupil's progress in mathe- 
matics depends largely ujjon his gtasp of the full implication of 
both the concepts and the poueiful tcthnicjues. When he fails 
to understand some point, his teaclicr fretpiently (an tiace the 
difiiculiy !)a(k step by step to somethiiig the pupil believed he 
undei stood but uhi'Ji in lenlity be graspt'd only inqiei fectly, 
*I*he lesion to be learned from such an ('\peiieiue is unich 
l)roader than the mathematics in\()l\ed. Nf inv paUs ot the sub- 
ject can be so })ieseiited that marlu-malics will help to i)uild up 
in pupils the desiiable habit of (juestioniug the elaiilv and the 
fullness of all their kriowledL^e. The desiie to look iiHo thini^s a 
little more deeplv t an be stimulated by fiecpieut illustiations in 
mathematics of ihe pi olilableness ol sutli aseauh. 

It mi^lit seen' at a fiist glaiu e that mathematic s has little to (!'> 
with de\rlopini^ so( ial-mindediu-ss. whiJi uas set down in 
Chapter 1 1 a one of tiie attitudi-s mu( h in ta \ or at \n t sent. *I'he 
*'so(ial siudii-s" aie (urrcnlK ui«;ed as the (u?e for maladies 
u*hi( li we know a!i!i( t us. but wbic h \v e ( ainiot ilfsc i ilie e\( fpt in 
vague tenns. It is. lu)Wt'\er. \)C uinembeied that mathe- 
matics Sj)r*ing fioni ehuientaiv human needs, fioni pioblenrs of 
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feeding, clothing, and snelter; and today, although it embrace!* 
a great deal more, it still has intimate comiertions with such pri- 
mary questions. Thus, when properly taught, mathematics 
surely should appear as one of the chief instruments of **social 
progress/' 

Open-mindedness, the last attitude discussed in Chapter II, 
is related to willingness to admit one's self wrong, but it is an 
attitude that should be carefully distinguished from mere men- 
tal instability. In mathematics a person cannot long deceive 
cither himself or another, for arguments that arise must end by 
the admission of one disputant that he had been wrong. This may 
cause the discomfort that some pupils experience in the mathe- 
matics classroom, where it is diflicult to cover up a weakness. 
V.\cn if one's error is honestly come by at the expense of con- 
siderable toil, it must be laid aside without prejudice or resent- 
ment. Kvery pupil in geometry has had the experience of see- 
ing what he believed was a valid proof of an "original*' explode 
under the (juestioning of his teacher. Even in studying liis les-' 
sons, he re})eatedly finds it necessary to abandon a thought that 
tor a few moments held the prospect of being the key to working 
a problem or proving a j)ro{X)sition. Such a situation may look 
sr)nicwhat giim, but* thoiiuli the discipline may be loo unpleas- 
ant for a few, an actual laboratory in o{)cn-min(ledness, where 
one receives training? in admitting an error endeared to him by 
the elloii e\{H-n(led in seeking to establish it, may be mure val- 
uable in foiniing a social altitude than rhetorical exhortations. 

MA I Hl.MA riCAL APPRI.CI.VTIONS 

l ]\c s(hor>ls nur.t teach maiheniatits beyond its elements not 
only to ecj'iip tht>se who nec^d it as a tool, but also to make {)eople 
a])j)ictiate lU a fortlui^hl and intelli^c^nt way how basic is its 
place in our euhuie. The artist who depicted the **tree of 
knowledge" for the Hall of Science at Chicago placed mathc- 
HKUics at the very roots, with other subjects growing and flower- 
ing tiom it. thus implanting in the minds of many pcoj)le the 
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idea of its important cultural value. But such a mode of in- 
struction^ is not sufficient, nor is it sufficient for teachers of 
* mathcmatirs. animated hy enthusiasm and pride, to display 
their trees of knowledge in their classrooms. The goal should 
ever be to CTcate such understandings and appreciations that 
{)npils in their own tight hcrome competent appraisers of math- 
ematics. The position of mathematics in the **tree of knowl- 
edge" is a challenge to teachers of mathematics as well as an 
assertion of the value of their subject, and, repeater! in our 
(lassrooms, it is a challenge to pupils, showing them not only 
,J> what they may need in order to succeed, but what they must 
know if they are to comprehend certain essential elements of 
the civilization they arc to share. The *'tree of knowledge" is 
sugn;estive of a library with the names of poets, (ji^amatists, essay- 
ists, and novelists cut into its walls. Assuredly tlie higliest pur- 
pose here is not to give merited honor to tliose who cannot 
(irofit from it. nor to elevate ourselves a little by the act of honor- 
inp^ them, but rather to encomage those wlu) see the names to 
learn whv these names ineiit the honor slunvii them, and to 
sli.ire in a U-elilig of ap[)ro|)! lateness. 

In the past matheniatits lias, enjoyed suth an appreciation, 
shown by the honors paid it in our literature and philosophv, 
and it still (inds honor in contemporary literature. The fact that 
tluMc ate people who study mathematics anrl then assert that 
their time wis wasted does not affect the matter at all. The cul- 
tmal tastes. ap[)rc'ciations, and accomplishments of the criiic 
should be apjiraised before weight is given his opinion, though 
naturallv in practice charity frequently intervenes. The Com- 
itiission has stated at tfie l)eG;inning of this chapter that only the 
bare elements of mathematics need be required of a pupil thor- 
rnigblv rebellious aq;ainst the subject ov of a pupil with a strong 
talent, wishing to devote his time to other subjects. Tlie'Coni- 
mission believes, however, that apfneciation of mathemati(S 
should be even more extensive thati it now is. and i; ^Mon^lv 
uturs ufHUi administrators the wisdom nd impouance (if using 
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as a geneial j^uidc the idc^as so well exiMcssed by Professor Sned- 
deii ill the lines (jiioted in Chapter IL^ 

There is evidence of some interest in mathematics among 
achihs for reasons other than narrow utiHty; for example, news- 
papers and niaga/ines from time to time carry mathematical 
problems. Although these problems sometimes have the nature 
of a pu//lc, they reveal an inclination toward mathematical 
thinking. One would hardly care to venture the prediction that 
mathematics will ever be a serious leisure-time activity for 
adults to .iny extensive degree, l)ut we have no 'knowledge of 
what the actual possibilities are. Kncouraging success has at- 
tended some notable efforts to popularize the subject, and a 
thorough consideration of the problem of adult education may 
well show that the mathematics taught in the secondary school 
is necessary foi desirable work in later years. 

RKMARKS 

Tiie Commission believes that \\hi\i has been said indicates 
that math- itics should have a prominent place in secondary 
education, Ihcvc should be ample provision for, courses be- 
yond the* oiu'S that aie retpiiied, ctHisc i^ntious efforts being 
made to influent e piipils to c(UHinue mathematical study, lioys 
and girls should be informed as to the niunber (.)f subjects that 
employ mntheinatic s. and thev should be led" to see that an ac- 
(piairuance wiih it helps one to li\e more intelligently in an age 
as scientific and as te( hnical as oiu" own. They shoidd also'he 
informed that in addition to its great helpfulness to man, mathe- 
matics has pediliar (pialities. lepresenting a form of perfection 
so striking that many peisons, althounh not following it in any 
professional way, have (onsidcred their study of it one of their 
most valued e\peiien<es. Nor should there he withheld fioni 
tliem the notewort'hv fad that the eji latest tiibutes to the sub- 
ject have come not from mathematicians but fiom dramatists, 
poets, and novelists, I-'inally, they slioidd he pt()te(ted against 
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becoming victims of the doctiine of incidciudl kWniiig or the 
doctrine of postponement. 

The effort to make mathematics a prominent feature of edu- 
cation implies tlie desire to keep secondary education on a- high 
level, with respect to botli tlie ideals that inspire it and the 
standards of adiievenient tliat are expected. The Commission 
supports sucli a general educational position, in opposition to 
tlie movement toward mininnnn education, It is true that our 
attempts at universal educatiou will bring into the schools many 
a case of Johnnie I.o\vi(jue and Wiimie Barely-pass, as well as 
delightful Huck Finns who "take no stock in mathematics.*' 
Unless tlie American temper changes (ompletely there is little 
danger that such boys and girls will be dealt with unsympatheti- 
cally while wt continue our eflorts to devise studies and activi- 
ties really suitable for them, lint they should not be allowed to 
set the general pattern for education, any nunc than their tastes 
should be allowed too nnich weight in dctenuining the pleas- 
ures and diversions a\ ailable for educated people, A survey of 
movies and radio might indicate, ho\vc\cr. thai su( h a surrender 
is being made. In Cf)ncludin<^^ one might say that the statement 
of Hogbeu that the history of mat hematic s is the minor of civi- 
lization su^;<;ests that its position in the S( hools niav i t'\'eal some- 
thing not only about our conception of edu( ation but at)o!n our 
national philosophy and ideals. 
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HIE MA I HEMA I ICS CURRICULUM 

''IVe shall make one or two postulates, deduce rules, and 
give examples," 

' —FOWLER, THE KING'S ENGLISH 

BASIC CONSlbERATIONS 

The Importance of Continuity and Organic Growth, For many 
years American educators have urged the c* "ition of curricula 
based on the view that the formal educational process extends 
from the pupil's infancy through his adolescent years, or even 
further. This idea is now receiving uniform emphasis in all the 
major subject mat^^^r fields. Mathematics, by virtue of its highly 
cumulative nature, cannot yield the cultural returns of which it 
is capr*ble if it is offered a disconnected sequence of isolated 
units. Dn the contrary, the major objectives of mathematics, its 
central themes and its broad life values, must be given an op- 
portunity to unfold gradually and conthmously, in liavmony 
with known facts of mental growth. 

The Impoitance of Flexibility, Sc idary echuation in 
America has not yet achieved relatively stable, clearly defined 
lines of demarcation that set it off from the domain of elemen- 
tary cducati()n on the one hand and from that of collegiate edu- 
cation on the other. ^ We have, and may continue to have, a 
diversity of administrative divisions that ate due to a variety of 
considerations. Thus, in certain c Dininunities. the traditional 
8~.} [)]an has been replaced by the f) plan, the 7-f) plan, the 
(i-G [)l.m. or the (i *j | plan, cither spedfually for (uriicular 

^ In this i(j»()tt the juMmi iull<*i'c is ic^.inlrd as hcUai^ing to the st*<(nul.iiy 
fifltl. Sit' \K\\[v 

5^ 
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ixnposcs 01 bec.au!>c of a {)iol)lcm of building accommodations.^ 
. At this point ue are merely interested in the fact that because 
of this variety of types of administrative organization in the 

. field of secondary education it has been extremely difficult/ even 
if it were desirable, to arrive*at anything approxijnating general 
acfrecmcnt as to curricular offerings at any stage of the educa- 
tional process. No national commission can prescribe, or should 
even attempt to suggest, such a rigid organization of the mate- 
rials of instruction tliai there would be no further opportunity 
for individual initiative and ronstructivc cxf)L'rinientation. On 
the oMier hand, there is need at the moment .to elaborate as care- 

. , fully as possible a group of guiding principles that may offer a 
defmitfe step toward educational harmony. A tentative list of 
such principles will be outlined in the foHowing pages. The 
second step is tliat of describing liie cunicular offerings, as far 
as possible, in terms of broad fields rather than in terms of 
specific units of work. 

It is the opinion of this CommissitMi that the obvious difTu uhy 

' of providing for both continuitv and flexibility lias been ilie 
i^reat stumbling block in the development of a uation ^s ide 
mathemaucil program of instruction. Aceoi (lin«;lv, in this lie 
p6)rt is deseiihed a jjiogiam {nv niaiheniaiif s in grades 7 to 14 
that definitely aims .io j)i()vi(lc for continuity ol iU'\cl<)j)nietit. 
and that at the .same lime lesperis the reasnn.ihlc deniamls for 
flexibility on the part of school administiiitois .md tea< hers. 

The Work c f the Elnnrntary Srhooh, T\\c Conunission has 
not atteiiipted to sumjest niathemati( s ( nn i( ula lor liie first six 
ijiados. That res|x)nsif)ility has been assumed by the National 
(iomu il Committee on Arithmeiii .'"^ uhi(h will issue a sepaiaie 
report dealing with this problem. 

" D.nn nwKPjniip^ tlu* -niuih t.r the rtl.ituc fu<nir!J«v of ihc^r .MlniiMistMii\r 
t\pe<; (»f f'i.r;ini/ari(in rn.i\ ho olif.nriril fw»in tin* piiMn .itHui^ of e<liK.'>riofial i^- 
MMidi hiiir.iu^ ;nul frt^rn rdur.uion.ii \r.n}ionk^ arul ^Mti^^ncil ahsh.irt^. Src. Un 
fX.irnplc. flu* i?iorurM.iplr. rornprisin'^' thr \-ifi<'f)u( V'wi r\ nf S> f "*hhi)\ l.lurnt\^n\. 
ViwWcuw. 10*^2. \f>. 17. ('. S. Olfirf of rrluf.iilon. 

S|io:}v(iT('tl \^\ f|,r Wirion.fl ( ouimiI (»f Ir.idirt^ nf Nf idininfu ^. unii<'i the 
< liairman^'hip of Pn)fr'isf)r R L. \fnrron. Ohio t-niver^icv. 
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'/The niathcmatks piogtaiu of the eleiiiciilaiy sdiuuls ;s the 
indispensable foiuulatic^n ol yll the pupil's later mathematics 
work. If that foundation is weak, the pupil's subsequent prog- 
ress is likely to be j>erniancnily handicappeU, 

In the following piv^cs, it is assumed that ^i^piipil who is ade- 
quately prepared for tlie work of the seventh grade has acqfuired 
a working knowledge of the arithmetic commonly taught in the 
primary schools. An i' '^rcasing number of representative syl- 
labi also assign to the eLmcntary grades some preliminary work 
in the field of spate intuition and a knowledge of geometric 
forms. Hence the following attainments may be regarded as the 
normal mathematical crfuipmcnt of the American pupil who 
has satisfactorily completed the work of the sixth grade:* 

(/) A familiarity with the basic concepts, the processes, and 
the vocabulary of arithmetic. 

(2) Understanding of the significance of the different posi- 
tions that a given digit lUay occupy in a number, including the 
case of a decimal fraction. 

(j) A mastery of the basic number combinations in addition, 
su})traction. multiplication, and division. 

(./) Rcasf)nafile skill in computing with integers, common 
fractions, and decimal fractions. 

fO An atquaintamc with the principal units of measure- 
ment, and ificir use in evcrvdav life situations, 

(6) The ability to sohc simple pro!)lcms involving conqmta- 
{i(m and units of measurement. 

(J) I'he ability to rccogni/e. to name, and to sketclv such 
connn(m geometric tii^nrcs as the rectangle, the s(juare, the 
( ircl(?, the triaii'^Ic. the rettangular solid, the sj)here, the cylin- 
•dcr. and tlie cul)e. 

{^) The habit of cs!iin;uin<i; and ( becking results. 

♦lor A s\tH)j)sis nf j»M^' lit rcndi ( in iiiilinuMt . \)\c rraticr m.iv he ivlnia] 
fo rlic Tf'tilh Vr/n/M.,,;, (he N\ui'»ti.jl Cciiruil <>f I'tMclicis of Mathcniaii(s. Src 

r»ii<l C'n . utV)' I 'T ^^if" unik n( ilu* [)ntni!v i^T.i'W'^i. <irt' rspcri.iUv. Mc^rloii, Rcihrtt 
l.vv. Tf'ichttiif Anihrnrdc tn thr I' trtrnt'in .S(/ir>')/. siUor, Hiintc't Co., i^j^;. 
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A Ti NI AnM I. IS I OF (.IMOING PRINCIPI.PIS 

Consulrratu)u\ (#nrr;;H//< the Selection of the Materials of 
Irjslructiofi. CfKutt'^ 7-/::. AnK)iij; the considerations governing 
the sck'ctinn (jT Tnaic i iai in l)uiUHn^ a t urricuhnn; the following 
may be incntioned: ^ 

(/) Sind* ilu'U' has hcen <4ciuial agiecMiicnt that the learning 
of nlathcniatics u-sis upon aMjuiiini; a knowledge of a certain 
body of (ouiepis. pnniiph s. pi 01 esses, and faets that are essen- 
tially the same loi all pupils, iheie t an remain little freedom of 
i hoiee as to the im hision in the euri ieidum oi: these funda- 
mentarelenients. I he ruiriiuluin should include the basic ele- 
ments of arithnietie. algebra, geomeiiy, graphic representation, 
and tri^oijometi v. 

(2) In (DUtiasL with this permanent foundation, we have the 
erjually ii:ij)oiiant \o t that niatheniatics lias iiad a remarkable 
growth and has beeri extended lo widely varied fields of appli- 
eatl:)n. 

For every t\pe of pupil, a nialheiuatical course of study must 
give eonsiani attention to the "h)inuiations/' wiiileat the same 
time it stresses siL^nifuan: applications within the learner's po- 
tential lange oi* understaiuhir-i^ and interest. 

(;) The selottioirol the finul.iiuental mathematical units of 
woik. espec iaily in uiades y-t). is a highly lechniral task. 

In paiticular. the fimdamental K^ncepts. principles, and sk 
of matMcmati(s must he inirodiued and developed in a care- 
fuliv (Pi;ani/ed patieni. Due attention .iiiust be given at all 
times not oiiK to lo'4i( al t onsidci ai ions, but also to j)syeh()logical 
and peda'4n'4i( .d pi in( iples. | 

( fi \ \U'nsi\i- expel ieiu e has h'd|tJ the I'omiction that in the 
ciseo'' letauled pupils. nnKlifn aii()ii^ ai e needed in the rate of 
pio^'ie s and the dc^iee ol eoinpi ehension. rather than in the 
tnoice ol the \k\su niadienial it al units. (Sec* also Cihapter VII.) 

f'i) The preciNC ope and dcyice of empliasis to be pi\en to 
each i?iaj{)r t\pc ol woik. in a paiticidar school, cannot be 
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stated with finaliiy in any general distubi^ion. On the contrary, 
these items must be regarded as subject to further local experi- 
mentation, in the light of actual time schedules and of desired 
or possible types of application and of training. 

((^ Psychological considerations such^ as those having to do 
with tlie problem of understanding, with motivation, rates of 
learning, and with degrees of mastery, are also of great signifi- 
cance in connection with the construction of modern curricula. 
These cjuestions must certainly be kept iu tnitul when one 
wishes to determine the amount of woik whkh may safely be 
accomplished during a certain period-of time, I hcy are further- 
more of primary*importance in the preparation tjf detailed in- 
structions for the teaching of each unit or topic, \ 

(7) Mathematics is often described as a *'hard" sublet* -It' 
has acc[uired tliis reputation (i) because it is composed oi rela- 
tively large body'of closely related abstract ideas often presented 
too abruptly; (ii) because its fundanlental facts and principles 
must be learned as an organized sequence; (iii) because only 
constant attention and real understanding will lead to success 
in this field; ami (iv) because only considerable practice, over a 
period of months or years, will insure* mastery and the al)i]ity to 
aj)ply with ease the results of mathematical training. While 
xhcse features of mathematics cann(;t be denied, it is also true 
t'hat each forward step in the subjec t is. as a rule, a veiy sitnj)lc 
one. Hence, by safeguarding eac h day's proj^icss, and by follow- 
ing a teaching.practice based on the laws of learning, the teacher 
( in eliminate, to a large extent, the painful and futile struggle 
tliiit is only tcjo evident in same mathematics classiooms. In 
[)artic ular, the following ronsideiatio';^ :m significant: 

(a) Karly in each year the mathematical maturity of each 
pu[)il should be detei mined. In case the recjuired information 
is not a\ailab]e from reports, inventory tests niav be needed to 
determine the amount of ground that mav be covered during 
the sernesier. as weP s the necessary ^amoinit oi' retearhing. 

(h) Since mathcnnaiics is a cunndari\(* subject, pupils should 

/ 
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l)c made tu icali/c that each day's work counts toward success or 
faihiie. 

{{•) All understaiuhng ot the concepts and ptinciples of mathe- 
malic s is tlie key 10 iis success! ul study. To teach in stich a way 
that the concepts become dear is the hardest and the most sig- 
nilicaiu task (onfronting the tea( her of maihcmaiics. liy way of 
ilhistration, a definition should usually be the outgrowth, not 
the-be,y;iimin^, of a learning process. 

((/) "Overviews" and motivating th'scussions are \alual)lc as. 
directing guides, while sunnnaries and organic leviews are effec- 
tive nu-ans ol crealing pei spec live and conlidcMicc. A properly 
construe led cuiriculuin will give adeipiaie attention to such 
( nnsideialions. 

(c) In the past, much dei)endence w.is phu cd on mere drill. 
Recent psychological investigations suggcvst that all technicjucs 
should be based on insight. I his implies that adecjuate practice 
is to l)e piovided, not meie diill, to lead the pu})il to pro])er 
assimilation and mastery. 

ll\ Modern psychology has proved the effectiveness of ''spaced 
Ic^niiing." Tliat is. '^bunched learning'* is not so pro(lucti\c of 
lastiiri; values as "spaced learning/' With slow pupils, especially, 
the idea of a pci iodic return to the same topic*, {)rovi(ling for its 
gi()wing mastery and cnlargv^d application, is of the utmost'inr 
poitanc e. 'I'*\])ei ience sh()\v*s that we cannot c*\pe( t '*onc hun- 
dred per cent masteiy" after a single-, l)riL'f expnsuie. 

The sh)W learner {)rofits by at least the s.une degree ot 
motivation, of cultural emicinneiu and ituciest. as do other 
[)npils. Hut inteiest. is primarilv a means of stinuilating efh)rt. 
not a substitiue for eih)rt. 

Prnui[jl(S of Arrani:^(nfi(')if . The follo\viiig piinciplcs lefer 
piiinaiily to the .st-tpirrur of the topi(s to he included in the 
c luriculuni. 

( f) The sc-ijiu-nt e in I he < un ii uhnn should he snc ii that vAi U 
topic will conliibutf (Icfiinicly ((jwaid an f\ ci ouinij; and 
innw siunihtaiu mi -.nn/.n ir .n ol die I).isii <nn((|)ts. ])iin( ij)lc-s. 
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skills, facts, relationships, types of appreciation, and fields of 
application, resulting in the development of a unified niathe* 
niatical picture. 

(2) Even in a reduced program, the study should emphasize 
problem solving and modes of thinking, and should not become 
a mere secjueiice of formal and relatively abstwc t drills. 

{)) If a unit oigani/ation is followed, it is not always advis- 
able to attempt in vmU of the units a complete or exhaustive 
treatment of the teutial theme or toj)ic under discussion. On 
the other h.md a unit should not include unrelated "odds 
and ends.*' 

(^) In geneial. a tiew topic: should not be iutioduced unless 
there is a sullicient backgiound of pi eiecjuisite concepts and 
skills to jHMniit uuhiudeied cchu enii aiion upcni the new ele- 
ments. 

(s) A new idea or prin(i[)le should not, as a rule, be intro- 
duc-ed piior to the time at which it is needed or may l)e effec- 
tively applied. 

MAI HKM.VriCAI. CA I I-CORII S AS A BASIS OJF 
ORCANIZAI IO.X i)V 1 HI. Cl RRICiL'Lt'M 

I'hf Doctrine of "Cfniters of lutrrr.st/' Klementary anc? sec- 
ondary school Jiystems are operating in many cases under differ- 
ent conceptions as to the best \vay to cany on the "educative 
process." One can wiih some pro{)riety speak of the "c)ld educa- 
tion" and the "new educatit)!!" althou^ij sue h desc riptions tend 
to over-simplify the pioblem. Not all Schools of fifty or seventy- 
five years ago were alike; manv of ilu-i|^Svere not so narrow in 
offerings or as lestiicted in points of view as is asserted in 
some present-day writing. In education, as elsewhere, one tnust 
remember that a c reful study of the past reveals not only faults 
unsuspected by some people but virtues ;isso( i;itc*(l by others 
only witb the pivsent. On the other iiand. what is Ccdled tlie 
"new education" inav h;i\e uunc ionsci v: live elements than is 
sometimes leali/ecL This mudi. ho\ve\er. it seems safe to say by 
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way of gcnciali/aiion. The "old education" interpreted teach^ 
injr as a proc ess of tiaiisinittiiior 01 iiiciileatiiig a relatively fixed 
Ijody oi skills, iufornKiiion, l.u rs, behaviors, and liabits that were 
eonsideied necessaiy ov useful to a person, both in "making a 
living" and in hvin^ with saiisfatiion. It tended to employ fixed 
eurrieula, though not without giving attention in varying de- 
^ glees to the iiueiests and .ihilities of its clientele through the 
use of electives or dilleient (uuii ula. The "new education." in 
contiast, tends to he uuuh more "( hihhcentered." It (piestions 
(ixed ( Uiiiuila. even when piovisioii is made for electives, and 
seeks to iruhu c the puiul lo ic.u h out h)r such eleinciUs of infor- 
mation 01 tiaining as m.i\ hi- in haiiuony with his own "needs 
and iiucrcst." hoih lek aiul uuh-h. ' • • ^ 

rn(Ui the "new cdu(.ui(Mr" ;ui effort is Ijeing made in S(jme 
vhools to l)uild the (Uiiituhnn piiuKU ily .ai ound si_ginficant 
"( iMUeis/>f inteiest" oi "aic.is of expel ieiu e/* so Ijioad in char- 
ader as to aiititipate poieiiiiallv a large number of the educa- 
tional needs of thildien. Hv this means it is lioped to insuie 
lK)th a set of desiiahle piatiical and (ultural l)a( kgrouiuls and 
tiie possihihtv (jf lavoiahh^ suhjeeti\e iwutions, lunthcrmore, 
it is hoped that tlnou-Ii sulhtientlv cxpeii liaiuUiiig of these 
liackgiound^ ilie sdiool uill suiteed in tiaiisinitting the skills, 
fads, iiahits. am! aoiiuiles necess.ny to a succ essful life and well- 
rounded developmem. I'lidei tlu^ "(jid edutation" main of the 
most inijjoit. uu t»t (fiese f.u ts .uid skills ha\e Ijeen isolated, logi- 
(.illy oii;ani/ed. .\\u\ ss sternal ii all v tau-^lit, ruder the "iu»w edu- 
( at ion." Iiouever. thev ai e to he at (pui ed nnu h more informally 
in the ( om se ol (Apeiiem < s srleded . ai le.tsi in pai t. [or reasons 
otiui than tlieit fiuiiluluess .is .1 uumus of tfansmitting prede- 
termined skills. fa(ts. and habits. 

In th.e (l(iuent.iiv school the "ocw echication" has stTUied 
widespuad eudM]^(lll^^;t. 'l\]r sccondaiv school is bring stib- 
jectt'd to L;n;u ])?essiiie to follow a siiniLir (omse: th.u is, it is 
l)e!ng asked to 5<i\e uj Us "achilt-oi oani/cd/* secpiential sul)ject 
matter ionises in favoj "f l)ioa(l. llt^\if)lc ";n<Ms of experience" 
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that are assumed to appeal to the individual student. In this 
Report the concern is mainly with the question of the extent to 
which such a conception is feasible in the field of mathematics, 

Unsettled Status of This Educational Issue. The fact has been 
stressed that the mathematics of the elementary school is a com- 
paratively closely organized and cumulative system of concepts, 
skills, facts, and relationships. A pupil cannot master a given 
unit in most branches of mathematics until he has acquired 
,some understanding of and reasonable skill in the related earlier 
ste})s involved. If the basic equipment in mathematics is to be 
accjuired by means of "centers of interest," as these are com- 
nunily understood, such as the farm, transportation, and con- 
sumption of goods and services, mathematics becomes only one 
aspect of such study. Today a crucial question of curricular 
theory centers around the extent to which the methods of the 
"new education" lead to mastery or understanding of funda- 
mental sul)jcct.s such as mathematics. 

The evidence accumulated on the relative merits of curricula 
organized according to the newer and the older theories is far 
from (ondusive, at least with respect to instruction in mathe- 
matics/" llie **new education" is still definitely in the experi- 
mental stage in the secondary school. There can hardly be any 
doubt that an exclusive dependence upon "centers of Interest" 
as a basi.s for organizing the curriculum makes very difTicult the 
aj)plication of the guiding principles discussed in this Report. 
.In the absence of more convincing exidcnce in favor of one 
pr)ini of view over the other, this Commission has sought a basis 
of organization that adheres to accepted principles, yet inror- 
poiatcs modern views on the wav the mathematics ( urriculum 
should be organized. The Commission recognizes the desirabil- 
ity of correlated activities and a reasonable utilization of centers 
of interest pertaining to importaiU aspects of modern life, but 
ntuler present conditions it recommends that for other than ex- 
perimental classes tfic rurricuhmi he organized in conformity 
with priiuiples outlined above and later in this Report. 
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Exl)Ycssing llie Malhematirs Curriculum in Terms of Broad 
Categories, For the vcasoiis suggested above, this Commission 
has loimd it desirable to oiithne a general plan of organizing 
the materials of instruction in secondary mathematics, for grades 
7-12, in terms of two principles of classification. First, there is 
the subdivision according to major subject fields: I. The fiel I 
of number and uf computation. II. The field of geometric form 
and si)ace ])erception. III. The field of graphi^: representation. 

The field of eleincntary analysis (algebra and trigonometry). 
\'. llw field of logical (or •^straight'*) thinking. VI. The field of 
lelational thinking. \'II. The field of symbolic representation 
and thinking. Sf^cond, there is the subdivision of the fields into 
categories su( h as the following: I. Basic concepts, principles, 
and terms. II. Fundamental processes. III. Fimdamental rela- 
tions. Skills and techniques. V. Apj)Iication.s. 

A curriculum that is constructed in conformity with such a 
plan has the followinj^ merits: 

(/) It consists of parts which, separately and in combination, 
fur many years have constituted the essential elements of success- 
ful matlu»matics uoik in the grades considered. 

It is ili-xiblc en()ui;h U) make possible* its use in schools 
lepreseming viitually all the principal administrative types of 
()r^ani/ati()n. siuh as the 8-.} i)Ian, the f)-'^]-^ plan, the OA) plan, 
and so on. 

(?) l\ is sunuicntK ad.ipl.iblt: to meet a laii^e v.niety of 
hu.il conrliiions and special needs. 

(.f) h pi()\i(Ifs (Icliniu'ly foi (ontinuits of tiainin.^ uith re- 
s|K*( t tf) ilU' ( CHiial r)bjt'( ti\ fs of M'condaiy mattiuniatic s. 

Cs) It suLV^t'^t"^ and makes possible e\lensi\c c oi iclaiion with 
related fu'lds. 

In kittT {liaptcis (>l iliis Report two sufh cuiritula arc de- 

Sdibcd. wuliMut auv inipli( aiion that other satisfactoiy pio 

Hiams aie wm j)nssil)le. Indeed oilier well (ousideicd and tesleii 

j)knis ha\e appealed wlii(li seeui to the ( :<>ninnssir)n to be 

basitalh in a-ieeinent with tli<»se (jcM nbed In le. The plans dr) 

) 
I 
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not restrict the freedom of the teacher as to methods of teaching, 
or types of motivation, or lesson organization. 

ESSENTIALS OF A GENERAL PROGRAM IN 
SECONDARY MALHEMATICS 

In the following pages there is submitted in broad outline a 
sutnrtiary of those matliematical fields and types of training and 
of appreciation that are necessary in order that the pupil may 
meet the demands of modern life and may realize the desirable 
cultural contributions that have been discussed. It is the opin- 
ion of this Commission that the mathematics program of our 
secondary schools, in grades 7-12, should be built substantially 
on abilities and outcomes sucli as those suggested below. 

I. .1 HE Field of Number and oi- Computation 

{A Continuation of the Work of the Elementary Grades) 

Basic Concepts and Principles, There should be a growing famil- 
iarity with the basic vocabulary arid working principles of arithme- 
tic. This involves (/) naming or identifying a concept when encoun- 
tered, (2) giving an example or an infurnial explanation of ^he 
meaning of given terms, and, at a higher level, (4) developing formal 
definitions of terms that have a broad operational significance. Ex- 
atnples of such terms are the following: 

(a) Operations: addition, subtraction, multiplication, division, 
rounding off numbers. 

(b) Results: sum, product, diflerence, (juoticnt, per cent. 

(c) Relations: ratio, proporrir)!!, ccjuality, increase, decrease. 

(d) Applications: interest, discount, commission, rate, premium, 
profit, loss,. average. 

In all teaching of semiidary mathematics much attention should 
be given to a conscious ^lasp of tlu,* jninciples which underlie the 
fundamental processes of arithmetic. Examples of such principles 
are the following: 

(a) The numerator and tfie denfjiuinator of a common fraction 
may be multiplied or divided by the same (non /enj) nuniber, with- 
out changing the value of the ^:a(tion. 

The order of the factors in a pn)duct does not affect the 

result. 

Fundnnicnial Sl.ills. Tiui pupils should develop such skills as the 
following: 
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{a) The ability to use the four fuiuhunental operations with iii- 
legers, toninion tVattioiis, and tietinial tVuctioiis, due regard being 
given to the learner's nuiturity.'' 

^ (b) The ability to use the principal units of nieasuie in everyday 
life situations. 

(r) The ability to read simple numerical tables in connection with 
the echicati(3nal program as a whole. 

Application^ There should be a gradual and continuous develop- 
niGUL of the ability to recogni/e and^use arithmetical facts, concepts, 
and principles in everyday life situations, wherever encountered, not 
merely for the study of pertinent numerical problems, but also for 
purposes of explanation and prediction. 

This al)ility should be stressed constantly until its use becomes 
a habit. 

Furthrr Tupus. There should be a gradual grmvth in the pupil's 
understanding of the extended number system (negative numbers, 
irrational numbers, and so on). Attention may also well be given 
to: 

{a) The ability to perform addition, subtraction, multiplication, 
aucLdivision by use of a computing machine. 

{h) The ability to multiply, divide, square, and find stp arc roots 
by a slide rule. 

((■) The ability to exercise judgment in presenting numerical re- 
sults of mea^urement or of computations based upon measurements. 
Due regard being p:iid to the learner's level of maturity, there should 
be dcvelf)pcd gradually the lia[>it of retaining an appn)priatc num- 
l)er of significant digits antl using appr()priate accuracy in com- 
{)iuation.' 

/ 

II. Thk iMIt.I) OI- GkoMI IRIC I'oRNi ANU OK SrACK PERCEPTION 

Bauc Cnfirrpts, The ability to recogni/e at least the elementary 
geometric figures and terms involves (/) naming a figure when seen 
or presemed. (2) sketdiing or flrauing a figure to illusfratc a term, 
and. at a higher level. ( ^) developing a fonnal definition of the basic 
terms. The following list suggests t\pcs of terms that should receive 
attention: 

°U is uiulcrstouii th.it these proccNses inc ro he ( cnisiihM cd not nicicly in an 
al)'iir.Kt uav. hut in in.nn (otuicic prohh'rn siUMl ion-i stuh as those involving 
pf^r<cnl:mr anci othri hnsmcss .uul <ktH\.i\ apphcations. Acuiincy shouUl recchc 
the main lon^i«k'^ati()n. hiu a jrasDn.ihlc (ic-ircof spcu! nul^t also l)C rrgardcd as 
e'ssriitial. 

•The (it'Miipiicii ui\rn Ihmc will applv with af>propuau» and lathcr ohvious 
inodifiraiions to UiUU U. III. and and irfcicnce udl ho riia<io hack to it on 
later pages. 
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(u) Emhv iiguYcy. icciangle, circle, triangle, square, trapezoid, 
inuullelugraui, rectangular solid, cube, cone, pyramid, sphere. 

{b) Par lb ui' figures: radius, diameter, diagonal, vertex, sides, 
chord, arc. . 

(r) Mensuraiional terms: Jengih, area, volume, perimeter, and 
such units as inch, tool, square inch, cubic toot, centimeter, meter, 
degree. 

{d) Positional relationships: parallel, pei])eudicular, vertical, hori- 
zontal, oblique. 

(f^) Terms involving comparison: greater, less, equal, congruence, 
similarity, synunetry. 

(/) Incidence relationships: intersection, tangency, coincidence. 

fundamental Skills, The drawing, the measuring, and the basic 
construction of the conmion geometric figures are skills, the develop- 
ment of Vvhich should represent a contiiuious pn^grani accompany- 
ing the study of the fundamental geometric relationships. 
Among the skills to be |jressed are the following: 
(a) The ability to use such conunon instruments as the ruler, 
graduated or ungraduated, the compasses, the protractor, and 
scpiared paper. 

{h) The sketching, or drawing, and the construction of common 
geometric figiues, either full size or to scale. 

(t) The direct measurement of lengths and of ani^les. 

(d) The determination by fornuila of such conunon areas as those 
of the rectangle, the square, the triangle, the circle, and the trupe- 
zoid. 

(r) The determination by formula of such C{)nnuon volinnes as 
' th{)Seof the prism, especially the rectangular solid and the ciibe, and 
the c)linder. 

(/) A use of the technicpie of indirect measurement in simple 
field work. , 

Elementary Grometric [uicts, Pr<il>erties, and Relations. The pupil 
should accjuirc such abilities as the following: 

(a) The al)ility to recall and to apply hal)itually fundamental 
nieliic rc laii^)ns or propositions, such as the followinj^: The sum of 
the- anj^lc s ol any triangle is 180"; the Pythagorean relation. 

(h) 'i fie ic (r)giiiiion of relations resulting from varying j)ositions 
of geometric figuies, such as the possible intersection of lines, of 
ciicles ami lines. 

{( ) The alnliiy to rcrogni/e and to state simple funrtif)t?al n'l:i- 
lions resultinc; from changes in dimension or position, such as the 
change in the area of a scjuare whose side is douI)Icci. 

I)i\rnr("fy trnd I'crifu at ion. There should be a t^radual and in- 
c leasing c!e\elopnieiit of the ability to iiisco\er and to seek means of 
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testing important geometric relationships, An acquaintance with 
the major propositions resuhing from this training should become 
a defmiie part of the student's nialhcmaiical equipment. 
Af)f)li(ation. See p. 63. 

Ill, Tut Field oi GRArnic Rkprkskntation 

Basic Trrws and Concepts. Tlicrc should be a grou'ing familiarity 
with the basic vocabulary of graphic representation. As in other 
fieUls this involves (/) naming or identifying a concept when encoun- 
tered, (2) giving an example or informal explanation of the meaning ' 
of gi\eii terms, and at a higher level, (j) developing formal defini- 
tions of the more important terms. P:xam*ples of such terms are the 
following; ordinate,.abscissa, axis, cofjrdinate, distance, tangent, line, 
slope, locus, graph, symmptry, table, formula, scale, bar chart. 

Fundamental Skills, The pupil should be able to: 

(a) Take tabular data and construct therefrom a graph with a 
suitable scale, properly titled and of appropriate ty{)e. 

(b) Read a given graph, recognizing not only values at interme- 
iliate points, but also rates of rise and fall, -and maximum and mini- 
numi values. 

(r) (Optional) Draw a line to *Til" data approximately linear. 
Aj)j)li(ati()n. .See p. r)3. > 

Further Topics. Some schools mav find it feasible to extejul the 
work in graphic representation inu) the field of elementary statistics, 
incliuling the use ol alignment charts (nomograms). 

Thi. I-imo 01 r'.i.K\n \r\Rv An\i\sis 

The Ba^ic V(uahuhn\ and Workiyii^ Cnucrpts of Elrmmiary 
s-innlwis. The pupil should be able to: (/) name or it^lentifv a con- 
ce[)i when enr ouniered. {2) give an example or an inrr)ruwl explana- 
tion of the meaning r)f the basic- terms, and, at a higher level. (^) de- 
\v\uy fnrmal definitions of sucli terms as h.ave a broad (Operational 
significanre. Among these are ilu* following: 

{a) T\pes of nuniber: positive and negative numbers, fiatiions, 
irrational ntunber.s. 

(h) Operations: addition, subti arrion. nmltiplir aiion. clivision, re- 
ducing lo lower liM ins. hnding scjuare root, raising to a power. 

(c) Structural terms: monomial, hinomiah pohnoniial. coeffuienl. 
exf)onenr. radical, similar terms. 

(d) Func tional teuus: eciuaiion, formula, variable, dejjendenc e, 
table, correspondence. sin(\ cosine, tangent. 

(r) .•\[)pliraiions: a\era^c\ rate of motion or of woik. (^\aluaiion 
of a formula, approximation, per cent of error. 



ERLC 



66 Fifteenth Yearbook 

Fundamental Principles and Techniques. The pupil should be 
able to use the fundamental principles of algebra and elementary 
analysis involved in basic techniques and in related pertinent appli- 
cations, Examples of such principles are: the rule for the addition 
of similar terms, the rule for reducing fractions to lower terms, the 
laws of exponents. Illustrations of these techniques follow; : 

(ay The fundamental manipulative techniques. 

{b) The ability to Solve equations. 

(c) The ability to make trigonometric reductions, 

(d) The ability to solve triangles. 

Application, See p. 63. 

Further Topics. Some schools may find it desirable to extend this 
field of work to include in the later years some work in the technique 
. of differentiation, together with applications that are within the 
comprehension of the pupil. 

V. The Field, of Logical (or "Straight'*) Thinking^ 

While it has always been recognized that mathematics is essentially 
a mode of thinking, it has not been equally clear precisely how the 
types of thinking characteristic of mathematics are to be stressed in 
connection with the customary materials of instruction. Nor is there 
general agreement as to the degree of emphasis that should be given 
to training in mathematical thinking. Recent psychological investi- 
gations tend to prove, however, that the "transfer" value of any 
given schorl subject is largely a result of a conscious and persistent 
application, in everyday situations, of generalized concepts, pro- 
cedures, and types of thinking. The ability to apply widely and 
habitually such potentially broad areas of training is not acquired 
suddenly, but is the result of a gradual process of growth. Hence 
every opportunity must be used in the classroom, throughout the 
entire mathematics program, to cultivate the active interest of the 
pupil in the modes of thinking which we are here discussing. These 
considerations suggest the need of analyses of the kind given below. 
That is, in this field of work we are concerned with aspects such as 
the following: 

Rasic Terms and Concepts. A clear understanding of the mean- 
ing of the basic terms and the ability to recognize their actual oc- 
currences and their bearings in life situations. Examples of such 

f In connection uifh this topic rrferencc can be made to Kcyscr, C. J., Thinking 
about Thinking, E. P. Diitton and Co.. New York, 1926, and Fawcett, H. P., The 
Nature of Proof, Thirteenth Yearbook of the National Council of Teachers of 
Mathematics, Bureau of Publications. Teachers College, Columbia University, 
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concepts arc: assumption or postulate, propositiuii, converse, con- 
clusion. 

Fundamental Principles, A clear f^ra^p and appreciation of the 
asbuniprion.s and principles on whicli the sirucym! of mathematics 
rests. This involves considerations such as thc'following: 
, (a) A knowledge of ihe principles underhiiig the manipulative 
techniques of matlieniaiics, sUeh as those relating to ()rder,..groupi'ng, 
distribution, and the'like. ^ 

{lA The realization of the logital implications of related proposi- 
ti(>pi, such as those involving a given theorem, its converse, its op- 
pooite. 

(r) The reaH/aiit)n of the economy ri'suhing from NUch an organis- 
ing principle or a^^unipiion as that of (untifiuity. 

Fundamental Abilities. Such abilities as the following should be 
gradually developed: 

(a) To recognize and fornmlate the assumptions underlvnig an 
argiunent. 

(b) To recogni/c terms that recjuire precise definition. 

((•) To organize statements in" a coherent logical .secpience. 

(d) T{) lecogni/e the proposition under discussion and to realize 
when a com hision has been reached. 

(e) To ciisco\<-r ronunon Haws not only in reasoning in mathe- 
matical and rehaed fields, but also in areas inviting emotional biaS; 
or requiring proj)agancla analysis. 

(/) To recogni/e the logical structure or phm of an cxtencled 
scries of jjropnsiiions, or of a related grouj.^ of disc ussions. 

Application. A gradual and increasing development of the ability 
to manifest cohc-rent» logical thinking in e\tr)clay lile situations. 

\'L Thk Imi^.i I) 01 RM..\no.\Ai, Thinking 

Here we aie cfjucerned with the development of a grnwin^ ability 
to recf^gnize. in c-\er\(lay life situations, cases of (juantitati\e rela- 
tionships and ()f furuiional dependence. The impcMtance of this 
t\peot training was stressed as follows in the Repf)rt of the National 
Conunitiee on Maihemaiifal Recjuiremerns (p. lu): 

*T*Iie [jrimarv and lUHjerKing principle of the course should be 
the idea of relationship between vaiiahles. including the methods of 
determining and expressing sucli relationship. The teacher should 
have this idea constaiuly in mind, aTid tJie pupil's advancement 
should be consciously (Hrecied along -tlie lines which will present 
first OTie and then another of the ideas ujnm which fmally the forma- 
tioa of the general comept of functionality clei)ends."^ 

^Siuh stroiiv^ cmph.jsis was tjuup justilicd .it ih»U time. \iul Uic prcs(MH Cum 
mission has ahcadv cniiiim.'nti.'(l ujioii the pdssjliihry (i[ ovt-i einplusis. (Sec p. 42 ) 
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itfnic Contcpts. The ability to rccogni/c, to name, and in simple 
ca^cs to (klinc! tunclanilntul ttTuis should be gradually developed. 
Such lundauifiual ttrins. include: constant, variai)le, independent 
\ariaWc, dependent varial>lc, ouc-to-onc correspondence, function, 
U)i nulla, table, value of a function, invariant relation, increasing, 
ckcreasing, niaxiiuuui, uiiniuiuni, associated data, ordered list, inter- 
j)()latit)n. 

l^rnulnmtnital S/Ulls and Abilitirs. Among these skills and abilities., 
arci llu* following: 

(ti) l\) read tables of related values, including trigonometric and 
lonai it lunic tables. 

(h) To evaluate lornuilas for assigned values of the independent 
variables. 

(() To iMterj)olate in tables and graphs. 

(d) To construct simple tables, siu li as frecjucnc-f tables, from raw 
data, and nubierical tables from given fornuilas. 

(r) I'o construe t appropriate formulas from verbal statements. 

(I) To detennine tlie constants (in very simple cases) for empirical 
fovuuilas to fit approximately a set of given data. 

To recof»ni/e functional dependence, and to select variables 
pertinent to a gh en problem. 

Application. There should be a gradual and increasing develop- 
iHcni of the ability to recogni/e functional dependence as well as 
statistical associations which fall short of fuiictional corres])3ndence. 

VII. Thk Fu.i.u oi- Sv.Ninoi.u: RKrRi.sKNT.vnoN anu 'Thinking 

The aim here is a gradual development of the ability to translate 
([uantitative siaiemeiits into symbolic form and conversely, and an 
increasing appreciation of the economy and tlie power resulting 
from the correct use of s)iiibolic teLluiicjucs. 

ILMil l S .\\n .M^FRFCIA riONS IN VWll MA rilEM.VriCS 

CLASSROOM 

The cle\eIopniem of desirable attitudes, habits, and appre- 
ciations is an outcome- of the pioredures etnployed by the 
teacher and of the lesulnn^;* classroom atmosphere. Lasting re- 
sults of this tspc. lu)\ve\ctv depeiui lar;4ely on Continued atten- 
tion to thoii i^iowtlK and eoopeiat ion thioui^hoiu the school. 

l\\ery phase of the niathein.u ic s c un iculuin, as well as all 
classroom proceduies, should be^'^c i utini/ed for the opportimi- 
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tics to (lcvclt)p a growing appreciation of the iinnuMisc power of- 
inathcmaiics, of jt.s rccoul as a universal servant of tnankind, (>f' 
its cultural significance, and of its pcrnianenL place in the study 
of nature, in the sc iences, in the practical aits, in buhiness» engi- 
neering, and everyday life. 

Types of Motivation; Suf^fdcmentaiy Projccls urul Activities. 
In recent \ears enc:c)uraging progress has bcei^-fnade in the <lirec- 
tion of^tressing the appre( lationaj and cultin al aspects uiaihc- 
niatics. Many niathcni;>ii( s classrooms are being ecpiippcd with 
illustrau\e visual aids and interesting charts and pictures giving 
evidence of the important i)lace which mathematics occupies in 
the modern world. The literature bearing on this phase of 
matliematical instruction is being extended, llie Yearbooks of 
the National Council of Teacheis of Mathematics, monographs 
[)ublishec- by Sen pin Malliefnalica. numerous ai titles in such 
jomtials as '/ he Mathematics Tetuhf) and Sclmol Science and 
Mathematti and a growing list of sj)ecial tieatise:*.. all rn»"ish 
valuable assistance to teachers wh.o desire to enrich their usual 
piograihs by (onta'ts wiili nu).iv;uing backgioimds. Some 
edective n..)(ies of interesting pupils in this domain arc sn<4 
gest^d in tiic If)IIowing paiagiaphs. 

Xati", as a Mnwntn nj lOi-u, In the Inltodiu liou. attention 
was called to e great inlluenu' .jf natuu- up<jn mathematics. 
Man\ «4c«nni i* I'Mmis aie ciilici (IcatK sern in oi si^^^fstcd 
bv \v hat m ^. ••^sftxcs .ibout liim. awu a ccjustant mindt uhivss nt 
this l,H t is to be 1 ci ojnmcndnl to .n ' ( I.issi (x )iu te.K hei s. 

} {i^!(,)h al l\rjrrcn(r\, The hist(U\ of m.itheiiiatu s shniild not 
siip(iM'dc niathcmat i( s; it sli<:iii(l siipphnu ni its sti!(l\. It is 
espe(Mllv etfectiNt* in intir.iMUfr tl^. (ubuial \a!ur nt the sub- 
ject, and a caicfidlv dcNelnprd .luouiit (»f j)a]is ot the histrnv ol 
this old cMUcipiisc will u:i\e )TH>ie meaning to both cUnicnlaiv 
aiid s((orHi.ii\ (::iH(uIa in Ui.iMumat i( s. I'm t bci iiiou*. it is to 
be I et .tiled that histoiii .1! ( r.nsiijcKit i( »ns ol u u iui 1 (<a- . a pt.i .'Iv 
absiiact intcM'st that niic fnids in some io[M( 01 so.iu' ptobh-iii 
that h.is .! sp( ( i.{t .ipj,( .il to hiin 
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Dramatizing the Role of Mathematics in Modern Life, Every 
effort should be used to make pupils conscious of the contribu- 
tions of niatluMiiatics to human progress and to individual and 
public welfare. The close connection of mathematics with the 
practical arts, with technology, industry, business, commerce, 
science, and other important enterprises, should re^^-ve atten- 
tion. Among the methods that may be suggested this work 
the following have proved successful: 

(a) School exhihil.s, A periodic dis{)lay, in classrooms and 
school corridors, of materials that will stimui«ii? interest in pres- 
ent-day uses of mathematics can be recommended as a Itelpful 
device, particularly if the pupils themselves have furnished the 
ijiaterials. 

(b) Asseinbly programs. Some mathematical units or topics 
are suitable for presentation before the entire scliool, in a drama- 
tized form. Brief j)lays, especially when prepared by the pupils 
themselves, seld(;ni fail to arouse enthusiasm and sustained in- 
terest. 

(c*) Mathematical films. The number of commercially avail- 
able iWms that have a bearing on mathematics, while still very 
small, will giadually become larger; and such visual aids assist 
instruction in mathematics as they have already lielped in the 
field of science. Schools should be encouraged to make simple 
mathematical films as c lassroom projects. 

(d) SouKe hooks. Pupils shouldi)e encouraged to collect and 
to {)reservc> in individual soiucc books, items that have a bear« 
if)g on mathematics. Those who are not ar(|uaiiued with this 
device are always surprised to discover how very wide is the 
range of the source book niaieiials that can he as.send)led in tliC 
course of a single year by any class of nonnal ability. 

(r) A prrmafirnt tnathcrnatical musnim. In some schools a 
good hcuinning has l)ccn made in the direciioi^ of cieatir^g per- 
niauf rU mathem.it it al c\liil)its. The ideal plan is that of assem- 
I)Iing these coHcc lions in a (cntKil buildinL,^ [)jefercd)ly in a 
s[H'c i.il "Hall of Nfathemati( s." 
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(/) Supplementary mathematical projects'. Many eniichineiu 
projects based on local iiuei ests aiui showing local uses of mathe- 
matics will sugg(\st themselves to a resourceful teacher. Among 
these might be nieiuioned scheduled talks by leading members 
of the cornnumiiy no find daily use for specialized mathemati- 
cal training, such as engineers, actuaries, and bankers. Some- 
times trips to large industrial })lants, or for the purj)ose of en- 
gaging in eh .*iiaiy surveying, will add interest and vitality to 
the subject. 

Matliemaliial Clabs. In many schools it is possible, amotig 
other extracurricular a(ti\ities, to organize at least one flourish- 
ing mathematical rhib. It may be advisable to have a c lub for 
the earlier years of the high school as well as one for the later 
years. Such clubs serve the important purpose of gi^itig a suit- 
able forum to pai ticulai Iv suj)eri()r or enthusiast i(^ pupils. The 
study of maificniatical recreations, of advanced topics, of his- 
torical backgrounds, as well as discussions, reports, coinpetitive 
tests, and debates will influence noticeably tfie da'ily classroom 
routine.' If awards are ofTeicd for out^tandini; work done by 
members of the club, an etFefti\e in(enti\e is often gi\en to 
the entile nialhcniati( s pio-^Kun of ifie s( hool. 

Mathematical B}illrtni\ or Scliool Papers, Another extia 
cinricuhn- acti\it\ which has crCiUed enthusiasm and has sliniu 
la ted ctfoi r. is ihai mI cn.iblin^ the snom;est inaihcmarii s pujjils 
of a S( hool or oi tlie ( omnuniitv to edit a sc h{)ol pa])er dc\f>tt d 
entiieh to malhcuKU ic s. Su( fi a public ati{n: mav also he utilized 
by the tCtic^lieis and (he [)U})i!s as a nicdinui for the c oll<*( \un\ of 
(oTinnunitv [)i oblcins. for book ie\iews and abstiacts of impoi- 
tant aifi(les. and foi impoitant annouuc cnients. It luav aho 
contain tfu' pio^iaiiis of local or ietj;ional mathcniat u a! clubs, 
and ni.iv explain and distuss the mathematital ccjui piiitiu de 
rniiurled by i\pi( al voc ations 01 pi ofcssit )ns. hi sliort. tlic ma the 
niarical paper of a sc hool oi a .nioU[) of s( bonis ( an aoc inpt to 
sliow in uh.it uav mathematics is iiid<'(<l a "uiiiioi ol (i\ih 
/ation." 
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CHAPTER V 

ONK DIS I RIIiU riON AM) ()RC;AM/A MON OF THE 
MA TKRIALS OK INS I RTCy ON, (,RAI)KS 7-12 

''ILwiui:^ premised thus 77in(}yf irr irill Jiore detain those 
who like our bill of fare no Ioniser from their diet, and shall 
proceed directly to serve up the first n)une of our histoiy 
for their entertainment/' 

— HI-.NRV iIlI.I>IN(». H)M JONKS 

IN I RODt'C riON 

It has fic{jiu*ntly been (haigcd that nuithcniatic al instruction is 
too rcsLstant to chaii<^c, the case of i^roiuciiy usually being cited 
by wiiy of illustration. \Vc :uc told that more than two thou- 
sand veais ha\e })assed since Euc lid ^vrotc his Elements] then \vc 
aie reminded th.it this \ eiy successful textbook was prepared for 
select and intellec lu.dly mature students and that the great 
teacher of Alexandiia did not ha\ e in mind the recjuirements of 
mass echuation. It is indeed 'luite tnie that although echua- 
tional pioblenis today are fundamentally very difTeient from 
those with wlmh Eui lid w.is faniiliav. his f.unous work has f)cen 
the model on \\hi(h geonu'tries ha\e l)een constructed umil re- 
(eiuly. With such fac is in mind if is haid to evade such ques- 
tions as these: Is this tlie best we (an dd? Did elemeiuary 
geonu'liy veacli its ulliinate [x i ft ( tion \\ iih Tuclid? Is no fur- 
ther impiovemeiu pr)ssible? 

It is no longer nccessan to sav .uiMhim; eiilici in defense or 
in ( I it i( ism of I*"u( lid, oi to deb.ite the (]U( sti(ui of w h ether or 
nut v.e wcu' ai tu.dU guided inrn-K h\ t].i.difi'Ui ni out niciliods 
of teat liiiiii ccfniicti v. 'Mu f r is tlhU pu[»!ls nr tx-iu'^ intio- 
diKcd to gcotiit'fM 10 \s.i\s th.it dilit I si-,;nili= Iv fu)m those 
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formerly uk'd. It is true also that extensive changes have taken 
place in the teadiing of aiiihinetic and algebra as well, lieyond 
this there have been efforts to unify the difl'erent branches of 
mathematics in oider to bring related ideas together, as well as 
• efforts to develop new methods of approach in the hope of being 
mcne successful in arousing pupil interest. For many of these 
salntaiy thanges creclit should be given to the Report of the 
National Conmattee on Mathematical Recpiirenients of 192s. 

Notwithstanding the desiiablc icadjusmicnis that have al- 
ready hvvn madf in mathematical teaching* and the indication 
that others are sure to follow, it is to be expected that there will 
be a .considerable degiee of permanence in the niateiials com- 
monly u.sefl in the uKithematics classroom. Mathematics tepie- 
senis one of man's gieatcst a( liie\'eniems in things that endure. 
nt)t meiely fioui \ea.i to year, biu fioin centuiy to centuryJ 
*1 hiou;4hout its histoiy it has giown by steadily adding new ele^ 
meuts u hile discaidiiig 01 repudiating \eiy little ilial it alieady 
possessed.-' New wa\s of doing things ha\e been tnund, more 
pleasing arjd pnwciful methods ha\e hvvw de\isc(l. deeper in- 
sights l)a\ e been .u liie\ ed. and ( oiit e[)ts that at fn st wei e obscui e 
ha\e i^iaduallv been (laiified. *1 his i^towtli and iiii[)rovement 
ha\e usualK bech a(hi(\e(L lioue\ei. without a dis(iuietinji; 
UAolutitui tli.it tt.is h it al! ina|lu i!i.iti( s unsettled and confused 
foi .1 peiuul. ('(itaiii ilienM'ins ol ni;uheniat i( s mav. with the 
p.isNM*4c of iiiiie. s.!tiNl\ Us less ru seeiii less i ut et est inu; ; but so 
I(»ni4 .is \\ (• 1 ci.u n uiidci 1\ nn4 .issuiiipiioiis un.dteied they lemabi 
valid tlu'<'' ( Ills. It sliuuld imi suipiise il we find such (baia(- 
lei is; K N < »l ni.ii hcin.ti M s i ( ll( < t( d in 0 s t cat hii i-j^ 

(■( R \ I R M \ i 1\ } I (J ] IM[ M l.O I MI M" 

1 1 is in I' !rsi I .{1 lie III 1 { n ( 1 ai i \ 1 1 1 s( h". d \va\ pM^i tn the 
List .IS .1 ' n I Ml 1 ! I i! " \ r M I"! I M 1 1 1 1 ( M 1 .1 1 ! . 1 1 si ui I \ . a nd t o ( 1 owd 

' I !:f I . .) '.Jin I - I : ! ■ X M . ' f it; t ' n! . m ! !x i ! !>..••■ .i n* 1 1 v\ ( )U 1' ! ( f mh «■? ii 
n;x t •-•!•.• S ' il -' .'I : ' 1 .1 ■ ■ ( f i; I 

'Mil (■••'.'-•. r • ■ ' ' . ! ' . \ i I •< . . : ' I J ; ; N . i ' • f ■ I ! I f ■. ; I { 1 : < n . 1 1 • sf* 

I •( .1 •» s : ' • \ i V 1 . A ■ .( - I ' . I ; 1 t 1 M ? f ! U • I • 1' (•.'•'!. 

o 
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into it nunuTous unichitcd topics simply to make sine ifiat the 
pupils will have encountered them. Pupils need to meet im- 
portant topics repeatedly, on successively higher levels. Matu- 
rity also i« * e(|uisite for the proper understanding of portions 
ot the suhjcc t. It is therefore necessary to have a mathematical 
curriculum that luns tlnough se\ertd years actording to a sys- 
tematic plan. 

One must, however, face the fac t that in many school systems 
tlic requirement of mathem.itics does not now extend through as 
many years as, in the o})ini()n of the (^onnnis.sion, are justified hy 
tuc best ultimate inteiests of the hoys and gills. Hence there 
is the uigent })iactical problem of bringing about an extensive 
eirction of fmther mathem.uical courses beyond the tecjuired 
subjcrts. Success in this undertaking will depend mainly upon 
two hi( i(Jis: ( \) *1 he degiee to which administrators aid teachers 
in giving pujuls ade(|nate information on the importance of 
mathemiitical studv. both pi ac tically and cuhurally; (2) the 
extent to which teachers themseUes succeed in making the 
(ouisc's so lich in nuMiuuL; that pupils will ha\e g.iined an ac- 
luallv insight into the tine natuie of mathematics and an 
cnilnisi.iMn h>r it. 

The ("!()nnnissinii lu'lieves tfiat matliematic s^' slioidd be re- 
c|uiic'd through tlu* ninth sc hodl \(;ar. and beyond th.e ninth year 
in the: c asc of com pet em stiidciits, widi the cxc cptions previously 
Til en tinned. In ai 1 i \ ing at a (lc( isiou as to icijuii ed couises, and 
{ouiscs tliat aie recommended c-r are made elective, the Com- 
mission ui^es tliat .idminisliatoi.s keep the following considc^ra- 
tioi^s in mind: 

( /) "1 here is an inc 1 easing use of ni.it bemat i( s in modem life, 
and a i^iou iiiif demand for j)eisons who l\a\e li.td tidetpiate picj)- 
aialion in the subject. 

(2) All pupils should be in.ide a(f]uaiiUed with the m<uhe 
m.it ii s l etpii I emenis of p! ofessioiis. of business .ind iiidusti v. and 
thev sliould also be infoi med of the c uh ni al and so< lal l)ear ini^s 
of pit seni d.i\ { oni ses in mc ondai v mat hem.it i< s. 
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(5) Serious han(iicaj)s often result from the omission of or the. 
indefinite postpoiicineiu of mathematical training. 

(4) Irrespective of wlicre actual rc(juirements may end, no 
particular year should be described as a normal year for ter- 
minating mathematical study. ' 

(?) The time a pupil should spend in the stu^ly of mathe- 
mavics should be dcterniincd l)y tlie degree of his understanding, 
appreciation, and mastery of the material that modern life seems 
to demand. 

(6) In order to insure a pupil's growth in mathematical power 
and appreciation, the mathematical program must be carefully 
planned as a whole. 

(7) The basic mathematical work in any school year, for 
pupils of approximately the same ability, should be the same 
for those who ex pec t to enter vocational fields in the near future 
and for those who will have an opportunity to extend their 
training through further academic work. 

(5) Capable pupils should be given an opportunity to con- 
tinue their matliematiral studies throughout the entire sec- 
ondary period aiul should be encouraged to do so. 

THE PROBLEM OF THE RETARDED PUPIL 
Kvery tea( her has had convincing personal cxpcrirnce with 
the fiiffereni lates at wlii( li pujiils make [)rogress and is aware 
of the varying degrt^es of mastery that they achieve by com- 
parable efforts. There are also many objertiv/T studies that 
bear upon the question, and that show factually (he great range 
in mental ages of pupils whoso chioiiological ages ate *he same. 
Such data as these make it iliflicult io defend the practice of a 
single program in niatheniatics for all hij^h schor)l pupils; ap^ 
propriatc different iatcd c:nrricula seem to be called for. Chaj)- 
tcr VII of tills Report will deal witli both aaeleiated and slow 
pupils. At this [)oiiu it seems desirable however, to pay some 
atlention to rho cjuestion f>f icTUcdial uoik dcsigried to reduce 
the number of pupils who nuist be classed as slow moving 
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throughout their secondary years.^ The Commission believes 
that the best information now available gives validity to the 
following statements: 

(/) Much more careful work is necessary in the elementary 
grades if we are to prevent a continuance of the widespread dis- 
abilities now prevailing in the secondary schools. Careful ex-* 
periments in representative school systems indie ate that retarda- 
tion is due in a large part to removable causes. 

(2) RetardeVl groups of higli school age should be given a 
progtam of work that includes a careful strengthening of the 
foundations in reiuling and arithmetic, at least one semester 
being needed for such work. 

(j) In the case of retarded pupils, it is impossible at any stage 
to crowd into a single year all the nec essaiy remedial work an.d 
also the usual program for that year. 

(/) If the remedial work is begun as eai ly as the .seventh 
glade, retaided gioups can (over a major bastion of a normal 
piogiiim in both giades 7 ;nid S; but unless an adecpiate founda- 
tion in fundamentals has h(*en ( u'aied, little is adiicvcd in 
matlu'mati( s. 

pn)i;iam suL;<4ested foi i^rade (] and the higher grades in 
the lemainder of this chapter assmnes that the foundation in 
ai ithmetic and genmcti y has been well laid. 

.srcci vrrn (;r xnr. rr,.\c:iMiM ch.xrt 

(tK \IU S 7- I 

I hr pi()i;rani pio[)ost'(i in this ( hapti i as one feasible rufi i( u- 
hnu plan is set fouh bnth bs \ei b.il dc . ■ ijition and in the fonn 
ot a (halt /^juintrd as Appendix \ ). A (ban is used beeaiise of 
the ( ondensation that it allows, and bee a use of the genera! 
( rnn[M(*liensi\e ^rasp that it affords of the piO'j[iam .is a wli(de. It 

It> tin^ "MinrrfMin n'friition ni.n" he f;jl!."ti to nn inipott.jnt ^tinfv tMrnr;nifr» 
.1 trutr-li ti irj'lirr^ jm'L't.un M) tlir mI .-oI \*\ ^trll.i S <'rn'c\ ■a\\(\ I 

Vr\^t\\\^ I'l-'i' htfu: fii.:h I InJ-.^li \t"iu' M .tt^h N'm f». 

(nuinil cf I(•nhf•t^ f.| I ti.;i' I h \ j j.lf'i.n (.fii'ip \ (•>. \c\v nnW. 
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is hoped that the chart will help to give the student of education, 
the administrator, and the mathematics teacher an understand- 
ing of the cxtensivcness of an adequate program in secondary 
mathematics, and a consequent realization of the time allotment 
necessary for the proper study of the subject. 

In describing a program by means of a chart, there is risk of 
seeming to imply a greater rigidity than is intended.* This 
Report has ahcady stressed the importance of flexibility^ and it 
is possible to assi,^n parts of the various fields shown in the 
chart to other s( hool years than those indicated. The plan is in- 
tended for pnjnls of normal ability iviio have had good training. 
It is not, furthrrnioit\ implied that all thq work will be covered 
by all fntpils. * 

In the chart and in the outline the entire subject of mathe- 
matics is divided into fields soniewl\jit different from those on 
paL;e (ii. The composite field of elementary analysis is broken 
into its two constituent parts, algebra and trigonometry. On tlie 
other hand, the former fields of hij^ical thinking, relational think- 
ing, symb()Ii\ K'presentaiion and thinking are united into a gen- 
eral field entitled mathematical modes of thinking, along with 
which are also considered habits, attitudes, and types of apprec ia- 
tion. The hisioi v of mathematics appears sej^aiately, as does also 
the pioblem of conelated mathematical projects and a(ti\ities. 
The uoi k to \)v iUnw in all cit;ht of the fields now c onsideied v\- 
irnds tlnoui;li e\eiv vCcU* of the [:)rr)t;iam. each ve.u beinu; e\- 
pt( tfd to (IffpfU and extend the [inpil's t'XpeiieiKe with the 
bioad ( MtcL^f >i i(s (lis( iisNfd iu ("hajjtet In ilu- t-ailier Years 

nuH li of the wm k in ( fiiain tiflds wi 11 he "infoi nial." but hv nIoh* 
(Ic^iet's. as the pupil's mat hematic a 1 pnwtT (i<-\ elops, a li an si i ion 
niav \w inadf to tlu' inoie fonnal nuihotb. ( h.!ia( teiistu of any 
s(ifntifu and < oiupu-tu risi\ e (U'\ eh )pinefn of niatheniatif s. 

M iMiiMiliMii ^nfiiiiMiMv f,,r t^LiiKs 7. ^. .jnl i) \,rv\\ u^<'ii m i^tun] ;n!\.m 

! i.'.f l \ K-j1'"jIi Sihi'iln.- in I hi- /•./•^:'/;; '{ \i ■! ! 'n f/tiKit ^ ^ pj) kjj \nn 

\||m»i I'll W Ijilf Imn iiilflillis .ilr IMIIili llU'.'i- llitl) \]'C t lry( | i | ) t [( ,f | s 

III plixlK tl .t < I 'liiji.M 'M »hii\«.s (jiltli' \ii i/UM1|i||f 111 V'Kiiii ja.KC 

liii hi "f 'J. " > 
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It is to be noted that the program outUned makes definite 
provision for conthiuity of development of the different fields of 
mathematics, in accordance with the principles of Chapter IV. 
No discussion will be given of ways in which an integration of 
the different subjects is to be efTecied, for this is largely a matter 
of methods of teaching, a subject which this Report recognizes 
as of great importance, but cannot treat in 4^taiL 

THE WORK OF THE SEVENTH AND EIGHTH GRADES 
T'he mathematical programs of the seventh and eighth grades 
are treated as a unit, and by way of preface some explanatory 
statements will be made concerning the roles in these grades of 
the chief mathematical subjects. 

Arithmetic, On page 54 the ConunissixMi indicated what 
mathematical equipment it considers normal for the adequately 
prepared pupil who is entering the seventh grade. Experience 
has shown, however, that the work of the elementary grades 
often does not provide a sufficient mastery of the fundamental 
processes of arithmetic,^ either for th- iieeds of life or for further 
progress in mathcm uical study. Time accordingly must be de- 
voted to furilier instruction in arithmetic, special attention 
being given to the development of insight as well as accuracy 
and speed. 

In the applied phases of arithmetic there is no reason for a 
rigid adherenc e to any one sequence of problems, so long as ade- 
(juate i)n)vision is made for tlie definite inclusion of types that 
aie socially necessary; .siuh j)n)blem backgrounds may center 
aiound significant projects or he organized in a more conven- 

5 'I lie siln.uion would he much worse if the tluctiine t)f "siepj)iiig up" the 
teachinj? of arithnicric in ihc ^ratit-s should hecotnr jn(\alfu{. 'I iic pro[)0!icnis 
of thi«; (iottriuc a'iseit rh.it tnanv chiUin'!i :tir not m.itiiir cium^h to profu from 
n fnrni.il study of arithmetic until they reach ihv third or even the fourth grade. 
Ihc Conuui'^sit)!!. however, sees nn coinpelimi^ r.-.i^ou for Mihscnhin^ to the pro- 
[)osal for "stepfiiiu^ up" arithiurlir. l>nt it MMo^ni/rs \\\m uuid definite and 
anthotiMti\e pfjhcic"^ tehHin^' to this (|in'sti«wi h.i\o In'rn adopird. ihete will l)r 
nnrcitaintv in iheHl^nds oi adtnitnstratois a'^ lo the .uHnunt oi mathematics that 
(an be (C'Vcicd in grath's sesen and ei^ht. 
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tioiial way. TluTe sccins 10 he a giuuiug belief that detailed 
woik iii siuh lields i»s hankinj;. investmeius, taxation, aiui iii- 
siuaiue should (ome in later grades. Brief and informal treat- 
ments of Muh toj)ic s niay» of touise, he included in the work of 
n(jrnial eij;Tiih j;i ade -j)U|jils. * '\ 

I)i}o}fnal Cn'itfnrhyS' Work of an inh)inial kind in geometry 
.should l)e i;i\en 1 e( ^J^nition. .Si>rne teac hers believe that about 
as iinuh time should he c'vvoted to it in giades 7 and H as to 
aiilhmeii(. Theie shouhl he eontimious attention to the woik. 
for little t;oocl results lioiii occasional unrelated lessons in ^eoni- 
etiy. Care in teadiini; the fundamental coneei)ls is particulaily 
needechand leac heis should not enc()ura.u;e the mere menioi i/inji; 
of definitions or the imitative construction (»f the basic: fi^uies. 
k nuist he reco^ni/ed that the skills, the understanding, and the 
appreciations that are the desiied outtome of the study are 
aecpiired only slowly. I he tinu* *illo\ved at |)uscnt sometimes 
seems insuflic ient. 

CiTupInc Rt'prrsnitaliou.'^' 1 he pi(tuiing of numeiical data 
and the intevpi etaiion of ^i.ijjhs aic now uell estahlished parts 

Iiifoi iii.il j;f(jnicii \ thf C iMiniijNNicin toiufisrs it mdinlfs the (n|l<)NMn>,': 
1. Iiniiiti\<.- ^ftiinotu: the ['iijiil lcM»kN .u .1 (iv^uu- .ttnl s.i\s ili.ic snnuilnnj^ is 

tilnitui^. t(M (A.nuplc. tJif jJHijit.Mimn. "It sU.tii^lu lines iiitci set 1 . rlu* 

\fiift.il atiuUs ^\v ftjU.il." 

'Z. V \ jici imciii.tl v^t'tiiiicli \ nt .1 Mjnj.lc I \ jt<'. MK h .iv { u n 111/ n-jl .i |i.ijn-i 1 n.iii^Ic. 

ttMim^olf ih<* .in;;lt > .iiitl tlx n |il.niii^ ihriii .ulj.itdii tti ^lul\^ tiu it ^\\\n \\ 

OljNi'i \ ,i{ nm.tl i;(<Miu'l M . \x!inh (l•nM^l^ 111 n'^ll^lll/Mr^ <jIi|ciIn iti ilic wtnia 
.ihfiiu \\\ .f^ i\|iilMn.; tcii.iin t hiki 1 u Ininiv 111 Ntciii-.' Mil.nn m l.il niiislnps 

ih.it lAi^t hciu ecu t lu in. 

.\. (.(omciiu » MiiNi MM I iMiiN. Ij-.m!;!!,^ ii. the .1 1 rj u 1^; I " >n f'l (fii.tiii ^^'iN. ^'u li is 

t AW .1 
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of njathcniaiical instruction, but some cautions are to be ob- 
served. An excessive enthusiasm for graphic representation can" 
lead and sometimes has led to graphs being used beyond the 
point where benefit results.^ There should not be an indiscrim- 
inate employment of unorganized numerical data, selected solely 
because they are available. The ieachej:^hould give preference 
to data which arc within the comprehension of the pupils, have 
real educational significance, and appeal to the learner*s personal 
interest and imagination. It should 'be remembered that the 
pupiTs Ability to deal with convenient scales usually develops 
rather slowly. 

Algebra. The algebra that has been successfully introduced 
into grades 7 and 8 up to the piej^ent time has been limited 
largely to the understanding of Mu- basic concepts, to the evalua- 
tion of formulas, and the solution of very simple equations. It 
seems possible and also desirable to include other algebraic 
material; but, if it is to prove effective, ilie work should be 
carefully planned and should be soorgauized as to be significant 
in itself as well as designed to furnish a good foundation for 
later algebraic study. . 

Trigonometry, In the plan here given no formal work in 
trigonometry is reconnnended for grades 7 or 8. It '.s well to 
point out, however, that ♦din ing these two years the program 
outlined includes important concepts, skills, and factual knowl- 
edge which taken togethc!' constitute a necessary preparation 
fur eflective woik in tii^onometry. Instances are: such concepts 
as those of latio and proportion, such skills as those involving 
the direct measui ciiuMit of lengths and of angles, the technique 
of scale drawing, a faiuiliauiy with ceitain basic geometric prop- 
ositions and relations, and the reading of matheniatical tables. 

Modr^ of 'riunkini:;, Ilnlnfs. and AUitndrs \ \\q scope of in- 
struction and the tspes of expeiiencc lor the j)upil which may 
ho included uiuier this heading aic sn exteuNivc that it 'is not 

^\:\ }{<indvriult'y\ of th^ S'nVnrr^ p[). o<> qi .Williams and Wilkins Cn.. M):^7). 
Kric T. Hell (1cn( tihts pii uicvjuelv, that is. j^iaphitalis, how a ■■()la^iit: of giaplis" 
has (lesct-ndcd upon us in icccnt years 
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V 

expedient to give a detailed treatmeiu here; there is, moreover, 
little general agreement as to the most effective ways of bulging 
about desired results. The Gn^de Placement Chart suggests 
some of the objectives which may be classified under the head- 
ings above. Tlie extent to which the topics should permeate the 
entire course or may become the objects^f direct and separate 
study by the {)upils is admittedly an opei^ question. For more 
extensive discussion of the general theme the reader is referred 
to current and pertinent literature,^ 

Historical Backgroxuids. During tlie seventh and eighth 
school years the historical background of mathematics should^ 
be drawn upon freely, for it gives an approach that is natural 
and interesting. There are at present numerous brooks and 
monographs tluit can serve as the necessary sources, \ 

Correlation with Life Situations and Other School Activities, 
No hxed plan will be suggested here as to the inclusiort of suit- 
able fields of application for the mathematical progian^. Natu- 
rally, the applied {)liases of this work will vary in accordance 
witli the maturity level of the pupils, the total time allotment. * 
coimnuriity needs and iutcicsts. and the life and the spirit of the 
school as a whole. Dcfiniic provision should be made, however, 
for the study of many life situatioiis that are mathematically rich 
and also for sthool activities that have a mathematical bearing. 
A number of appiopiiate fields of application for this stage of 
the pupil's development are indicated in the Grade Placement 
Chart. 

The Drtailed Oiitline. In the detailed outline tliat follows, 
tlic numerals 7 and 8 refer to grades 7 and 8. respectively. When 
both numbers appear together, the indicated aspects of the cur- 
riculum are intended to extend thiough(na the tuo-year period. 

.\s previously iiulicaied. the Cojtnnfssir)}} recognizes that :Aher 
satisfactory l)roi[urns are pnssihh'. It helicxcs. hr)wever, that the 



•This lifrrifiiir irifjuilrs Imoks on uu'llind. >'/%m r.f lh<' N;itir.rjal Council, 

aniclcs in I'h^ M'lffi'-tncf'f^ r^'-uhn. m \ih' '>l V, .ni.i Mat h^maUr^. atul the 
like. 
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one here ptesentcd is practicable and has many desirable fea- 
tares. Parts at least have prohahly received as much validation 
as is possible for a program that is to be used in widely different 
schools. I 

\ ARrrHMETIC 

• I. .Basic Coturpis aud Principles, (7. 8) 

(/) DcvelopnicJit of a reasonable familiarity with the working 
vocabulary of arithmetic. 

(a) Terms used in the fundamental tcchnicjucs, such as sum, 
addend, nudtiplier, product, per cent. ^ 

(b) Terms used in the applications of arithmetic, such as 
profit, loss, discount, interest. 

(r) Terms used in connection with the employment of the 
common units of measure, 
(2) Making sure of a clear understanding of the basic- principles 
of aritfnnutic, such as the following: 

(//) Dividend divisor times (pu)tient (plus remainder). 
(//) Fundanuntal principles of fractions. 
{( ) The value of an exact decimal is not changed by annexing 
/erf)s at the right of the decimal. #g 

II. liasir Skills or Tcf hnitjjirs, (7, 8) 

(/) The ff>ur fundamental operations, involving (a) whole num-, 
bers. (h) fra( tirms, (r) decimals. 

(2) The skills and prf)cessfs needed in dealing with percentage 
prr)l)U'ms and with other business or soc:ial applications of arith- 
metic. 

(?) Tlie ability to use rea lily ^hr tables of measure commoidy 
lU'cded in life situatir)ns, and to rcatl sucJi other tables as are com- 
nioidy used iii basic fields of ck nK ntary niatJieniatics. 

III. l^sint^ Arithrnrtir in Pmhif-rn Situndnns. C7. 8) 

(/) r)('vclr)f)mcnt of a proI)l('ni Sf)l\ int^ attitude, 
(2) Dcvelopnu'Tit ol tlu- alnlity [n anal we aritJirxici i( al j)r<)I)!ems 
ho^hI to i)i('parr; a ^''ompletc sf)liitinn in written form. 

(y (if)ntiiu" study nf suitable pra(ti(al prf>l)hins o{^in( r<'asing 
dilfiiulrv, such as t!ie following: 

(d) Nt'nnrnrai prf)t)I('nis aiisin;^ in tlic pupil's innne(liat(* en- 
\iif)nnunt (the Ikmuc, ihr sfhrjol, the str)re, the connnu- 
nit>). (7) 
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(b) Everyday business problems (buying and selling, profit and 
loss, discount, commission, simple cases of interest). (7) 

(c) Business or social problems demanding greater maturity 
(banking, investment, taxation, insurance). ,(8) (Prelimi- 
nary informal treatment in grade 7, in superior classes.) 

(d) (Optional.) Problems arising in science, in the shop, in the 
household arts, (7, H) \ 

Informal GEOMEmv 

I. Basic Connpts, (7, 

(/)'Devel()nineni of a reasonable faniiliariiy with the working vo- 
cabulary of gei)iuetry. 

(2) The abuity to explain the meaning of certain key concepts 
used in grad^ 7 aiul 8, such as circle, angle, triat)gle, isosceles tri- 
angje, rectangle, square), perpendicular. 

(j) Development ofjtlie realization that physical measurement 
and draw ings are only ilpproximate. 

lU Basic Skills or Tcchfii(jut's. (7. 8) 

\i) Learning to use the ruler, the compasses, the protractor, and 
squared paper, as geometric instruments. ^7) (Other instruments, 
such as those needed in mechanical drawMug, may be introduced 
whenever they serve a useful purpose.) (7, 8) 

(3) Learning to sketch or draw the basic figures of geometry. (7) 
{)) Constructing (a) an angle equal to a giveu angle; (h) parallel 

lines; (c) an e^^uilateral triangle, given a side; (d) an isosceles tri* 
angle, given the base and one leg; (<?) related figures. (7) ' 

(./) Constructing (a) perpendiculars; {h) bisectors; (c) common 
rertiliriear figures, such as rectangles, squares, right triangles,, regular 
hexagons, regular octagons; (d) related figures. (8) 

(5) Con.structing figures congruent or similar to a given figure. (8) 

(6) Measuring lengths directly (English units aiul metric units). (7) 

(7) Measuring angles directly. (7) 

(S) Learning to estimate roughly the approximate accuracy of a 
measuremeiu. (7, 8) 

(9) Finding the perimeters of figures. (7) 
(rtt) Mnding the area of (a) a stjuare; (/;) a rectangle: (r) a tri- 
angle; (d) a parallelogram; (r) a trai)tv()id; (/) a circle; (g) irregular 
figures. (7. 8) 

(//) Finding the volume of (a) a cube; (h) a rectangular solid; (c) a 
[)rism; (d) a cylinder. (7, 8) 

(Optional.) Finding the noIupu* oI a sphere^ a cone, a p\ra- 
mid. (8) 
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(/j) Solving applied problems involving lengths, perimetersi areas 
and volume. (7, 8) 
(/.;) Drawing figures to scale. (7, 8) 

{if) Determining distances or* angles indirectly by using (a) the 
method of scale drawing; (b) the method of congruent or similar tri- 
angles; (c) the Pythagorean relation; (d) the tangent ratio. (7, 8) 

III. Important Geometric Facts and Relations. (7, 8) 

(r) Introductory study of the geometry of shape, of size, and oC 
position, for purposes of motivation and orientation. (7) 

(2) An introductory study of sudh basic figures as the circle, the 
angle, and the triangle, involving (a) the meaning of related terms; 
(6) measurement; (c) classification of angles and of triangles; (d) the 
informal study of important properties. (7) 
()) An informal study of symmetry as a basis for constructions. (8) 

An informal study of congruence and of similarity. (S) 
($) An informal study of the Pythagorean relation. (8) ^ 
(6) A resulting acquaintance with such geometric facts, properties, 
and relations as may readily be derived by informal methods, and as 
have significanc/ in the program of geometry as a whole. Among 
tliese are: v 

(a) Important metric facts, such as the following; 
Radii of a circle are equal. (7) 
All right angles are equal. ^7) 
The sum of the angles of a triangle is, 180*^. (7) 
In the case of parallel lines, certain sefs of angles are 
equal. (7) . 

The angles of an equilateral triangle are equal. (7) 

The base angles of an isosceles triangle are equal. (7) 

The Pythagorean relation. (8) 

Common rules of mensuration. (7, 8) 
{b) Certain positional relations, such aj the following: 

A line can intersect a circle in but two points. (7) 

Two unequal circles may be in one of six possible posi- 
tions with reference to each other. (7) 

Given a network of squares and two axes, the position of 
a point on that network may be determined by a pair of 
nuinbersv (7, 8) 
(c) Important functional relations, stich as the fact that 

if ^he diameter of a circle is doubled, the circnrnference is 
doubled. (7, 8) 

The area of a triangle depends on the length of the base 
and of tfie altitude. (8) 

If the length of a rectangular solid is doubled, while the 
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- other dimensions remain unchanged, the volume of the 
solid is doubled. (8) 

IV, l^iscovering and Tejting Cvomeiric^ Relationships. (7, 8) 

(1) Through the use of a laboratory technique, the pupil should 
begin to discover, to verify, and tq analyse geometric relationships. 
This may involve a variety of approaches, such as (a) inspection of 

^'drawings; (b) measuring; (c) superposition; (d) simple deductive 
. analysis. (7, 8) 

• . » 

Graphic Representation 

I, Ability to interpret pictorial or graphic charts w^^thin the com- 
prehension of V the pupil, (7) ^ 

IL Mak^ing bar graphs based on simple statistical data^ having 
educational significance. (7, 8) 

III, Making circle graphs, preferably in connection with a study 
of budgets, of taxation, and related fields. (7, 8)* 

IV, Making line graphs to show change or fluctuation. (7, 8) 

V, ' Making graphs based on social and economic data. (8) 

Algebra 

L Basic Concepts. (8) 

(/) Development of a, reasonable familiarity with pertiticnt alge- 
braic terms used with tWe work of grade 8. 

(2) Ability to cx[)laini^clcarly the meaning of certain key concepts, 
such coefficient, equation, formula, similar terms, 

(1) (Optional.) Signed numbers, 

IL Basic Skills and Techniques, (8) 

(These should be based on an understanding of caiefully consid- 
ered principles. Only work in simple monomials should be stressed 
in grade 8.) ^ 

(/) Symbolic representation of simple quantitative statements or 
relations. 

(2) Combining similar terms by addition or subtraction. 

(j) Evaluating algebraic expressions or formulas. (This work 
may be begun in grade 7,) 
(^) Solving equations, each involving cither one or two steps. 

(5) Reading a table of square roots. 

(6) Making a formula as a shorthand expression of a niatheniati- 
c«l rule. (This \ork may be begun in grade 7.) 
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(7) Making a formula reprosentinR a iiiatliriiiaiiail rclationshij). 
(S) (Opiional.) Reacliii;^ a table of tanncim, 
(()) (Optiijnai.) liitcrptetiiig and using signed numbers in life 
situations. 

(io) (Optional.) Making a table based on a stated relationship. 
(//) (0|)tionaK) Interpreting a table of related number-pairs. 

III. Vsiug Algebra in Life Situaiious or in Problem^Solving. (8) 

(/) Solving verbal problems by appropriate methods, including 
(a) table; (b) graph; (r) formula; (d) equation. 

(2) Using the equation or the formula in the solution of common 
problems arising («) in business; (b) in the shop; (c) in science; (d) in 
everyday life. 

. Triconov^.toy (7, 8) 

I. Familiarity with such terms as ratio, proportion, scale, i:ongru- ' 
ent. similar, height, distance, horizontal, vertical. 

II. Drawing a figure to scdle on cither unruled or squared paper. 

III. (For superior pupils.) ^Making simple outdoor measurements 
of lines or angles and thus finding required fieighis or distances. 

IV. (For superior pupils.) Using the "sliadow method/* or a table 
of tangents,- to find unknown heights. (8) 

V. (For superior pupils.) Making simple surveying instruments. 

The Rkmaininc Fields v 

The Grade Placement Chart gives su{;ge?tions for the other three 
fields that are shown on it. 

THK WORK OF THE NIN I H GRADE 

Since the ninth year oaupies. a special place in the rather 
prevalent 8~.i and plans, it is natural that there should be 

Jack of agrcenuMit in the (IiflPcren^ educational programs used 
for that year. The Grade Placement Chart, which summarizes 
the plan of the present chapter. ])rcsents tlie ninth grade program 
as one of general matlieniatics. with algebra serving as the central 
theme. In this connection it may be mentioned that a large 
number of texts bearing the title nljiebra contain essentially the 
material that appears liere under tlie designations authmetic, 
gru^}hic representation^ and tri^onomet^-y. 

\ 
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Arithmetic. Emphasis on accurate arithmetic work should 
continue throughout the ninth year. Effective practice should 
be given in rounding off numbers to a desfred number of signifi- 
cant d^its, or of decimal places. 0|fportunity for some compu- 
tation arises in algebra in connection with such topics ts the 
.'evaluation of algebraic expressionstor formulas, the solution of 
equations, checking of the, fundamental algel^raic operations, 
the solution .of problems* and the use of tables. 

Geometry. 'The abilities acqiuired during the seventh and 
eighth grades can now be used in illustrating, motivating,, and 
applying algebra; in the solution of geometric problems; ;in scale 
drfi^ing; in the study of indirect measurement; in (optionll) a 
unit of demonstrative geometry. > 

Graphic Representation. The principal techniques used in 
making statistical graphs may be applied in various, more com- 
plex situations. Greater attention should be given to the graphic 
study of formulas and equations. 

Algebra. By a wise and thoroughgoing elimination of unduly 
complicated technical procesiev^, time has been gained in recent 
years for greater stress on understanding, on mastery of essen- 
nals, and on significant applicationii*^ 

i^This improvement is probably due in large measure to the Report of Jhe 
National Committee of 19x3, which made the following .statement that should 
Blill }}p kept in mind: 

"Continued emphasis throughout the course must b*i placed on the develop- 
ment of ability to giasp and to utiliie ideas, processes, and principles in the solu* 
lion of concrete problems rathe^^Jhan on the acquisition of mere facility or skill 
in manipulation. The excesstv«.^pbasis now commonly placed on manipulation 
is one of the main obstacles to intelligent progress. [The siiu,ition in this regard 
is acknowledged to be much l>«tter at the present rime.] On the side of algebra, 
the ability to undets(and its language and to use it intelligently, the ability to 
analyze a probleni, to formulate it mathematically and to infrcrprei the result 
must be dominant aims. Drill in algebraic mafupuhiion should be limited to 
those proresses and to the degree of complexity required for a thorough under* 
standing oj priyicipies and for probable applications either in common life or in 
subsequent courses which a substantial proportion of the pupils will take^ U 
must l ** conceived throughout as a means to an end, not an end in it.self. Within 
.these limits, skill in algebraic manipulation is important, and practice in this 
subject should be extended far enough to enable "itudents to carry out the 
essential processes accurately and expeditiou.sly." 



88 Fifteenth Yearbook 

'Trigonometry. During the ninth year'a serious beginning 
can be made in the teaching of the trigonometric ratios. A unit 
of numerical trigonometry, making use of approximate* values 
for the sine» cosine, and tangent, can be given. 

Modes of Thinking and Desirable Habits and Attitudes. As 
the Grade Placement Chart suggests, the training under this 
heading begim in grades 7 and 8 is continued iiito the nintht 
where it is possible to ma^e an important extension by placing 
definite emphasis upon the functional concept. If teachers will 
be on the alert to take the many^ opportunities which present 
themselves, they may revcdl to their pupils the important place 
of mathematics in modern life. and do nmch toward creating de- 
sirable attitudes and appreciations through mathematical study. 

Historical Backgrounds. As far as* time permits, historical 
references and comments should be interwoven with the topical 
developments of the year. This should not be done in a per- 
functory way. but in a manner that shows the development of 
our civily:ation and the great part that mathematics has played 
in it. Such instruction is of cultural value and assists in arousing 
interest Suggestions are given in the Grade Placement Chart. 

Correlated Mathematical Projects or Activities. A moderate 
amount of lime should be devoted to systematic study of t^e 
fundamental and extensive part that mathematics plays in con- 
temporary life.' Much of this work will be of a supplementary 
character, aiid the "comnilttee technique" is suggested as a 
means of collecting data, making displays, and giving significant 
reports. ^ 

The Detailed Outline, It is of course assumed tliat modifica- 
tions of the outline which follows will be made in order to adjust 
it to local conditions, or to the needs, interests, and preparatory 
backgrounds of pupils. ' 

ARrrnMETic ^ 

I. Continuing the study of arithmetical concepts, skills, and prin- 
ciples, primarily in connection with the work in algebra. 
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II. Solving applied problems, as suggested by the Nvork in algelra; 
also problems involving approximate computations; the slide 
rule (optional). 

Geometry 

I. Revie^v'ing and applying the geometric training suggested for 
grades 7 and 8, in connection ^vith the work in algebra. 

IL In classes of superior ability, making a beginniiig in the study 
of demonstrative geometry. 

GRAPHir. Representation 

I. Reviewing' Mid applying the techniques acquired in grades 7 
and 8. in the representation of statistical dara demanding 
greater maturity, mainly from the fields of business, economics,' 
the social studies, and science. 

II. Making graphs representing algebraic formulas, such as p 3.?, 
i = .04/j, and so on. 

III. Using.graphs in the study of linear equations. 

IV. (For superior pupils.) Using graphs in the study of simple cases 
of quadratic equations. 

Alc£«rXV 

I. Basic Concepts, ( 
(/) The acquisiiir)n of the. basic vocabulary. 

(2) Dcveh)ping the ability to explain clearly the meaning of key 
concepts, such as exponent, positive, negative, ratio, proportion. 

II. Fundamental Skills and Techniques, 

(These should be based on an understanding of carefully consid- 
ered concepts and principles. Work with polynomials should be re- 
stricted to very simple rases.) 

(/) The four f-uulamental operations, involving 
(a) 'Positive and negative numbers. 
(h) Algebraic mononiials or simple polynomials. 
(t ) Algebraic fractions, mainly with monomial denominators. 
(2) Sj^< lal products and factoring, as follows: 
(a) Stiuarinti; a binomial. 

(h) Finding the product of the sum and the dKrercnce of two 
terms. 

(r) Factoriufr a polynomial the terms of whic h contain a com- 
mon monomial factor, 
(u) (Optional.) Factoring trinomials of the form -f bx f r. 
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(e) Factoring the ^difference of two squares. 
{}) Powers a:;d roots. . * 

(a) Laws of exponents and their use. 
.. (b) Square roots of )K>sitive number.^. ^ 
(c) Fundamental operations involving radicalsi mainly of the 
monomial type. 

ih. Fundamental Principles. 

{ly^ study Vf the principles governing the fundainental opera- 
tions, such-avlhe rules of order and grouping, the rules of signs and 
of exponents. 

(2) A study of the principles used in the solution of equations, 
such asjtlje rules of equality and of transformation. 
^^"^""^-^ f 
L Study of ReliUionships and of Dependence^ 

(/) By tables. ^^^'^ 

r^.^(fl) Interpreting tables of related number-pairs. 
' ^ Making tables based on formulas, 
'fo graphs. ^^ ' 

(a) Graphs as means of illustrating quantitative relationships. 

(b) Making graj^hs based on tables of related number-pairs. 

(c) Making graphs based qn ?lgebrate-4?xpressions pr formu- 
las, 

(d) Using graphs in the study of equations. 
I (e) Using graphs in the solution of problems. ^ ^ 

> (j) By formulas. / \^ 

(a) Formulas as means of expressing relationiWp or, depend- 1 
ence. ^ / 

(b) Makirg formulas based on verbal statements; on geometric 
figures; on tables. 

(r) Evaluating a formula, 
(d) Transforming a formula (only simple cases). 
(^) By equations. 

(a) Equations as means of expressing quantitative relation- 

ships. * J 

(h) Solving equations of the first decree in one unknown. 

(c) Solving pairs of equations of the first degree. 

(d) .Sf ^ving fractional r^-uiations. 

((?) Solving equations 01 the form ux^ = 6. 
(/) Solving simple radical equations. 

(g) Using equations in the study of proportion and of varia- 
tion. 

(//) Using equations in the solution of pr^^blems slated in ver- 
bal form. 
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V. Using Algebra in Life Situations and in Problem-Solving. 

^ (/) Lwarning tq^ translate quantitative statements into the Ian* 
guage of algebra. 

{2) Learning to make generalizations suggested by the techniques 
and principles of algebra, particulatly with relation to the precise 
•ay in which definitely related, changing quantities will influence 
each other under given conditions. 

(5) Solving general verbal problems, using as a means of solution 
the table; the graph; the formula; the equation. 

{4) Applying the techniques of algebra in problem situations aris- 
ing in business; in the shop; in science; in everyday life. 

(5) Interpreting the solutions of equations, including negative 
values, wherV they have significance. 

Trigonometry \ ^ 

I. Reviewing the necessary concepts and skills. 
II. Finding heights or distances indirectly by scale drawing; the 
Pythagorean relation. " 

III. Finding heights, oi distances, or angles, indirectly by using the 
natural trigonometric functions (sine, cosine, tangent) 

IV. Usinp a table of natural functions. (Interpolation should be re- 
garded as optional.) 

Thk RkmaimncI Fiki.ds 

The Grade Placement Chart gives suggestions for the other three 
fields that arc shown ov it. 

THE WORK OV I UE l EN I H CRADE'^ 

We are concerned in the tenth grade with a plan that adds 
significant mathematical training but docs not allow past in- 
struction to lapse and be forgotten. Although demonstrative 
plane j^eometry will be regarded as the central theme for the 
year, the mathematical fields previously strcs'-ed are given atten- 
tion; and there is am{)le opportunity h)r a considerable dej;jree 
of correlatfon and integration of the new and the old. The out- 

*^7'hc trcaonent of R.adc- 10. n, and 12 will be mnrc condriiscd than that 
given for gradrs . ft. and 9. where a Rcnrral discussion of the difFtrcnt fields was 
first given, follourd f)V a dciailcd omlinc. AH that is said alwut any one field 
will now appt'ar under a single caption. 
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line that follows is not exhaustive and it admits o£ eithbr 
extensions or contractions. 

Arithmetic. Facility in arithmetical computation should be 
stressed. Definite review and extension of the concepts of the 
subject in connection with applied problems are needed in most 
classes. The use of irratipnal numbers arises in connection with 
the Pythagorean theorem. Approxirnate computations occur in 
connection with trigonometric work, where the slide rule may 
be used. ^ , ' ^ 

Geometry. As stated above, the central theme of the tenth 
year is demonstrative plane geonietry. in the case of pupils who 
have not had the benefit of a good course in informal geometry 
in the earlier grades, it is necessary to present in a few weeks 
a number of items that should have, received attention earlier- 
Sufficient time must be allowed before the introduction of for- 
mal demorstration to permit the pupil to become acquainted 
with the basic concepts and to become skilled in the use of 
geometric instruments. Methods of formal demonstration must 
not appear on the scene too abruptly. 

Standard lists of theorems havelbeen issued by various exam- 
ining bodies, such as the College Entrance Board and the Re- 
gents of the University of the Sta^e of New York. Of particular 
interest, also, is the list of propositions in plane and solid geome- 
try prepared by the National Committee of 1923. Any one of 
these formulations may be regarded as sufficiently authoritative 
for purposes of classroom instruction, and no new list is con- 
sidered necessary by this Commission in connection with the 
preset^ plan. ^ 

Whatever list of theorems m iy be covered in the course, at 
least the following objectives slwnld be set for all pupils: 

I. Understanding of fundamentals: (r) basic concepts; (3) the vo- 
cabulary of geometry; ()) the nature of geometric proof and its vari- 
ous forms; (4) the significance of undefined terms, definitions, and 
unproved propositions (postulates and axioms). 

II. Acquisition of skills, with an improvement of those set for 
grades 7, 8, and 9. and the addition of skill in demonstration. 
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lit; Familiarity with facts of geometry, both those discovered by 
informal methods in grades 7, 8, and 9, and those established deduc- 
tively. The facts and principles should be organized clearly in the 
pupirs mind around certain central topics or themes, such as: (/) 
parallelism; (a) congruence;, (5) similarity and trigonometric rela- 
tions; (4) concurrence; (5) indirect mcnsurement; (6) mensuration; 
(7) loci; and (8) constructioirr Th^y should also be organized around 
such basic figures as: (/) the triangle; (2) the parallelogram; (j) the 
circle, and so on. 

IV, Development of elementary spatial insight, and tljie habit of 
noticing geometric relations in three dimensions, and of comparing 
such relations with those in a plane, (E,g,, Are non-coplanar angles' 
equal, if formed by pairs of parallel lines? How many perpendicu- 
lars can be drawn to a line at a point? How should the angle be- 
tween two planes be defined, and what question is raised thereby?) 
Such a development can be secured by discussion and generalization 

* of certain propositions or problems of plane geometry, 

V, Some realization of the significance of geometry in human af- 
fairs, both practically and culturally, 

. VI. A clear grasp of what is meant by a deductive science; and 
ability to apply the method of postulalionajl thinking in life situa- 
tions not specifically mathematical. 

Note, In the Grade Placement Chart, objectives V and VI occur 
under Mathematical Modes of Thinking, but they are so important 
' that they are mentioned here under specific objectives for geometry. 

Graphic Representation, In this gi'ade the work in graphic 
, representation may be restricted to a review of what has been 
done previously and to an extension in conrection with the so- 
cial studies and science programs. Drawing of graphs in connec- 
tion with simple equations may be considered an optional topic. 

' Algebra. A purposeful interweaving of algebra and geometry 
may be accomplished by the following types of work: (/) the use 
of algebraic symbolism wherever it is of adNtintage; e.g., the use 

of leuers to denote lenijths, andes, etc., as ^ u\ place of — • 

(?) algebraic proofs of certain theorems, such as that of Pythag- 
oras; (5) thcoicms in mensuration in generalized form, such as 
the law of cosines; (7) al^ebt a in the numerous sconietric the- 
orems and problems based on ratio and proportion; (s) simple 
locus problems; (6) equations involved in certain geometric 
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theorems. If their use i|. desired in trigonometry logarithms 

may be taught. , ^ . ' 

Trigonometry. The study of similarity and proportion fur- 
nishes a firm basis for the trigonometric functions. Thfc subject 
can be fui.her related to geomeky by deriving^the exact values 
of the functions for '30°' 45°. and 60°, and by'^prfeissing the 
area of a triangle in terms of two sides and the included angle. 
The law of sines and the law of cosines may bi introduced. 
Logarithms may be employed, but successful teaching of numeri- 
cal trigonometry at this level is possible without them. 

The Remaining Fields. The Grade Placement Chart gives 
suggestions for the other three fields that are shoWn on it, 

j ' TH£ WORK OF THE ELEVENTH GRADE^ 

The pl^ described in this chapter is compatible with the re- 
cent effort of the College Entrance Exaipination Board and 
ot^ier bodies to get away from a too rigid comparfmental plan 
of teaching matheip^«a5i,^ft\#cognizes that, with new outlooks, 
mathematical cfirVMa m>/be organized along broader./lines 
than in the past, and at the same time pay regard to both con- 
tinuity and flexibility. The Grade Placement Chart indicates 
that for the eleventh year in the present plan the (Central theme 
is the extfeiision of algebra and a systematic study of elementary, 
trigonom"etry. The two subjects are correlated through the uSe 
of the function concept as a unifying bond. Many of the topics 
of algebra begun in earlier years are extended. Rcviews.should 
be provided in these topics whenever they are needed. 

Number and Campuiat^n. A better understanding of the 
number systpm will result from the study of irrationals and an 
introductory consideration of imaginary numbers, whid will 
form part of the more extended and detailed study of algebra.^ 
Emphasis on approximate compiJtation is suggested by the study 
of lo^rithms and especially by their use in the trigonometric 
solution of triangles. The writing of numbers so as to employ' 
indicated powers of 10 can be correlated witl^work in science. 
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Finally, the theory of the slide rule may be explained; computing . 
machines, as well ps various tabulating devices, may be discussed 
informally, primarily for informational purposes. 

Geomehy. No new work in geometry is contet^iplated, but 
tltere is occasion for considerable review in connection with the 
work in trigonometry. % 

. / .Gr(^phic Representation, Instruction in grapbic representa- 
tion ran be carried on in connection with: (/) a consideration 
of more complicated statistical data than had been used previ- 
. ously; (2) linear and quadratic functions; (?) solutions of equa- 
tions; {^) graphs of the trigonometric functioiu. 
Algebra. Throughout the work in algebra theil^lction con- 

*■ cept should be continually stressed. This can be done^dvan- 

/ tageou.sly in connection with the study of tables, gra^V^ 
formulas, and equations. Impor^t phases of the work in alge- 
bra are: (/) review and extension of basic concepts and opera- 
tif^ws; (2) a study of linear and%quadratic functions, together 
with the sohition of numerical and literal equations of the first 
and second degiecs in one unknown; (?) the solution of sets of 
eqtiations involving two unknowns, including simple sets of 
.scc(3nd degree equations; {4) a detailed sttidy of exponents and 
, radicals, with the solution of simple types of radical equations; 
fs) a study of logarithms and the slide rule; (6) the solution of 
simple tvpes of exponential equations, such as those that arise 

^^f^ in common problems invoh ing compound interest; (7) a gen- 
eral study of fornuilas, their transformation, and, in simple cases, 
their graphi<- re})rescntation; {S) types of variation and their 
mathfinaiical expression; {()) arithmetic* geometric, and bino- 
mial SCI ics; ( lo) \\ time permits, a brief introduction to statisiical 
piocesscs atul formulas; (//) significant applications of the pre- 
ceding topic s. 

l^ri^onomrfyy. Suitable topics for inclusion mi trigonometry 
are: (/) definition of the six functions for u\c general angle and 
the rcduc tion fornuilas that occur therewith; (2) basic identities 
invoUini^ a single angle. ( ?) the advl^ion formulas for the siite, 
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cositie, and tangent; {4) double-angle and half-angie formulas; 
(5-) the law of sines, the law of cosines, and the law of tangents; 
(6) solutrbn of triangles, inclliding problems on heights and dis- 
tances; (7) components and resultants; (5) work with simple 
identities and trigonometric equations; (p) field work. (Some 
of the work indicated may be postpofied to the twelfth year, 
such postponement being especially desirable if the algebraic 
work of the ninth year did not include all the topics suggested 
for that year. Topics in trigonometry that could be deferred are 
the addition formulas,. the double* and half-angle formulas, and 
the law of tangents.) * 

The Remaining Fields. The Grade Placement ^laiirgives 
suggestio^is for the other three fields. 

THE WORK OF THE TWELFTH GRADE 

Instruction for the twelfth year slwuld make possible the 
rounding out of the mathematical picture developed during the 
earlier grades and at the ^ame time give preparation for future 
work for those who will continue their study of die subject. In 
the present plan, work for the year consists of a unified course 
from the fields of advanced algebra, solid geometry, analytic 
geonicrry, trigonometry, and differential calculus. 

Xumhcr and Computation, The work includes (/) a review 
of the number system through irrationals, with emphasis on 
rlcar concepts and on an unllerstanding of the laws of operation; 
(2) use of the polar as well as the rectangular form for writing 
and operating with complex numbers; (^) use of the derivative 
for the determination o(* approximate errors in computation. 

Solid Geometry. Since the pupil now has his first opportunity 
for systematic study of three-dimensional geometry, the work 
should include the usual theorems and applications, particular 
attention bcing^givcn to the relation of lines and planes in space, 
and 10 ihc piopiM lies and the moasurctneiu of prisms, pyramids, 
cylinders, cones, and spheres. 

The basic formulas of mensuration can be established in the 
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customary way, or by the use of such theorems as that of Cava- 
lini and the Prismoid formula. Much attention should be given 
to the visualization of spatial figures and relations, to the repre- 
sentation of three-dimensiortal figures on paper, and to the solu- 
tion of problems in mensuratio;i. The latter problems offer 
opportunity for correlation of solid geometry with arithmetic, 
algebra, and trigonometry. Part of the importance of the geome- 
try of the sphere comes from the new perspective that it makes 
possible. 

Analytic Geometry. The analytic geometry included is de- 
signed to show the power and the generality of the analytic 
method of treating geometry and to give the pupil the basis that 
is needed for somi; of the work in analysis. Tlie study should 
deal briefly with the straight line and the circle. The work on 
the straight line should include the slope-point form and tbe 
two-point form, with the necessary preliminaries. It should also 
embrace work on parallels and perpendiculars, with related 
appHcations. The work on the circle should include the stand- 
ard form for the equation and reduction to that form. Locus 
problems leading to straight lines and circles should be intro- 
duced when possible. It may also be possible to include a little 
work on the parabola and the ellipse. 

Graphic Rr presentation. Further instruction in gtaphic rep- 
resentation will come through: (/) graphic solution of equations; 
(2) representation of complex numbers; and (5) use of loga- 
rithmic paper (optional). 

Algebra and Differential Calculus, The work from algebra 
and differential calculus embraces: (/) a study of rational inte- 
gral functions of the nth c)egree, including* synthetic division, 
the remainder theorem and the factor theorem; (2) relations 
between the roots and the coefficients of an equation; (}) Des- 
cartes* rule of signs: (^) determination of irrational roots; (s) 
permutations, combinations, and simpler cases of probability; 
(6) introductory study of differentiation, limited to polynomials, 
with applications to slopes, maxima and minima, rates of 
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V 

changes, velocity, acceleration, and related problen>s. Topics 
from algebra that may be taken in addition to, or in place of 
some of those mentioned, are:" (7) a brief treatment of com- 
pound interest and annuities; (8) further work in statistics. 

Trigonometry. . After a review of the work of the eleventh 
year trigonometry some of the following topics can be studied: 
(/) radian measure; (2) periodicity of the trigonometric func- 
tions, With applications to/oscillatirig physical quantities; (3) 
inverse trigonometric functions; {4) identities and trigonometric 
equations; (5) DeMoivre's theorem. (Topics (2), (5), and (5) 
may need to be omitted if some of the work in trigonometry for 
the eleventh year is postponed to the twelfth.) 

History and Correlated Activities. Supplementary readings, 
projects, anal' activities that require some maturity are within 
the reach of students during their twelfth year. Such activities 
can contribute materially toward creating a lasting impression 
as to the nature and scope of mathematics. 

"It is to be noted that the CollcRe Entrance Examination Board's Description 
of Examinations, edition of December, igsS. says of Mathematics Gamma (the 
most searching mathematics examination offered): "The examination will contain 
no questions on determinants, simultaneous quadratics, scaics of notation, or 
mathematical induction." In this Report these topics are suggested as possible 
extra ones for truly superior pupils, with a caution about including too much 
material at the expense of thoroughness. See p. 146. 



CHAPTER VI 

f 

A SECOND CURRICULUM PLAN 

''The teacher will find he can interest the pupil in it quite 
well by beginning with the old-fashioned four quarters of 
the globe, and coming round to the child's own parish by 
way of Africa and Zululand^'* 

—MATTHEW ARNOLD, GENERAL REPORT FOR 1878 

INTRODUCTION 

Various arrangements of instructional materials are consistent 
with the broad principles set forth in Chapter IV, and it is not 
to be expected that any single type of curriculum will be ac- 
cepted by all schools. Principles for curriculum construction 
must be interpieted in accordance with the conditions that af- 
fect the schools of a given community, and conditions may differ 
markedly from one locality to anotlier. The plan outlined in 
the preceding chapter, perhaps with modified emphasis on some 
topics or with minor rearrangements, should suit the needs of 
many schools. On the other hand, substantially different plans, 
such as those evolved experimentally b^ various leaders in sec- 
ondary mathematics, may be preferred by some administrators 
and teachers. It is, of course, undesirable even to attempt to 
outline all the different plans of organization that are consistent 
with the principles of curriculum building previoiTsiy discussed, 
and that may be adapted to the needs of diverse school condi- 
tions or objectives. The Confmission will, however, describe in 
this chapter a second plan for organizing the curriculum mate- 
rials for grades 7 to 12. 

The chief features of the present plan are as follows. In the 
ninth grade there is to be a course in general mathematics in- 
volving a more extensive consideration of arithmetic than in the 
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foregoing plan, both as to processes and as to applications. In 
tlie tenth year tliere is to be offered a course in demonstrative 
geometry which is quite comprehensive, but Which should never- 
theless appeal also to many pupils who do -RQt plan to go to 
higher institutions. The eleventh year is to be devoted to a sub- 
stantial course in algebra. In the twelfth year the pupil may 
select from a variety of courses, described later. In each the 
grades lo to 12, important topics of earlier courses are reviewed, 
use being made of algebraic processes |i geometry and geometric 
problems in algebra. 

In the case of larger schools the plan includes in addition 
(luring the ninth year a course in\ilgebra, intended especially 
for pupils who expect to follow a profession iliat requires con- 
siderable mathematical training, or who prefer such a course. 
In the tenth year such pupils -will take the work in gcorrtetry 
referred to above. In the eleventh year a third term of algebra 
is to be provided for them, and a term of elective work is to be 
Xchoscn from such courses as are available for the work of the 
twelfth year. 

In the description of the work of the different years nothing 
is said as to modes of thinking, habits, and attitudes, of historic 
I al backgrounds, or of correlation with life situations and other 
scfiool a(ti\ it ies— topics discussed somewhat* in the preceding 
(haj^cr. What was said in that chapter, as well as the entries 
on the Grade Placement Chart relating to such matters, can 
again serve as a guitlc for the program that is here described. 

A few connnents of a slightly pedagogic character arc made in 
order to clarify sonic of the suggestions. 

mi: WORK OF THE SKVENTH AND EIGHTH GRADES 

AritJnnetic. I1ic ct)ntcnij)lated work in arithmetic, including 
the a[)j)lit*ati()ns. in\ cjl\ cs only the more ronimon concepts, prin- 
ciples, and techniques. For example: finding the interest on a 
sum of money for a whole nuinbrf of years, but not for a frac- 
tion of a year specified by two dates: simple discount, but not 
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the value o! an interest-bearing note, discounted before duf\ the 
nature and functions of corporations, insurance, 9nd taxes, but 
only simple calculations in connection with the problems that 
are given. 

Geometry The work in geometry is designed to give an ac- 
quaintance with the figures mentioned in Chapter V. It also 
gives some related numerical work, and instruction in the draw- 
ing of figures. It does noi, however, provide training in discov- 
ering or testing theorems,\ nor give practivce in using relations 
that involve such topics as, congruence, parallel lines, and spe- 
cial kinds of triangles. \ 

Graphic Representation. As described in Chapter V. 

Algebra. The work in algebra is assumed to be limited to the 
writing of formulas and simple relations. Since many teachers 
feel that interest in algebra is not stimulated, but may be de- 
stroyed, if pupils are required to use algebra unnecessarily, it 
follows that, in a restricted course, the emphasis should be upon 
training pupils to express in symbolic language rules they are 
using rather than upon systematic substitution in formulas. 
Work with negative numbers— if included at all— is supposed 
to be limited to their meaning, and to their addition, with no 
attempt at teaching the other operations. 

Trigonometry. Figures are to be constructed to scale, and 
proportions are to be used to find lengths; but no work with the 
trigonometric ratios as such is contemplated. 

THE COURSE IN GENERAL MATHEMATICS FOR THE 
NINTH GRADE 

The work suggested here for the ninth grade is a composite 
course consisting of arithmetic, graphic representation, algebra, 
trigonometry, social mathematics, geometry, and logarithms. A 
brief description of the content of each of the subjects follows. 
' Arithmetic. Fractions, mixed numbers, decimals, and per^ 
cents are to be used frequently, so that the pupil will increase 
his skills. Work on mensuration is to be reviewed and extended, 

V 
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hot merely as a way of giving computational practice, but also 
for the purpose of calling attention to geometric forms and their 
uses. Units from the metric system are to be used, Percientage 
reviewed and extended, especially as a means of shoAving how 
use of equations reduces the number of rules and techniques 
tiidt must be leslrnc^^ Work in bookkeeping is suggested, even 
, if only to a sufficient^xtent to show the nature of debit and 
credit rntries in simple accounts. Approximate numbers, sig- 
nificant figurvi, estimating results, and shortened methods of 
multiplying are iikcluded as preparatory to the work with trigo- 
nometric ratios. Applications of arithmetic are to be extended 
to include such topics as per cent of error, medians, and weighted 
averages- 
It is recommended that ^jj'ticular attention be given to social 
problems that include^more stens than those encountered in the 
previous grades, even though each step be a simple one, empha- 
sis being placed on' the problem as a whole, for example: In 
earlier grades the pupil might find the cost of lo tons of coal at 
$8 a tot^ or the interest on 54.ooo at 5% for 7 years. Such prob- 
lems are unrelated. A typical ninth grade problem is; '*\^hat is 
the monthly cost of a house valued at $5,000 if money is worth 
4%, if the insurance is 48 cents per hundred dollars, if the owner 
used 8 tons of coal at $9 per ton, if repairs amount to $102. and 
if depreciation^ at 2\/>% is allowed, all the expenses mentioned 
being on an annual basis?'* 

The number and variety of occupations has increased so 
greatly in the last decade that it is no longer possible to have the 
applications of arithmetic include samples from every type of 
activity. Regardless, however, of how the pupil will some day 
earn his living, he will always be a citizen and a consumer of 
goods and services. Hence there should be an earnest effort to 
include in the instruction in arithmetic many problem^ based 
on activities and interests of the ordinary citi/en. Compared 
with practice in the past there should be much more work in- 
volving such topics as home-owning, mortgages, taxes, install- 
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inent buying, insurance, investments, automobile expenses, 
debts, risks, health, food, budgets, building and loan associa* 
tions, cooperative enterprises, and the like. The. matheqiatics 
teacher should use such t6pics not merely as material for com- 
putations, but because an understanding of them involves quan- 
titative-relations. He should be fitted to discuss many of them. 
The information that the pupil receives may be more important 
than the benefit to be derived from the computation. The Com- 
/nission recognizes that the immaturity of the pupil will prohibit 
an exhaustive study of the topics suggested, any of which might bt 
considered further in grade 12, as suggested later in this chapter. 

Graphic Representation. There can be work in the construc- 
tion and interpretation of pictograms, broken line graphs, bar 
and circle graphs, and graphs of formulas of the types: 

Simple\c^s of the converse problems of fitting such formulas to 
data earn also be considered in some cases. 

Algtbfa. The work in algebra that is suggested a5 part of thp 
ninth grade course in general mathematics is very restricted, in 
so far as technique is concerned. It is centered around such 
aspects of algebra as the following: 

(/) The use and interpretation of signed numbers. 
(2) Algebra as a language, that is, the use of symbols to express, 
ideas. 

(j) The meaning and importance of generalizing a problem and 
its solution. 

(^) The use of equations to solve problems which cannot be 
solved easily by arithmetic. 

Instruction under ("t^ should include not only the writinj^ of 
formulas, but also the writing in mathematical symbols, or a 
study of the meaning of such statements as: '*When adding sev- 
eral numbers it is immaterial which numbers are added first,*' 
**The increase in profits was not proportional to the increase in 
sales.** '*To find a quotient correct to n places carry the division 
to n -f 1 places.'* 
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As an illustration of instruction under {)) one can contrast 
the problem, ''HoW many gallons of water must be added to 10 
gallons of a 12% solution of an acid in order to change it to a 
9% solution?'S with the problem, ''How many gallons of water 
must be added to g gallons of a t% solution to make it an 5% 
solution?" Many teachers believe that such problems, slighted 
in the past because of assumed difficulty, illustrate one of the 
most important'* uses of algebra. By omitting less important 
^brk, it should be possible to give adequate instruction in such 
questions. 

The complexity of the equations to be considered under {4) 
shouldnbe determined in general by the nature of the problems 
that are to be solved, though' it is to be remembered that some 
work with equations of greater difficulty is usually necessary in 
order to make sure that methods are well learned and adequate 
skill is acquired. A consideration of problems suitajrfe for the 
course, from which the "answer known*' type is eliminated, 
will thow that the equations are not more complicated ^an: 

2.4 = -ogss^ = 1.67, n - .8n = 4.60, 

- 5 = ^a, .03P + .06(4500 - p) ^ .05(4500), 

^ =: - 16 = 100, 5rt/2 « 13. 

5 12 

The literal equations which arise in the problems of general- 
ization are not likely to be more complicated than 

nx = s{x - a)y ax+ b{s ^ x) ^ cd^ a ^ 

In the equations above no algebraic technique is involved be- 
yond multiplying, as in b{a — x)\ factoring such an expression 
as ax + bx \ and knou ini^ that the statement «x ~ a implies that 
X = a/n, where a and n may be any quantities, provided n ^o. 
It is not expected that the solutions of literal equations will be 
checked by substitution, for such an operation may involve more 
algebraic technique than is contemplated. 

1I 
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The subject of ra^iio .and proportion should not be 'slighted, 
but should be used extensively in connection with similar fig- 
ures, or fof comparing two. areas, two volumes, two gears, or 
two levers, as a means of arriving at some desired relation. 
This Work includes a study of the connection between propor- 
tions and direct and indirect variations. 

The study of dependence will be made more fruitful by 
emphasizing that an equation such as L =:= 2< + i is not merely 
a formula for L, showing how L changes as t changes; but is a 
relation between two variables, from which either can be found 
when the value of the other is substituted. 

It is assumed that exponents will b& used chiefly in stating 
formulas that involve squares, cubes, etc., and in writing num- 
bers in standard form, such as: 

45,600 = 4.56 X loS .0000456 = 4.56 X io~^ 

The wprK on radicals is supposed to be limited to .using a 
table of roots of integers from i to loo for instance and making 
such changes as: 

The arithmetic process of finding a square root should be re- 
viewed; interpolation should be studied; the Pythagorean rela- 
tion should be used, but only experimental testing of it need be 
considered, since even the simplest proof involves a more thor- 
ough study of triangles than is contemplated in the geometry 
work; the formula for the area of a triangle in terms of its sides 
(Heron's formula), and other formulas involving square roots, 
may be included. u 

To avoid misunderstanding it is to be noted that the proposed 
algebraic work does not include systematic study of the fol- 
lowing: 

(/) Multiplications of the typos ''P 
4jr* • sx*. {x - 2)(x+ 5). 
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' (2) The four operations with fractions. 
(j) Factoring, except that of ax + bx. 

{4) Sets ot equations, of quadratic equations, except equations 
such as — 16 « 100, and 5x2 = 13. 

(5) The '^answer kndwn" type of problem involving ages, coins, 
time>rate-distance, etc. 1 

It is of course not implied that teachers should not go beyond 
what is outlined if the preparation of the pupils and their abili- 
ties and interests warrant it. 

Trigonometry. As a basis for work in trigonometry, there 
should be, scale drawings, with consideration of similar triangles 
and ratio of similitude. The three ratios— sine, cosine, and 
tangent— are to be defined, and instruction is to be given in the 
use of tables to four decimals, with a tabular interval of i^, . 
interpolation being to a tenth of a degree. It is not contem- 
plated that relations between the functions be studied, except 
the relations cosi4 = sin(90*^ — A), sinA = cos(9o'^ ~ A). 

Other Topics. As mentioned elsewhere in this Report, op- 
portunity should be taken to give the pupil an appreciative 
knowledge of the historical background of mathematics, and 
efforts should be made to develop those attitudes and habits of 
thinking discussed in Chapter III. As observed earlier in this 
chapter, suggestiiins made in Chapter V can be utilized. In addi- 
tion to such wofk, some classes are able— if too much time is not 
required to strengthen the arithmetic work of previous grades— 
to include one or both of the following- topics: 

(/) Geometr]/ When this study is undertaken, the chief objects 
should be (a) xp impart certain information about geometric forms, 
and (&) to illi/strate the nature of postulational thinking. The two 
objectives should not be separated; each week's work should show 
progress towara both goals. Assuming that the work is spread over 
fifteen or twcntV lessons, the second objective can be reached by pre- 
senting a sequence of theorems, each depending upon and derived 
in a logical manncWrom some previous general statements. It is, 
for example, possible to begin with congruent triangles and advance 
to a proof of such theorems as: "The base angles of an isosceles tri- 
angle are equ^lT'^^The sum of the angles of a triangle is i8o^»" or 
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some of the theorems about parallelograms. The possible variations 
are quite numerous. 

(2) Logarithms. When this subject is included, instruction should 
be carried so far that four-place tables can be used with ease. Many 
teachers believe that such work is of more prattical value to many 
pupils than much of the algebra which has been taught in the past. 
In order that pupils who liave received instruction in logarithms 
might continue to use them^ it would be well if all high school books 
in mathematics contained a table of logarithms. In connection with 
^heir study of logarithms. f)upils can be given information about 
slide ruk's, even though the) might not use ihcm syslcniatically. 

Remarks. The general niatlieniatii t ourse of the ninth grade 
may be characterized as follows: 

(/) It aims to forrect those weaknesses in arithmetic which 
may arise because some of the y/ork of the lower grades has been 
deferred to later years, 

(5) :i provides the training in arithmetic, graphic representa- 
tion, algK^bra, geometry and numerical trigonometry that the 
pupil will need ^vhilc still in high school in such subjects as 
physics, chemistiy. economics, and shop work. 

(5) It affords a fairly broad mathematical training and out- 
look; and it is suitable for all pupils, unless the school is 
equipped to offer two distinct mathematical programs in the 
ninth grade. 

THE COURSE IN ALGEBRA FOR THE NINTH GRADE 

The course in algebra that the present plan contemplates for 
larger schools, in addition to the course in general mathematics, 
can include such topics as the following: 

(/) Equations: 

(a) Linear equations with fractional and decimal cocfTuicnts. 

(b) Literal linear ecjuations. 

(r) Sets of linear equations in two unkno>vns. 

(d) Sets of literal linear ccpiaiions in two unknowns. 

(r) Quadratic e(piations, solved by factoring, by completing 
the square, and [)y the formula. When the roots are irra- 
tional. ( becking may be omitted. 

(/) Fractional equations leading to linear or quadratic equa- 
tions. 
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(g) Radical equations not more complicated than 2y/ x ,^ $. 

(h) Dependence and variation, including work on finding 
an equation from data concerning the variables. 

(2) Fundamental operations ^vlth polynomials: Practice must go 
beyond the immediate needs so that pupils may acquire confidence 
■and facility. 

(5) Factoring: the type ax^ + 6x + r. . ' 

(^) Radicals: the work being limited to using a table of roots of 
integers from 1 to 100, for instance, a^d making such chahges as 

V^=-4yr^ ^'5^' 

The arithmetic process of finding a square root can be reviewed. 
Interpolatieai in tables should be studied. The Pythagorean relation 
should be assumed and used. The formula for the area of a triangle 
in terms of its sides and other formulas involving square roots can 
be'iiicluded. \ . 

(5) Graphic representation: It is expected tnat less time will be 
spent on the construction and interpretation W statistical graphs 
than on the graphs of equations such ^s y ^ ax b^y ^ ax^, xy = 

(6) Problems: It is expected that this course will include a wider 
range of algebraic problems than the course in general mathematics. 
Problems about coins and ages, and other problems in which the 
answer must have been known before the problem was formulated 
are useful in developing skill in writing equations. Further, the re- 
strictions stated above in (/) should not unduly restrict the material 
for problems or the methods by which a problem is solved, but it is 
important that the pupil should know that the purpose of such 
problems is merely to give practice and experience in the use of al- 
gebra. For example, tlie problem of finding three numbers such that 
one number exceeds twice the first by 5, and the third is 4 more than 
the first, the sum of the squares being 121, may be solved by writing 

(2;^ + 5)' + + 4)^ - 

or by writing, 

;^ = 2x + 5, ' ^ = x + 4» +y + ^ 121. 

Although sets of three equations, one of which is a quadratic, arc 
not mentioned in the equations in'(/) above, nevertheless the pupil 
who has acquired the idra of substitution can solve this set, and can 
profit from a study of such sots. In fact, the pupif should be encour- 
aged to use this incthod^-siiKC it is based on writing as an equation 
a given relation between ([Uantities. 
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Formulas and generalizations; Since this bourse is for a special 
group of pupils, it is expected that much of - the extremely simple 
yf rk that has found its way into many courses can be omitted, such 
as finding the cost of some sugar at 6^ a pound by using the graph 
of the formura c = 6p\ The formula should be treated as a summary 
in a general form of a relation between variables. The significant 
problems should be studied in a general form (the so-called literal 
problems, mentioned on page 104), the formula being then regarded 
as a solution of-a generalized problem. 

{8) The trigonometric ratios: In case considerable time is neces- 
sary at the beginning of the course to correct for deficiencies in 
arithmetic, it may not be possible to give any instruction on the 
trigonometric ratios. Otherwise it should be included.. 

THE WORK OF THE TENTH GRADE 

The work proposed for the tenth year consists chiefly of 
geometric material, an^l hence is best described as a course in 
geometry. It involves, however, more algebraic and trigo- 
nometric applications than has been customary to give in tlie tra- 
ditional geometry course. Accordingly, the year will carry forr 
ward the work in the various mathematical fields discussed in 
Chapter TV. If the work i& suitably organized, it should be of 
high value to pupils whether they had general mathematics or 
algel>ra in the ninth year, and irrespective of whether they go 
to college. A reason for believing that* the course may have con- 
siderable appeal *conics from the fact that geometry touches 
human experience in a variety of ways, and in ways that can be 
made clear to young people— especially if the informal geometry 
of the earlier grades lias sufficiently kindled the imagination. 
The pupiPs experience with geometry may now be successtully 
rounded out l)v seeing the subject developc^i^Jnto a great logical 
system. 

What w.ts said in Chapter V concerning the tenth year can 
seive as an ajjpioxiinate description of the content and general 
plan of the ( ourse. The chief change ' that the course proposed 
here devotes h*.ss attention to aiithnietic and algebra and corre- 
spondingly more time to geometiy. Tlie lists of theorems ac- 
ce{)te(l as satisfactory for the former comse mav he regarded as 
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merely minimum lists here. It seems reasonable to affirm that 
the more theorems a pupil actually has at his command, the 
more effective will be his work. Consequently the lists referred 
to should be supplemented when possible by other useful theo- 
rems. In particular, it is recommended that the course include 
work dealing with the length of a median; the length of an angle 
bisector in a triangle; the areas of inscribed and circumscribed 
triangles, squares, and hexagons, in terms of radii, apothems, cr 
sides. 

It may be mentioned that the theorems last mentioned and 
Heron's formula provide excellent material for mensuration 
problems employing algebra. .In connection with the Pythago- 
rean"^ theorem, time may \mr be given to a review and exten- 
siim of the work on radicals. Such changes as 

and the method of solving such equations as 

^+ (a^y « a\ and 2.x^ 

should be taught. The work on proportions need not be limited 
to the usual derivation of a proportion from similar triangles, 
but. in connection with a review and extension of the corre- 
sponding work of the ninth grade, can include inverse propor- 
tions, proportions considered as a special type of dependence, 
applications from science, uid other useful problems. The work 
on similar triangles u'ili give the pupils a better Understanding 
of the trigonometric ratios; the problems need not be restricted 
to the very simple ones used in the ninth grade. 

Although some of the mensurational aspects of solid geometry 
have always been treated in the lower grades, there is still dis- 
agreement as to how nui(h solid geometry ran be introduced 
into a course in plane geometry. Undoubtedly abler pupils 
profit hv sreinn; some of the theotems i,{ plane geometry ex- 
tended thioULjh a lonsitieiaiion of lelated situations in spate. 
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Three-dimensional illustrations can be introduced safejy when- 
ever the pupil's understanding of plane figures is thereby deep- 
ened or supplemented. Such work cannot, of course, take the 
place of the thorough treatment that is demanded by engineer- 
ing schools; and considering ho\v^ little can be done, it would 
seem better in the course here contemplated to devote any avail- 
able time to algebraic work, or to the use of non-mathematical 
material illustrating deductive thinking. The latter type of 
work adds to the appeal of geometry, and will undoubtedly in- 
crease in amount in the future. 

THE WORK OF THE ELEVENTH GRADE 

A systematic cour:>e in algebra is offered in the eleventh year 
for those pupils wiio had tlie course in general mathematics in 
the ninth year and also the course just described for the tenth 
year, and who continue their mathematical education. Since 
these pupils are definitely more mature mentally than ninth 
grade pupils and are somewhat experienced mathematically, the 
present course can be made nuue ih(nough, and can cover more 
topics than the algebra cinnse previously described (wliich was 
planned for larger schools to offer in the ninth grade for certain 
pupils). It can, in fact, include essentially what is now com- 
monly designated as intermediate algebra. 

The course should consicfer more (liflicult cases and [)r()blems 
than are appropriate lor the nini.S grade course, and in addition 
to the topic s in the outline on j)aj^t*s 107 kxj it can include: 

(/) Atldiiioiial work on e(|uau()ns: 

(^/^-^R'ornns about the sum aiui the produc i of the roots of 

(|uailratic (.'(luations, and the (ondition for ccpial roots. 
{h) Kxoaiu'ous roots oi radical ccjuations. 
(f ) E\poiu'iitial c(juations. sii(h as rz: (it). 
[d) Systems c ()iisi>tinj; of a linear and a tjuathatic ccjuation, 

and siiuplc ciscs of two quadratic c'(|Uati(>ns. 
(r) (iraphs of (juadratic c'()uaiions. 

(/) rrohlcms Icadinj; to ((juations ol the t\pe.'s ron^i(U'iC(l, 
(2) A<lditional work ow fiuidanicntai operations. 'I lic work 
should contain inoic in\oI\cd exercises than tliose in the ninth 
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grade, as. for example, operations with polynomials in which terms 
contain fractional and negative exponents^ i 

0) Factoring: the types ax^ + bx +' ax + ay + + by, + 
^3 _ ^3^ aacl expressions reducible to these types; the factor 
theorem. 

(^) Radicals; rationalizing denominators; geometrical material 
involving radicals. ^ . i . 

(5) Negative and fractional exponents; logarithms; applications 
involving more extensive computations than those of the ninth 
graile. 

(6) Trigonomeiric work, includ-ng the use of four-place tables^ 

(7) Arithmetic and geometric progressions, vith some applications, 
to finance; tlie limit of the sum of a geometric progression when 
r < I. 

(.V) The binomial theorem. (If this is included, some emphasis 
should be on the use of fractional exponents to derive approxima- 
tion fonmilas. Finding the rth term, and related problems are of 
slight vahie to the pupil at this stage.) 

No study of imaginary or complex numbers is suggested. This 
implies the omission of all quadi'atic equations having complex 
roots. 

Students who had in the ninth year a course in algebra (such 
as is recommended as an option in larger schools) will now re- 
sume the study of this subject after having had the tenth grade 
work in geometry. It should be possible for them to cover in 
one semester the new topics listed above, with the inclusion of 
projects related to the main study. ^ In the second semester of 
the year they can take one of the ctnnses described below in 
connec tion with the woik ol \hv iwclftli year. 

•I HK WORK OF I HK nVKI.Fni GRADK 

Tuder the plan of this t hnpicM* thcie is offered iti the twelfth 
vear a seinestei *s w oi k in each of the four subjects: trii^ouometty, 
solid ^eometiy. sot ial eeonomie arithmetic* and coUej^e algebra. 

J In (CMiiu'dKin uiih thv usr ot supplctncntnrv niatfti.ils. a remark is in oidrr. 
Il is mwl( Mi.ihlr In ii^c litirs that irnd to magnify topics that may lie [)icsftiic(l 
in a Imiiuil finni. lav insiancc, it is an cxaggciation to say that om* is 

tr.uhin'^ sMiistics if h<» is tnndv ha\itn^ pupils (haw disti ibntion i^raphs and 
i\nd mfciians. Sdtnr insttndion in (oniral ttMuloniy atul dispersion at least shouUl 
he Huluiled before the title stulistus is justified. 
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Itjs, of course, not expected that any one pupil will take all the 
courses, though, as indicated above, some pupils will have taken 
one of the courses in the eleventh year, and can accordingly 
cover two more of them in the twelfth year. 
. Two of the courses can be regarded as quite ^^pecial, namely 
the course in college algebra and the course in solid geometry. 
As the name implies, college algebra is not a regular secondary 
study, but universities and colleges are glad to have students 
who intend to specialize either in mathematics or in one of the 
mathematical sciences ready to begin the study of the calculus 
when they enter college. They can do this if they have had a 
good course in trigonometry and sufficient algebra in high 
school, and the advantage that comes to them is above question. 
As to solid geometry, it is to be recalled that some instruction 
in mensuration is given in the earlier grades, while a develop- 
ment of elementary spatial insight was suggested as a part of the 
program for the tenth year. Accordingly, the thorough treat- 
ment of the subject that is described for the twelfth year may be 
desired only by pupils who expect to attend an engineering 
school that requires it for entrance, or who wish to specialize in 
mathematics, or who have felt a strong appeal in classic Eu- 
clidean geometry. 

Both t^e course in social-economic arithmetic and the course 
in trigonometry should have a wider appeal than the two courses 
just discussed. So far as the course in social-economic arithmetic 
is concerned, it needs merely be noted that it is especially de- 
signed to provide instruction recognized as important for the 
large group of secondary pupils who will not go to college. On 
the other hand, if some work with the trigonometric ratios has 
been given in the ninth grade, the pupil will already have ac- 
quired an appreciation of* their importance, though he has had 
too small an amount of the subject to say that he has studied 
trigonometry. Since ,the trigonometric ratios hold the key to 
the solution of so many problems, trigonometry is a highly cul- 
tural study. A pu{)il may forget the details of computing inac- 
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c:essil)lc heights and Hues, ancl of resolving forces and velocities 
into (Opponents, and he may lose his skill of combining several 
forces into one force or., several velocities into one velocity; but 

.if over a period of ^veral weeks he has had ext<?nsive work with 
such problems, he will have a lasting and intelligent idea about 
one very fundamental kind of scientific work. Just as the theo- 
rem of sines, the theorem of cosines, and the theorem of tangents 
are essential for ''practical" problems, so the formulas for the 
functions of the sum and the difference of two angles have a 
touch of the appe;d of modern mathematics in its most aesthetic 

' form. Finally, the almost endless identities that can be set for 
proof atford an example, perhaps umivalle<l, of how rich may 
be the consequences of a smiiU set of simple, wisely selected 
projxxsitions. Kvery teacher of trigonometry has heard enthusi-. 
nstic (onnnents upon rhe ri( h significance of the subject, from 
pupils many of whom were not specializing in mathematics, 
and also from pc()[)le whose school days are past. 

TrifronomviY\\ In the full semester thnt is contemplated for 
the woik in trigonometry there should be time not only for 
many apjilied j^roblenis. but also for strengthehing any neg- 
lected or weak parts of the pupiTs earlier instruction in algebra. 
TJie work should be so well done that it will not have to be 
rej)cated in college. The suggested outline is: 

(/) Piobleius rctiuiiing rxicnsive calculations with four-place 
tahlcs. 

{2) FiitH tiotis of any an.^le: futu iions of ^o"" and 4^,° and their 
multipk's; the (onstrut tion of angles when one fmiciion is given; 
the (leternnnaiit)n of the other ratios from oiu* ratio; (he reduction 
formulas; the f»raphs of the fiiiutiotis and their periodicity; the in- 
verse functif)ns. i * 

{j) Functions of two or more aiiples. 

(^) Properties of triangles; tj/e law of sines, of cosines, and of 
taiigetus, the half-angle IouiuHjin: formulas for the radii of the in- 
scribed and circumsdilu'd (inles. for alti^iules. medians. ani^Ie- 
bisectors, antl areas; NtolUveide's e(|uation'^ atid other checking 
formulas. The j>upil slir)nl(i a<(|uire < oiisideralde skill with the alge- 
braic niam'pi.iations ol the fijrnnilaN and not merely a reading 
ac(juainiance with theiu. 
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(5) Identities and equations. This Work is invaluable 10 the 
pupil who wishes to improve algebraicVfacility, and it should be 
spread throughout the course. ' \ 

(6) The use of algebra and geometry in problems such as the fol- 
lowing; ' / 

{a) FinvUng the functiyrfTTn^'^i^^. yr,''. 18°, and 36°, as a 
means of reviewing radicals and work on quadratic equa- 
tions. 

(h) Geometric proof of many of the trigonometric rc'ations. 
(<•) The derivation ol formulas which solve an entire class of 
pr()f)leins instcutl of one sj)ccilic pr()blem, 

(7) Ra(lian measure with applications. 

(iS) Optional topi(s: ^ 
{(i) Complex .nunif)ers. 

(b) DeMoivre's theorem and the roots of utiity, 
(r) The components and resultants of vectors. 
(d) Polar coordinates and the graphs of simple polar equa- 
tions. 

(^') Instruments Used in survesing. 

Solid Geometry, Attention has ah eady been c'filled to the fact 
that a semester course in solid geometry can be regarded as some- 
what specialized, l)ut the Clonnnission would memion some sig- 
nificaut and sometimes forgotten merits of the study. 

(/) The traditional (ourse in solid geometry kuo'*n as Rook 
\'I not only contains (eriaiu theorems about lint's and planes; 
it also offers an opportunity to enlarge the pupiTs grasp of 
postidational thinking by a more; thorough treatment of con- 
verses, inverses, and (onirapositiscs of theorems (and the rela- 
tions between theoiehis), of nercssaiv and sufiicient conditions 
(li topic that is seldom considered in plane geometrv), and of 
indirect proofs; other topics of \alue are lineand-plane dual- 
ity, and poiiu-and-plane duality. 

Theie is oppoi tuniiy foi (()nsideral)le ;ilgebraic work that 
may strengtlu^n ;ihilities the student will need l;uer in parts of 
calcidus. The theoieuis about fuistums and spherical segments 
give a good opportunitx foi a (aieiul re\icw of ia(li(*ds. rational- 
ization of (U»nominatois. radical ecpiations. and the manipula- 
tion of somewhat ( omj^licated algebraic expressions. For a re- 
\iew of literal ecjuations theie aie exeuises such as: "Kxj)rcss 
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the lateral area of a right circular conp as a function of the 
altitude and the I'^dius of the4:)ase." **If the eight edges of a 
regular pyramid with a scjuare base are all equal, express the 
length of an edge in terms of the total area/V 

(5) There is opportunity^for computational work with use of 
logarithms. The problems should afford practice in organizing 
and presenting a somewhat long piece of work such as: "Find 
how many inches of rainfall are equivalent to the wateY from a 
hose through which the water flows for an hour at the rate of 10 
gallons per minute, and spreads oveiiX circle \d)Qse radiuses 12 
feet/' - ^ 'V i' 

{4) In contrast with plane geometry,, where the pupil con- 
structs drawings with compasses and straightedge, the figures of 
solid gcanictry afford opportunity for the teaching of freehand 
sketching, which is so valuable to future architects and engi- 
neers, and is a worth-while accomplishment for other pupils. 
The straightedge may at times well be laid aside and the pupil 
be required to practice drawing as in the art class. 

(5) The work on loci can be very instructive, particularly the 
part that has to do with the use of coordinates. 

(5) Althcugh Cavalieri's Theorem and other means can be 
used to derive many of the formulas on mensuration which 
would otherwise involve a study of limits, some introduction to 
the notion of limits can at times be included. Such work will at 
least show the pupil the nature of certain difficulties in measure- 
ments and how the mathematician has^enlre^i. 

SociaiEconomic Mathematics. This course is a half-year study 
designed to acquaint the pupil with certain problems of modern 
society from a quantitative point of view. It assumes that the 
pupil has completed the work suggested for the ninth grade, but 
he may not have taken the work of the tenth or eleventh grade. 
It should l)e^cspLclally valuable to pupils in the commercial 
courses and to tlm. c who c\^:)ect to study the social sciences later. 
Many of the topics arc to a certain extent rcpctitibns of-similar 
wo.k in the ninth grade, but it is expected that, liecaxise o^ the 
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lapse of time, the pupil will need a review. Moreover, on ac- 
• count of their greater maturity, pupils will be able to grasp 
more advanced concepts and also do more thorough work. 

In the ninth grade many of the topics are. presented largely 
from an informational point of view; here it is expected that 
more emphasis will be placed upon the quantitative aspects. 
Since schools have only recently begun to experiment with this 
type of work, only suggestions of a quite tentative character can 
be made as to the possible contents of the course. 

(/) Measurement and computations; degree of accuracy; approxi- 
-mate numbers; significant figures; short ways of multiplying and 
dividing; logarithms; computing machines, 

(2) Such review of the fundamental operations with fractions, 
decimals, and per cents as may be necessary; practice in organizing 
and presenting problems that may involve only arithmetic, but that 
are more difficult than those of'the ninth grade. 

(j) The simpler ideas of ststtistical methods, considered early in 
the course so that the subsequent topics may be subjected to mathe- 
matical analysis as far as possible. 

(a) Construction of various* types of graphs, including those 
with logarithmic (or ratio) scales on one axis. 

(b) Frequency tables; various types of averages and means; 
scatter diagrams. 

(c) Measures of central tendency and dispersion; correlation, 

(4) Index numbers. Their construction and use in connection 
with commodity prices, real wages, cost of living, business cycles, etc. 

(5) Household budgets: the per cents spent on food, clothing, and 
shelter at various levels of income; ^So|>^^tivc enterprises. 

, (6) Installment buying: reasons for applirent high rates of inter- 
est; influence on business cycles; advantages and disadvantages. 

(7) Investments: stocks, bonds, mortgages, investment trusts; bank- 
ing procedures; periodic accumulations and payments; cost of home 
owning; annuities, ' 

(8) Insurance: home, fire, theft, property, accident, etc. 

(9) Taxation: property, sales, income, direct and indirect; the cost 
of government. 

(ro) Topics involving national policies, such as crop control, price 
fixing, social security, tariffs, foreign exchange, distribution of na- 
tional income, etc. 

College Algebra. The work in college algebra, which is likely 
to be offered only by larger schools, assumes that the pupil has 
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had more thun ^verage success with hi.^^ previous work on funda- 
mental operations, exponents, logarithm^, radicals, simultaneous 
quadratics, and progressions, obtain the full ^benefit from 
it, the pupil vshould also be ablfeao detect and remedy any de- 
ficiencies that may show themseh\ as his work progresses, tor 
example, he should be able to grasJVhe definitions and opera- 
tions with complex numbers without ektensive help in the class- 
room. The work should be essentiallyVhe same as that in the 
course with the same title- taught in coMeges during the fresh- 
man year, and should be so' well done that the pupil can be 
excused from the corresponding course im college. It is reason- 
able to suppose that this is possible, sincJhigh schools can give 
each week five recitations of forty minfites each for approxi- 
mately eighteen weeks and the course cimes when the work in 
algebra is still fresh in t!le pupil's mindjfThe course can include 
the following to})irs: * / 

(/) Perrputations and combinations; probability. 

(2) Determinants (second and third order determinants evaluated 
by diagonals, higher order determinants evaluated by minors and by 
inversions); applications to equations. 

f7) Tlicory of equations: the fundamental theorem; equations 
reducible to cjuadratics; the factor theorem and the depression of 
e(juations; pairs of complex roots; relations between roots and coef- 
ficients; fractional roots; transfomiations of equations; the character 
of the roots; Descartes' rule of signs; location of roots by graphs; 
HornerN method of approximation. 

(7) Series: review of arithmetic and geometric progressions; har- 
monic progression; the binomial theorem; convergence and diver- 
gence. 

(5) Mathematical induction. 

(6) Undetermined coeflicicnts. 

In the place of the college algebra described above, some 
schools may wish to offer a semester of mathematics not limited 
to algebra. vSuch an alternative course would place less emphasis 
on some of the topics mentioned above, or not tieat all of them, 

^SiiHt' a nninlx't of (nllfj:c-s and univct^iincs -piov jdc tw(> diffm-tit types 

of aluebra ((Uum-s for ftfshiticti, tUv ih^^i^nMnm rollriir ali^rdra tio longer means 
merely a <-oinse in alj^c'!>ra ihat is taught in college, hut a [lai ticiilar course. 
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: and it would involve an ini KuUittion to the elements of ana- 
: lytics. differential (alculns, the mathematics of finance, and 
parts of elenuMitary statistics, (adtural courses of this type can 
' be made very valuable to all pupils, and. since survey courses 
• are beginning to appear in college, such a course might excuse 
a student from a re(puied college course, provided he did not 
intend to pursue a systematic stju.dy of mnthematics. 
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THE PROBLEMS OF RETARDATION AND 
ACCELERATION 

''Undoubtedly philosophers are in the right when they 
tell us, that nothing is great or little otnerwise than by 
comparison. 

••JONATHAN SWIFT, GULLIVER'S -TRAVELS 

VARYING CAPACITIES OF PEOPLE 
It must seem incredible to many teachers that the statement 
in the Declaration of Independence relative to equality shou^ 
ever have been given a meaning other than a political one, for 
classroom experience shows that the abilities of pupils are far 
from uniform. Jefferson, who wrote the celebrated words, and 
who was a sincere friend of pfpular education, was quite pes- 
simistic concerning benefit^ of general higher education; his 
scheme of education was in fact definitely selective. In the Con- 
stitution the postulate of the Declaration finds no place, and 
from the earliest days of the Republic schoolmasters and school 
teachers have striven with ti e problem of the slow pupil and 
the bright one. The dunce cap is not just a fiction of the 
present day, for it actually was used both to frighten the able 
but indifferent child into activity, and to punish, unjustly, the 
truly backward pupil. Fortunately, the picture of the past is 
not all of so somber a nature,^and it is made more agreeable by 
the recollection that scholarships for bright pupils are also an 
old institution. Within recent years, indiscriminate assumptions 
as to native ability atid intelligence have been sharply called 
into question by a number of psychologists, notably those of 
the behaviorist school. The doctrines they pronounce help to 
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keep a general balance in the problem of teaching, even in 
the mind of a teacher who does not accept them but holds that 
•the effects of envirohment must be subject to distinct limits. 
In the present chapter the hypothesis of a wide range of abil- 
ities or capacities is frankly accepted, and the bearing it has 
upon mathematics instruction is examined. 

Although it is easy to be aware of differences of intelligence, 
it is quite another matter to measure them— and it is still an- 
other question to devise proper administrative and instruc- 
tional procedures to take account of them. It is only within 
recent years that tests have been constructed to measure in- 
telligence. Sir Francis GalfSl^ is usually credited with the in- 
itial attempts to measure intelligence because of the work he did 
in England about 1885. When Binet was given the task of as- 
signing children to a home for the feeble-minded in France, he 
found that these children were unable to answer certain series 
of questions that could be answered by normal children of their 
ages. In this way he established tests for virions age levels, and 
he was led to measure intelligence by comparing the mental 
age of a child, as revealed by the tests, with his chronological 
age. Later Terman greatly extended and refined the procedure 
of Binet, and in 1916 pubh:.hed the Stanford-Binet test, a re- 
vision of which was made in 1937. Group intelligence tests, 
first deyised by Otis, are an important by-product of the World 
War, and they are more widely used throughout the schools in 
the United States than any other tests. 

FUNCTION OF INTELLIGENCE TESTS 
A good intelligence test is probably the best single instru- 
ment at present known for measuring general scholastic apti- 
tude. Nevertheless, some teachers who do not understand the 
function of such tests and who have seen them used incor- 
rectly, appear reluctant to avail themselves of this contribution 
of psychology. 

In some schools the tests have been carelessly administered 
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, and- badly scored, and the results have been unrehable. Ex- 
travagant chiims that have been made for the tests by over- 
enthusiastic novices liave also weakened their prestige. Terman 
and MerhHl in Measuring Intelligence describe the function of 
the tests as follows:^ 

The expression of test results in terms of age norms is simple and 
unanibipuoits, icsting upon no statistical assumptions. A test so 
scaled docs not pre':ad to measure intdligence as linear distance is 
measured by equal units of a foot-rule, but tells us merely that the 
ability (jf a given subject corresponds to the average ability o£ chil- 
dren of such and such an age. This was all that Binet claimed to 
accomplish, and one can well doubt whether the voluminous out- 
put o| psydioniei?ric literature since his day has enabled us to a'c- 
.complish nio^c. p 




l.Q. 



frutn /"I'rmJn and Afi'rri/.'. Mcasut'np liUclliocnce , I'ut. i. /». S7> lionuhton Mifflin Co., IQ37 

Distributions of Composite L~M IQ's of^ Standarcli/ution Group 
^ Ages i! to iB A'z=i2(j04 



As a result of his first investigations, which are generally well 
known, Terman dividccl school childicn into the following 
three divisions:- (a) superior group, 20^\', of school population, 
IQ above \ lo: (h) average gioup, bo^^, of scliool population, /IQ 
from 90 to no; (c) »lou' group. 20^0 of school population, llQ 

^Terman. Lewis Nt. atul Merrill. M.iiitl A. Measuring Intelligence, p. 25. 
Hinij^hton MifHin C:o.. IJoston. 11)37. v / 

'-2 Terman. Lewi'; M. The Mrasuyr^iii2 lL^'>f Int illii^etic^, pp. 78-79. Hgfighton 
Mifflin Co., Bosit»n. njiO. 
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below 90. llicsc early findings have been confirmed by many 
later studies, including others by Terman, wherein he shows 
that the intellectual dilferciues of American-born white chil- 
dren of ages 2 to 18 can be pictured as in the graph on the oppo- 
site page.'* 

RECEN 1* CHANGES IN HIGH SCHOOL^OPULATION 
The great gr()\vth of the enrollment in the secondary schools 
of the country has been nt)te(l in Chapter I, where some com- 
ments were made as to its cause. The increase in numbers has 
resulted in a great change in the type of pupils who are ad- 
mitted to the high schools. While formerly they came chiefly 
from the upp^'r economic level of society, they are now re- 
cruited frmu practically all levels. It is not true, however, that 
the high school is less of a preparatory school to any significant 
degree than it was at the beginning of the century, for univer- 
sity and college enrollments have practically kept pace with 
Jiigh school emoUnuMUs.* This fad, interesting in itself and 
often ovcrlo(jkcd. does not mean, however, that the high school 
[^rohleni has not significantly changed, for present data show 
that it is not only the (hildren of superior or average intelli- 
geiu e wfio are l eniaining in school beyond the elementary 
glades, '^rhe oppf)siic^ view is in fart indicated by such data as 
the following, wludi show the approximate intelligence dis- 
tril)ution of \ (hildren who entered the eighth grade in 
Rochester. New ^'olk, September, \[)^^: 

'^'Ihc Kraph iv l)as('(I (ui (laf;i in Tcrnian .iiul Nfrriiil. op. rit., p. It gives 
the disinhntion of the ronijmsilr scotch that show the IQ's ohtained from tu-n 
forms f)f (he rc\ivc(l IViinan scales adniinistrrcti to a siatulardi/ation ^roup of 
2 004 chiltiren f)f from 2 to 18 >cars of age, expressed in terms of per cent of the 
cases, at ten pfnijt iiuer\nls. 

* Marn stan^titv IxMiini^ q:v the <|u<*'iti()n ran he found in the reports of the' 
r. S. Offue of Fdu(ati<»n: Init it difficnit to tell just what fij^ures one should 
'iplrrt, o!i accouru {»f dilfetctues in <lasviricaiion. etc. It appears, however, that 
both college enrollnjrnt .hro.ulK inter p:rled^ and hii;h schoc»l enrollment are ten 
to iwrlvr times wh.u the\ wttr iu moo. During the perio<i of i<)(x> to tq*^?-, the 
high school pcipidation was ahoui five times the college population, and the 
ratio IS increasing somewhat. 
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(/) Superior Group 17% of 8th grade IQ 110 or above 
(2) Average Group 59% of 8th grade IQ from 90 to 109 
(j) Slow Group 25% of 8th grade IQ below 90 

There is close agreement between these figures and those of 
the original Terman study, which was based upon unselected 
groups. 

In t||^ mathematics classroom the extremes in ability of 
pupils stand out clearly. Probably several factors are responsi- 
ble; but whatever may be the explanation it is certain that 
mathematics teachers face a serious problem if they arc to make 
the subject both cultural and useful to the unselected rnass of 
secondary pupils who are no'^v in our schools. 

In the immediately following sections of this chapter a dis- 
cussion will be given of general methods and devices that have 
been employed to take account of the wide range of pupil 
ability; in later s ctions the question of adapting them to the 
mathematics program is considered. Perhaps no other part of 
the Report deals with a problem at the same time more im- 
portant and more baffling. Many teachers who feel themselves 
competent to deal with pupils of normal ability are perplexed, 
if not in de.spaif, over the question of instructing those of in- 
ferior ability, while others feel that they are not providing ade- 
quately for superior pupils. Experiments are being carried on 
in different school .system.s, but most programs of instruction 
are .still so experimciUal that few' results have been published. 
Considerable difTerencc of opinion exists e \cn on basic m;jtters, 
and nuich work iemains to be done befnie some of the uncer- 
tainties can be removed. This perhaps is a field in which the 
personality and resourcefulness of the individual teacher w»ill 
always plav a very impouant role. Yc^ ^\c:\v and trustworthy 
sie^n posts exist in this area of the educational problem. 

PRFSFNT GRADF GROrPlNGS 
The oruani/ation of schoc^ls intv") in*.ules is for the purpose of 
facilitatinc; instruction, for svstem and anaiVG[rinriU arc esscn- 
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tial in any school, especially in a school that deals with large 
numbers. The old custom of attempting to retain a pupil in a 
grade until he has successfully passed the work assigned to the 
grade is certain to bring together in the upper grades of the 
elementary school pupils of a wide variety of ages. Those who 
barely pass the first grades are likely to fail soon, and their so- 
journs in different grades will be prolonged as they proceed. 
Just how great an assortment of ages would result if rigid stand- 
ards were enforced has been shown by Coxe. Taking data from 
many sources and using batteries of tests, he has shown by an 
illuminating and unusual giaph how great is the variation of 
achievement in children of different chronological ages and at 
difftren*. grade levels/"' One illustration will be given of the in- 
formation that can be read from the griph of Coxe. The work 
that is regarded as normal for the sixth grade can be done by 
the upper quarter of all children at ages between nine years and 
ten years six months. The next fifty per cent of the pupils, who 
may in general be regarded as normal, reach the same degree of 
acliievcment at ages ranging from ten years six months to fifteen 
years. The remaining quarter of the entire group never actually 
reach the sixth grade standard. A reluctance to have in tlic same 
grade children of different ages has caused some administrators 
to abandon almost completely the policy of requiring that a 
Kiadc stand uncompromisingly for a reasonable but dcfmite 
achievement. The rcsuhing practice of passing pupils whether 
they do good work or do poor work raises serious questions. In 
the minds of many persons, including some pupils themselves, 
it seems dishonest to pass to a new grade a pupil who has plainly 
not doue the work of the last grade, though he. mi.nht readily 
have done so.'^ It is c U-arlv not within the province of this Re- 

^Coxc. Warrrn W. Out tUUicati'mal Prohlem Rrvealed /;y Pupil Variability. 
A niinu*oi;rHphtHl juihlii aiion of the Division of Research. Slate Educational De* 
partnu'iu. Mh.itu. N. V,. urc- 

"A Ntionir atlatk uprui the [jiadiu* has been made h\ fohn I.. Tthlslrv. in The 
Mnimltni* l\'a\te of the Atfirrinin Sroiudary Schoni Harvard University Press. 
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port to debate tlie merits or demerits ol" the new policy; but it 
is to be noted tliat when it is carried out there is a wide spread 
ot athicvcineni in the u])per grades, with increasing^illiculty 
ot instruction. . • • / 

• ABl'LI l Y GROUPING ' / 

It is dillicuU to say jiist when aiid where effprts were first 
made to achieve homogeneous- abihty grouping in different 
grades; but in Kjao Detroit,^ among the large citifs, became 
proifiinent lor dividing piipHs into superior, normal, and slow 
groups, the groups being called the X, Y, and Z grottps respec- 
tively. The practice and'^ designations have\een taken up in 
other school systems; in some cities separate schools have been 
est^tblished for slower pupils. Since slower pupils give rise to 
serious proI)lems oi/ accoinu of failure, it is natural that more 
solicitude should he manifested for them than for supeiior 
pupils who. because they' siuceed well with their work, cause 
no comparable problem for a school. Recently, howvver, there 
has been a tendency to emphasi/e the im{)ortance of making 
really adetpiate provision for the most able pupils. Since it is 
liDin this class that leadership in all phases of life must come, 
it is a lesponsiijility of tlie sdiool to see that its pupils have their 
poweis fully fleveloped and ilieir interests fully awakened in a 
wide vaiiety of acti\iiies. The si^-e of tlie sdiool determines the 
school years in wliicli the foiiniition (jf sucli groups as the X, 
Y. /. groups can be caMieil on uitli success; in some systems it 
has fjeen carried tlnougli all tin- \ears ot the Iiigh schools in 
certain subjei ts. 

lIf)nio'4iMU'oiis ;iliilit\ ^louping has not always led to satis- 
t.utoiy lesul; .SoHu- of tlie failures ni.iy Iiave been due to in- 
adecpi.ue u(o^nilion hv ailniinistratovs and teaclieis of the 
fait that e\tensi\c .uLiptations of instiuction aie necessary to 
iiisiue sudcss. Ill some iiiscuKes tlie piesdilitd (onise of study, 
tlie (hai.Ktei of the st.iiuhii ds. tlii- subject matter ( Iioseii. as 
well as the iiutliod.-, ol teadtinu. Iia\e been too neaily tlie same 
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for all pupils. Since ability grouping allows a teacher to work 
with a homogeneous group, it is possible to adapt instruction 
to a class as a whole. No competent teacher will complain of 
a class, all members of which are able and industrious. If the 
material taught to a group of slow pupils is wisely selected, and 
if due attention is paid to ways of arousing their interest, and 
to methods of instruction, satisfactory results should be possible 
with such pupils. The belief that it is well to have a few 
bright . pupils in e\ery class because they will serve as a spur to 
the others has been overworked as an argument against abil- 
ity grouping; it is in fact a spurious argument. The pupil 
who can inspire others effectively is One whom they recog- 
ni?e as being somewhat comparable to themselves and who . 
obviously doing well. In order to >aise the level of general 
achievement we should have in our classes a few pupils who are 
Industrious and interested in ♦heir work, but whose abilities 
are comparable to the abilities of the other members: it is 
neither a genius nor even a brilliant student that is required in 
every class. When groups are approximately homogeneous, it 
is possible to adapt subject matter, methods of teaching, and 
standards of achievement to the needs and capacities of the 
^ individual pupils. When superior pupils are segregated, the 
teacher can devote the entire class period to developir*: their 
abilities unhampered by the time-demanding errors of the dull. 
Segregation, wisely administered, gives to the slow pupil a 
chance to distinguish himself in his own group, and this is 
beneficial to his mental health. ^ 

After considering very carefully the data that now exist with 
regard to ability grouping, Coxe wrote as fcjllows:*^ 

The contribution of research studies tends to give some evidence 
that, at least in traditional subject matter, pupils make more de- 
velopment under a system of ability grouping than under other 
systems of grouping. . . . 

*Coxe, Warren \V. "The Grouping of Pupils." Thirty-fifth Yearbook of the 
Sational Socirty for the Study nf Education, Part I, p. 309. Bloominglon, Ulinois; 
Public Sch(X)l Publishing Co., 1936. 
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The trend of the argument in this yearbook , , , is that much 
higher achievement niay be expected when pupils are properly 
grouped. TUg iiigliest intellectual developments can take place only 
when pupils are placed in such situations as will challenge their full 
capacity. 

This is a temperate statement, but it is a better endorsenrient of 
ability grouping than an over-enthusiastic eulogy would be. In 
the lines quoted it is not stated that abilities of a gioup should 
be somewhat homogeneous, but the context leaves no doubt 
on that point. On the question of challenging the full capacity 
of pupils, which is emphasized by Coxe, one can return to the 
thought expressed above, that another person can stimulate us 
effectively if we know we can do as well as he, provided we make 
full application ot our powers. 

When funds permit, it seems to be the tendency in the lower 
' grades to enroll 25 pupils in slow classes, 35 in average classes, 
and .JO in bright classes; in the high school the average class sizes 
are smaller. Some administrators,' however, make the group of 
average pupils larger than the ^I'oup of bright pupils, which 
tends then 10 he still more selective." 

It has been found that a cumulative record of a pupil, with 
entries supplied by his successive teachers and accompanying 
rtis progress through school, furnishes data that are invaluable 
in assigning him to the section in which he will do his best 
woik. Since pupils differ not only in abilities but also in experi- 
ence, industry, interests, health, and amount of knowledge 
accunudated (which may not be proportional to mental capac- 
ity), and since all these factors influence his future success, 
v.nious tvpcs of information should be entered on his record. 
In addition to intellicrence rating, the record should give such 
other facts as actual results obtained in achievement tests, 
esp(*ciallv in mathematics and reading, teachers' judgments as 
exjJiessed in school marks, age. physical defects and general 
health, special abilities and interests, vocational plans, eco* 
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nomic status and occupations of the parents, and language 
spoken at home. 

Adjustment of standards of performance to the abilities of 
the/different sections raises both educational and psychological 
questions. In some schools achievement marks over the entire 
marking range, for example, A, B, C, D, E, F, Inc., are awarded 
to pupils in all the groups, marks being then frankly relative 
rather than supposedly absolute in character. Under such an 
arrangement a pupil in the Z group may obtain the highest 
rating and one in the X group the lowest. It is of course abso- 
lutely essential that the school record show the type of sec- 
tion in which a pupil was enrolled, and it is equally important 
that the matter be made clear in transcripts to colleges or in 
reports to possible employers. 

What has been said assumes that sectioning has been a 
recognized practice of the school, systematically prpvided for 
by the administration. When this is not the case a close ap- 
proximation to it can be carried on by teachers themselves in 
case there are two or more sections in the same subject. Thus 
if two sections in mathematics meet at the same hours as two 
sections in sonic other study, a division along'ability lines can 
be carried out, though of course compromises will have to be 
made in the placement of some individuals. When this pro- 
cedure is resorted to it may be that the school records will not 
show the type of section in which a pupil has done his work, 
and the pcrplcxinGj problem of j^rades fnr differentiated sec- 
, tions will arise. Efforts may be necessary to prevent an able 
pupil from going into the slower section because of the ease 
with which a hi.gh gtade can be won in it. 

It is to be remarked that some school systems have abandoned 
ability grnuping. after having experimented whh it. Some- 
times it is stated that the procedure is imdemocratic, and that 
a social or psychnlngiral stigma attaches to membership in the 
slowest group. The Commission does not believe such reasons 
to be soimd, though it clearly recognizes the difficulty of plac- « 
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ing pupils properly and is aware of ditiiculties of administering 
the program successfully. ^ 

OTHER MKTHODS OF CARING FOR ABILITY DIFFERENCES 
When the number of pupils in a grade or tlie enrollment in 
a subject is too small, it is not possible to carry out the segrega- 
tions previously discussed. Nevertheless there are procea(are 
by which differences in ability can be allowed for, cither by 
teachers in the method of conducdng classes, or by the school 
through the provision of what is sometimes called an "oppor- 
tunity room/' 

Where all the work of a pupil is with the same teacher, it is 
possible to approximate ability groupinjj in some studies at 
least. Appropriate divisions can be carried out 'n grades seven 
and eight if the pupils in these grades do not have diiferent 
tcac hers for different subjects. It is probable, however, that two 
rather than three gioups should be provided for in any one 
study. ^ 

When pupils reach the place where they go from room to 
room for instruction under different teachers, differentiated 
assignnieius can still be carried on, but difficulties may arise 
unless the planning is carefully done and vigilance is exercised. 
One procedure is to have pupils study the same general topics, 
with assignments adjusted to tlieir varying alertness and 
powers. Perhaps tlie most feasible method of instruction is to 
hive a common element for all j)Upils in a day's, work, with 
extra assignments for the abler group. The extra work given 
these pupils should not be merely more of tlie same material 
given trie vest of the class, unless it calls for a distinctly higher 
order of understanding; the general aitn should be to develop 
a greater breadth as well as more complete mastery. The extra 
work must of course be cliecked bv the teacher and carefidly 
appraised, and assignments must he handed in frequently. Reg- 
ular davs mav he set for the two .sections of the class to meet 
separately (in the same room if necessarv), the abler group for 
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discussion of their special material, the othe/ gioup for further 
consideration of wlmt is required of tliem, aiijd for reviews. At 
such times written work can be provided for the group that is 
not having discussion. Efforts sliould also be made to have the 
stronger group carry on work in special meetings by themselves. 

Some teachers report that they have been successful in divid- 
ing classes into as many as three gioups, using different texts 
with the different y^^oups, quite as if there had been a section- 
ing into distinct classes. Undoubtedly a very competent teacher 
would be required to conduct a class in such a fashion, and the 
procedure tends to put considerable responsibility upon Jie 
pupils. No one will deny that at least on the surface teaching 
' reaches its i.' al when the teacher adopts the general practice 
of helping pupils to instruc t thtsmselves: the (jue.stion is one of 
ti»e character oT the results obtained. Metliods of "pn^^ressive 
education" call for such a teachiiig procedure, and di^'^erenti- 
ated assiginncnts when fully individuali/ed proceed in nnich 
the same way. with pupils having a voice in deciding the stand- 
ards they w ish to attain. Ihider such circumstances a class meet- 
ing is often (juite uncoiivcntional. and to many teachers it 
sometimes appears disorganized. 'T^q what extent highly in- 
dividualized methods of instruction can be used profitably in 
^^^^^^^^f^^biic secondary education will probably Ions; be a subject of 
debate. Success will depeiid not only upon the teacher l)ut 
upon ;|the si/e of the class arid the personnel that- comprise it. 
Neither a general endorsement nor a l)r()ad disapproval would 
seem to be justified. 

In the opportunity roo?7i, or the adjustment room as it is also 
(ailed, pupils are given a ciiance xo make up deficiencies in a 
specific sul)ic(t, swell as mathemativs. A gond teacher, relieved 
(jf sf)nie rcj^iilar iiisii u( tional duties, should be in charge of the 
room. Pupils are assiyucd lo tlic room bv teadiers of rep^ular 
classes fjji' sliou periods oi renu*di.il w(Jik. Sutli treatment is 
esp<*(iallv useful fm pupils who hiwc hcvn absent. Tor transfers 
from otiier schools usinu; dilTeient coin.ses of Hudv. and for 
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pupils suffering trom special disabilit;^es. Since the work is 
largely individual a teacher may diagWse difficulties quite 
accurately and apply proper remedial treaunent; on the whole 
the plan is a better one for remedial work than for presenting 
new material to a slow pupil, as there is noV the benefit of a 
class recitation. The plan can become somewJiat expensive; 
but it can be the means of preventing many faimr.es, and fail- 
ures are still more expensive. \ 

Provision of special instruction for superior pupilVjy a plan 
similar to the opportunity room as here discussed will\be men- 
tioned later in the chapter. \ 

CHARACTERISTICS OF BACKWARD CHILDREN \ 
Pupils who are designated as "dull normal** ysually haveNan 
intelligence quotient between 70 and 90. In this sertion atten- 
tion will be limited to this group, for the defective children, 
whose intelligence quotients are below "lo, are not often found 
in the matliematics classes of the secondary school, and they 
constitute a special problem into which this report cannot 
enter. An explanation should be made concerning the reason 
for using the intelligence quotient (IQ) rather than the educa- 
tional quotient (EQ), a measure found helpful in certain con- 
nections. Although there is a high correlation between the two 
measures, the group of pupils with low EQ*s includes bright 
and average children who merely will not work, and some who, 
because of physical reasons, are unable to do so. Since such 
bright children may be present in considerable Aumbers and 
since they have great possibilities of success when they exert 
themselves or have their disabilities removed, general conclu- 
sions based upon children with low EQ*s may be erroneous. 
For this reason, it is the child with the low IQ and not the child 
with low KQ who will be considered as backward in the present 
discussion. 

In order to deal successfully with backward children a teacher 
must fust of all know some of their traits From an extensive 
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study Schorliiig lias formulated the following general conclu- 
sions about the dull normal pupil:^ 

/. The dull differ from the normal not in kind but in degree, 
2. As regards sensory and motor capacities the dull are not far 
from normal. 

J. \Vith respect to instincts and emotions also the dull approach 
much nearer the norms than they do in intellectual traits. 

4. The higher nienral processes differentiate the dull from the 
normal and tlie bright. ' 

This lack of system in the minds of the dull greatly limits the 
amount of transfer of training. 

It is very difficult for dull pupils to detect an absurdity in an 
illo^jical statement. 

The dull pupil is extremely \veak in forming associations be/ 
iween words and ideas. 

Dull pupils are limited with respect to imagination. 

The dull have an inadequate memory. 

The assoiiation of factors, an important element in recall, is 
weak, 

.Most important of all, the dull pu{)il has difficulty in general- 
izing. 

Then, too, the mentally limited pupil is weak in evaluating 
his efforts. 

Dull pu})ils have a short attention sj)an, 

6, The problem of the dull normal is fundamentally one of 
mental health, 

7. The (lull pupil's responses are less reliable than ihose of the 
normal i)upil. 

Experiments as rep;arcls relative amounts of play arc as y^ 
meagre l)ut seem to indicate that the dull children play lejs than 
the tiornial. 

The dull normal usually responds well to responsibility for 
little extra jobs than can be tlelegated to him. 

10. Though the difference between teadiers is greater than the 
(Ulferente between school subjects, in traditional secondary schof)ls 
Latin and algebra liold the unenviable distiiu lion of being the most 
difficult subjects for the dull normal pupils, 

//. The curve of growth toward a specific maturation under con- 
statu environmental influences appears to be the same for the dull 
as for the bright. 

^ .S( h(Mlinc:, R.Ucish. Thf Tr^htuqur nf lmtr\ictioti for Dull \ormal Pupilsy 
PP- 35- Biuc.iu fif Kdiuaiioruil Roli^roiue and Re^elrrh. Ann Arbor, Michigan, 
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Not all back waul childien will possess all these deficiencies 
in equal degiees; but no teacher can read the list without hav- 
ing his desire strengthened to reach this group of pupils more 
effectively. An awareness- of such specific traits as those given 
above should make it possible to select appropriate material 
and carry on histruction far more, successfully. 

^ V Other investigators who have worked on the problem have 
published important findings. Thus from a study of the growth 
curves fOr a number of children^ in learning the tasks in algebra 
as measured by the Ruiler and Rreslich tests, Beck concliides,^^ 

• "The data support the fact that the slow group grows in the 
same proportion as the fast group though on lower levels of 
development/' If the aim of teaching is to help pupils improve 
and to aid thenv in reaching the, state of ur derstanding a'iid 
achievement of which they are capable, such a pronouncement 
as this should not go unheeded. 

There is another very irnportant aspect of the problem that 
must be considered before a decision is madtf as to the programs 
suitable for backward pupils. Rurt, the English psychologist, 
in an exhaustive study of the slow chiUP' xotnpared 400 back- 
ward boys and girls c^ich with a normal child of the same age 
and sex attending the same schoo' He discovered that the 
average intelligence quotient of the backward children was 
approximately 78, Rut physical comparisons i^fere equally strik- 
ing;. The backward children were on an atcrage nearly one 
inch shorter. In weight, both the defective ind the backward 
were about three pounds below the standards. And, contrary 
to popular belief, he found that slow^ pu{)ils do not excel in 
n^.ainial skill as a compensation for mental ability, but in this 
as in academic work, they rank below the normal and the 
defective. 

^^Rrck. HiltlcK'-ir*lc. An .innh^i^ of the Rrlntivr Achin'emfrxt in \fnthemntics 
of Sb^,,> fifid I'nU nrnup^ in Juuit)r Ilii^h Srhnnl J evfl, p. 48. rnpnl)Ushe(l Mas- 
ter's thesis. lJni\nsitv cif MirhiRan. 

1' Rnrt. C\ril, 7/^^* Backxcard Child, pp. i.',-',. if,fi. afi;. 2^9. D. Appleion Ccn- 
ttity Co., New Vojk. 1937. 
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CHARACTERISE; ICS, OF BRIGHT CHILDREN 

liaktr h .jrved^*- that although the superior pupil may 
be simila . the backward child in responses to very simple 
situations, the former has the ability to solve complex prob- 
lems by creating and manipulating many associations, a thing 
the other child cannot do. Bright pupils enjoy abstractions, 
as a general rule; they are capable of reasoning; they have initi- 
ative, imagination, associative memory resourcefulness; and 
they read with understandint^. But much more than this can 
be said of tlrem: they wish to -make discoveries for themselves, 
though after the discoveries are made they may be bored by the 
practice that must follow if they are to retain what they have 
achieved. Because of the dislike that bright children have for 
practice, some teachers consider it unnecessary for them, and 
omit it from their programs. The omission of such an impor- 
tant aid to mastery is likely to be detrimental even to bright 
children, for it may lead to failure or near failure, or at least 
to a lessened efficiency. 

It may be a surprise to many persons to know that statistics 
show that, considering their mental ages, it is the superior 
pupils and not thr slow* ones who often form the retarded 
group in our s( hools. The competition of other activities, the 
ease with which they excel in a heterogeneous group, tlie lack 
of challenging work suited to their capacities and interests, the 
agreement sometimes existing among pupils that a "gentle^ 
nian's grade" is one giren for low achievement— all thes(^factors 
have resulted in producing. a deplorable retardation on ^he part 
of some of tlic ablest children. Such a condition sliould be cor- 
rected; for sincccit is from the abler pupils that leaders sliould 
come, their vears in school should be spent in serious prepara- 
tion for the work that they will later do. 

In his detailed study of the traits of the bright child, Terman 

^2 R.ikrr. Hnrrv. CJinrnrt^ri^tir Difjrrrrirf*\ {?i Hri^ht and Dull Pxipih. Piihlic 
School rublishinj? Co.. Bloomini^ton. 111.. 1927. 
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has found*^ tha^he gifted excel not only in intellectual traits, 
such as originality, will power, capacity to persevere, sense of 
humor, and common sense, but' also in physical growth and in 
general health, a result in harmony with that of Burt, which 
was mentioned above. 

TEACHERS FOR BACKWARD AND SUPERIOR GROUPS 
When an actual segregation into X, Y, and Z groups can be 
made there arises the important question of the selection oi^ 
the respective teachers. 

There is a growing conviction that for the two extreme 
groups, for the slow . Z group quite as well as for the fast X 
group, especially good teachers— though perhaps with different 
traits^are essential. This has not always been the case, for in 
times past teaching dull pupils was thought to mean little 
more than entertaining them until they rearhed an age at 
which they could legally leave school. This Mistaken opinion 
often resulted in assigning slow classes to i least successful 
or the least experienced teacher, or to a teacher who would not 
protest too much. The recent greater concern for the slow 
group of pupils comes first from the knowledge that many 
pupils in that group can do more than was formerly realized, 
and second from a stronger impulse- to help 'them to the full 
development of which they are capable* Thus to an increas- 
ing extent slow classes are assigned to v'cry skillful members of 
tfie teaching staff. IMidcr the teaching of such competent in- 
structors backward pupils may do much, while they would fail 
to advance significantly under poor teaching, or actually de- 
velop undesirable habits of behavior. 

A chief requisite of a teacher of slow ^nipils is a firm belief 
in the worth-wliileness of the enterprise and a conviction of 
the possibilitv of success: no teacher who thinks that the task 
is futile should be so em[)loyed. Faith in the value of the work 

^^Terman. Lewis \f. .\frntal and Phsural Trnits nf n Thousand Giftfd Chtl- 
drrn, p. 654. Stanford University Prcs??, Stanford, Calif., 1926. 
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will come from a study of the capacities of backward pupils, 
for such study gives a knowledge of . what they can do and of 
what is. beyond them; it also shows the way to awaken their 
interest and keep them at their tasks. In the teacher there 
must be sympathy, there must be patience, and there must be 
the imagination tliat will }ead to the presentation of a topic 
not just oiice and in one way— a thing the beginning teacher 
often regards as sufficient— but repeatedly and from diflEerent 
viewpoints. 

In ov(\ev that their full capacities may be developed, superior 
pupils should have si^perior teachers..^ The teacher should be 
a distinctly 'intelligent person, and should possess not only 
good social qualities but discrimination. Though such a teacher 
should manifest an awareness of current problems and take an 
interest in. them, he should also reveal a firm attachment to 
those great underlying achievements and interests that give 

( dignity and nobility to human life. He \should have a broad 
range of information, and an extensive knowledge of the spe- 
cial subject taught and its relation to other fields. 

The problem of controlling conduct cannot be ignored. 
Though the .backward child may desire to attract attention to 
himself, his mcan.s of doing so are somewhat restricted. Since 
he cainiot arou.sc attention through really superior achievement 
—as a superior cluld can do— he may resort to some crude form 
of exhibition. In order to be full master of the situation, the 
tcarhcr needs not ojily firmness but tact, and should seek to 
make the simple tasks that arc set for the pupils as satisfying 

^^^^ttwl^s cnticini^ as possible. The occasional problems of dis- 
cipline which aiise with both superior and dull children should 
be seen to call for direction and guidance rather than domina- 
tion, tlu^ aim bfin<4- dovoloj) intelligent self-discipline in an 
atnios{)herc of mutual rcs{Hn:t for charat tcr and worthy achieve- 
nicnt Some of the elrnients ncces'^ary for teachers of backward 
and superior pupils sc( mi to be natural inherent traits; but 
study and training are\ciy iniporta!U in developing these native 
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abilities. The increased attention that the problem has recently 
received in teacher training programs is an encouraging sign.. 

TEACHING PROCEDURE 

Since it is now well known that children may be retarded in 
school berause*of physical as well as mental disabilities, back- 
ward pupils should have physical as well as mental examina- 
tions, and the results of the medical findings should be followed 
up. Children who have been classed as failures are often able to 
make average progress by the correction of physical defects, for 
instance by fitting glasses, providing adequate diet, transferring 
to open air school, or removing diseased tonsils or adenoids. 
But once it is ascertained that unsatisfactory progress is due to 
actual lack of mental ability, special teaching methods as well as 
special subject matter are indicated, and should be employed in 
accordance with the special plan that the school is able to adopt. 

Hurt** t^ives the following advice to the teacher of the back- 
ward! pupil: 

The whole type of instruction needs to be radically changed. . . . 
PtThaj)s the most difficult point to bring home is that there is no 
single n!ethf)d aj)pr()priaie to the hafkward child as such. The es- 
semial need is a teacher with an experimental outlook and adapta- 
I)le turn of mind. What particular changes should be made will 
depend in every instance on the underlying causes of the trouble: 
heiue the 'main ke\ to success i.) to vary and modify the teaching 
until it fits the individual child. 

Slow pupil.s, like vety young children, learn best through ex- 
{)erien(es with concrete things. They must handle, measure, 
count, draw, make models, construct graphs, go on expeditions, 
hear talks, sec pictures of things, etc., until the quantitative or 
spatial ( haracteristics or relationships to be taught are really 
understood. After that the teacher may lead very gradually to 
the ahstrac t, returning frecjucntly to the concrete to fix and illus- 
tr::te gcnerali/ations. Slow children can seldom make gcneraliza- 
tions or discoveries, except of the simpler kind. They profit 

}* Hurt, Cviil. of), n/., p. 1 16. 
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from detailed explanations and enjoy repetition of familiar ma- 
.terial. The teacher must discover all the short steps by which 
their slow minds must travel, and be ready to aid with all the 
steps in sequence. Much of the natural vocabulary of the teacher 
r » St be put aside, in order^to talk in the everyday language of 
the pupils who are being taught.^ 

Reading difficulties form a special w^kness to be corrected, 
and the teacher of the slow-learning will profit from a careful 
study of books on the teaching of reading. If children can be 
taught to read successfully, they can often do mathemati 
which they formerly did not understand merely because they did 
not comprehend the meaning of the words in which the mathe- 
matical concepts were explained. The matter of reading and 
vocabulary, so necessary a consideration in all backward pupils, 
is still more important in the case of those who do not speak 
English in their homes. 

« 

Oral reading of mathematical material, which may well be 
motivated by casting it in the style of a play, affords ?.n excellent 
point of departure not only for a discussion of the textbook but 
also for the comprehension of the meaning of non-tcThnical 
words and mathematical terms. Newspaper clippinu[s furnisli a 
continuous source for reading and discussion of (juantitative 
expressions, both technical and non technical, a.s, for example, 
the association of a tube of any kind with a cylinder. 

The span of attention of the slow pupil is short, and this fact 
makes it essential that there should be variety within one period 
and that the units of work should be short. Although abstrac- 
tions present great difficulties to the backward, slow pupils 
should be allowed to reason and discover in the realm of simple 
ideas as much as they are capable of understandirg. When they 
are in a homogeneous group they often enjoy doing this. Siiue 
it is with concrete material that they will be most successful, the 
classrooms of slow pupils should he especially equipped with 
rulers, tapes, protractors, compasses, squared paper, models, ad- 
vertisements, and business forms. Slower pupils actually show 
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ability in performing easy computations and in applying simple 
rules that may be learned by rote. Their range of ability in 
arithmetical computation includes work with decimal fractions 
and common fractions as well as whole numbers.^^ 

It is not necessary to devote as much space to the discussion of^ 
the traits of superior pupils as was given to the traits of slow 
pupils* This statement is not meant to imply that methods and 
means of dealing with such pupils are always well understood, 
but, since superior pupils should be instructed by a superior 
teacher, there should be in this type of instruction a meeting of 
minds that have important qualities in common and a contact 
of personalities with congenial impulses and tastes. Among the 
pertinent characteristics of superior children may be men- 
tioned: capacity of sustained attention with a consequent ability 
to work with assignments covering several days, the power of 
dealing successfully with abstract ideas, and a readiness in under- 
standing applications of an advanced or difficult type. 

A further word with regard to the function of practice seems 
appropriate. Even though the superior pupil may be somewhat 
rebellious with drill, and may be attracted more to ideas than to 
manipulation, extensive practice is often necessary. It i.s one 
thing to understand a process when it is explained, but quite 
another to absorb and make it a part of one's working equip- 
ment, ready for immediate use. Superior pupils should be able 
to grasp the truth of this fact; a skillful teacher of course helps 
relieve monotony by introducing variety. Although the back- 
ward pupil may not giow restless with repeated drilUand may 
even take satisfaction in a sense of a(hie\eiyent. the teacher 
must make sure that the pupil undcrstaiuis the reasons for what 
he is doing. The teacher must also make sure that the pupil is 
forming habits of correct response and is not drilling upon er- 
rors, for the backward pupil is quite uncritical of his own work. 

Potter. Nfarv A, A Sfutix nf thr Kr^'^t^ Madr in C.nyjipyitntinnal Arithmrtic 
by Children with Hiflh and l.mr JnirlUc^^-nre. t 'npuhtivlir(i NLi^^for's Thesis, t'ni- 
vcrsiiy of Wisconsin, ig^jo. 
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Reviews must be frequent, and there must be considerable , 
reteaching of backward pupils. To the slow child merited praise 
and satisfaction in previou? accomplishments are effective stim- 
uli for new attainments. In this connection Burt observes:^^ 

It is amazing to see what a patient teacher, who is prepared to 
make full allowance for such temperamental creatures and to plan 
his syllabus along approprisiie lines, can extract from this unprom- 
ising material. 

What has l^^een said above applies most specifically to the 
teacliing of the Z and X groups when X,'Y, Z grouping is em- 
ployed. When that grouping is not possible, and a plan of 
differentiated assignments is used, the teaching problem is quite 
different. One teacher nmst then deal with the whole range of 
abilities; but a knowledge of the traits of abler pupils will help 
in the problem of special assignments for them, and the reviews 
suggested for the remaining pupils will give opportunity to deal 
appropriately with the slower members of the class. 

THE M.VI'HEMATICS KOR BACKWARD PUPILS^^ 
The Commission has already expressed the view that matfie- 
niatics should be required through grade nine. It believes that 
this amount of mathematical st.idy is desirable not only be- 
cause it is useful but because it helps in a unique way toward 
intelligent adjustment in the present-day world. The programs 
outlined in the two- preceding chapters had in mind average 
puj)ils for the lower grades (seven, eight, and nine), and able, 
though not necessarily superior, pupils for the upper grades. It 
is ner-ssary to consider now how twe work suggested for grades 
se\en. eii^ht. and nine can be modified for backward pupils. 

AlthoUf»h a great deal of further experimentation is recjuired 
to cheek results, the Connnission urges that mathematics should 

Hurt. (Aril, r>p. at., pp. 552 ^.j'j. 
>■ I lunu-lu»ut this MdiDM a h;i{kuai(i pupil is r(*j»nr(le(i :ts owe uho has dif- 
til lilts With all his * iifs. Some of the lOin.irks made do tint apply to the pupil 
foi whom ni.uhtMn.iiiis is a studv of special dilficultv. and who tiiay appropriately 
\)C in a niailuMiatKs class with the geuetal slow ino\nig pupils. 
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not he 1 f gai (led solely" as a study of utility iiy the case of back- 
ward pupils, with emphasis exclusively on prohlenis they may 
actually need to solve. It believes that for backward pupils as 
well as for able pupils mathematics should be in part cultural 
and informational. The future life of a backward pupil is des- 
tined to be quite circumscribed intellectually, and even a lim- 
ited background of appreciatioiis helps make him a better 
titi/.en. Such an aim seems practicable if proper material of 
instruction is chosen and if there is good teaching. 

Hacku^rd pupils should not be taught only arithmetic, 
■tbujtfgli the mistaken belief that arithmetic is the simplest 
mathematics since it is die most elementary. Parts of algebra 
and geometry are simpler than parts of arithmetic; furthermore, 
diev may be more useful and more broadening. Slow pupils 
should be taught the simple parts of different divisions of math- 
ematics.'"* 'In all the branches of mathematics that are taught 
there nnist \)v a preponderance of concrete material and experi- 
eiue, al)stra(\t parts being introduced slowly and with modera- 
tion. A variety of su!)ject matter can be successfully taught if it 
is piocnti-d in concrete form, if it is properly motivated, and if 
time is "ivcn for its mastery. Withom too great an expenditure 
ol time the slower pupil can be taught the use (if letters for 
numbcts, evaluation of siinple formulas, work with ratio and 
propoition, the solution of easy problems, and the reading and 
coustru( lion of various types (jf graphs. 

In nioiiifti V the slow pupil can at least make simple drawings 
and lonstiui tions; he can re((>gnizc and enjoy geoinetric forms 
in natiiio. ait, and ai( hitecture: he can do c()nsidera!)le work 

.Miilhiis iiixuts tli.ii. m ilic (omUM ;iv .1 wlmlf. il iiMihciuaiiis is taught to 
Nlmv iliildii-n ill the mnih it !^l^.t•^ one of the tonus- ii) latlio iiaditional 

with loweied staiulaids: (2) modified algfljia; review iif arithmetic or 
Iinsiiiiss arithmetic: ( i) sliop iiiaihcniaiics: (5^ some type of geiicial mathematics. 
His ouii rKoiiiiiiciKlation is that "the material tauRht should be so-called gen- 
vr.\\ maihciiiatiis iiicUuiitig social uses of ariihinetic, practice in computation. 
sim[)le aluclir;.. m-oiurirv. ami numerical trisoiiometry." Sec Mallory, Virgil. 
• Af.iil.ciiiaiKs foi ihr Slow I'lipil." Thf .\I„i hrinalics Teacher, November, nj^jj, 
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U'ith niensuraiioii; and lie can make scale drawings.^ In some 
instances a lixile work in simple geometric demonstration can 
he done. Klciiuiiiary uork uiih trigonometric ratios can be 
done by many backwaifi. pupils it cnougb time is given to it. 

As abmatter of sigiiificai\t information tbat will help form an 
intelligent outlook on life, slow pupils can appreciate something 
of the role of mathematics in ciiili/ation through the story of 
luunbers and the history of measWremcnt. Use of simple mathe- 
matical tools and inspection of more complicated ones con- 
tributes to tTic same end. Slow pupils can c:\iKMierice a widen- 
ing of conceptions by taking part in trips to inspect the uses of 
mathematics in buildings and in industrial plants. T he* read- 
ing vocabularies can be sufficiently developed for them to appre- 
ciate and undeistand the (luainitative expressions connnonly 
founci in newspapers and inaga/ii;es. If the school is equipped 
with a good mathematical disj)lay and the mateiial in it is prop- 
erly explained, the backward {)Upil inav .^aiii a greater insight 
into A\r role of matheniatics in ci\ili/ation than is sometimes 
suspecte'^'. 

\i\ outline ol work for grade*-- 7. 8. and that canics out the 
ideas set forth above is given in a /liart as .\j)pen(li\ .\ 
couise for slow pupils that is on the wiiolc in agreement with 
what has been said here has been rcpDited bv F.isnei as having 
been made by The Association of Teacheis of Mathematics in 
.New Voik City.''* It is buih aiound {inn lai.i^e topics, witli sub- 
divisions as sliown below: 

I. The Social INes of Aiiiliiiictif 
Recreational and leisure auiviiits. 
Health aciiviiies. 
Thrift. 
Invesinieiii^. 

Keeping and intei prei ini; ;u(uu!Un. 
PayiuK taxes. 

PrnvitUniT ff)r lutine needs and ruu imMn ics. 
Solving iniscc'llancous faniiU etonrunic jnnblrnis. 
J^Fist)cr. Han\. ** I hp C*hallrTji»r of \hc Slow I'upil." Thr Molhrtttadcs iVarhrr, 
\ol (J < • . J. < mi.il \. Pj^t). 
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II. Interpretation and Visualization of Quantitative Data 
Learning of concepts of commonly used quantitative units. 
The comprehension of very large and very small numbers. 
The use and interpretation of tables. 

The construction and interpretation pf graphs such as found 
in newsi)n{)ers ajid magazines and relating to safety, budget- 
ing, social trends. 

The drawing of simple inferences from statisticaHacts. 

III, l*he Uses of Geometry 

The ajjpreciatitMi of geometric forms around us.' 
Measurements of lengths, angles, areas, volumes with instru- 
ments. 

The concept of aj)proximate nature of measurement. 

I'hc solution of direct mensurational problems as applied to 
familiar objects in life. 

Indirect measurements including scale drawings and simple 
numerical trigonometry. 

Construction of Mmple geometric figures with instruments, 

The experimental discovery of conuuon geometric relation- 
ships. 

The locus. 

IV. Algebra as a Tool of Thought 

The use of the fortuula in geometry and arithmetic. 
Signed ninubers. 

The extension of aiilhmeiical operations to include literal 
numbers. 

The solution of simple verbal problems with linear and pure 
quadratic etjuations. 

The outline of Appendix \'I or that just given could safely be 
followed by a school system which does not wish to build its 
own program. Kxperimentr^l programs of various school sys- 
tems have been described more or less fully by different 
writers.-'^ In some cases tlu*y aie (t)nne(ted with vocaiional 
work, at least as a means of motivation. x..,^ 



MATHLMAnCS FOR SUPERIOR PUPILS 

In dealing with brighter pupils, especially in the lower grades, 
opinion has been di\ided concerning the advisability of enricli- 

^Mii an .utiilc. "An AdjiiNtcd rmriculntti for the Hull Notttial Pupil/' Occu 
pnthnn. \t)l. WW. pp. .Ti y). nciuhvr, 1938. Maiy \\ Cooic ifpous on ptognnis 
Un trn UiJ^^- uUfs in the auuHty. 
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ing a course by additional topics and teaching the essentials while 
accelerating the pupil's progress through school. Because chil- 
dren appear to develop more naturally and have better mental 
health if they are in classes with children of approximately their 
own age, and for other reasons as well, admiYiistrators recently 
have appeared to favor the plan of keeping bright children in . 
their own age groups and providing for them an enriched pro- 
gram of studies that will challenge their capacities. 

Although the two programs set forth in earlier chapters had 
in mind average pupils through grade nine, they w€re quite 
complete, and some optional material was indicated. By using 
special works on enriching mathematical instruction,^^ and by 
referring to somewhat exhaustive textbooks, the teacher should 
have no difficulty in providing for the needs of either a uni- 
formly superior class, or the ^uperior members of a class with 
whom some plan of differentiated assignments is being em- 
ployed. 

The programs given for the upper years in the preceding 
chapters were themselves quite extensive, and it is not likely that 
additional material will be needed except for very able pupils, 
One way to provide for special pupils is to direct them into 
parts of analytic geometry and the calculus that were not sug- 
gested in tlic outline; a high school library should have text- 
l)ooks that arc necessary for this purpose. If such instruction 
is not desired, superior pupils can be given a broadened knowl- 
edge !)y study of some of the following topics:^^ 

In geometry 

The notion of continuity. 

The three famous problems of antiquity. 

*i A work e*«peciallv tn bo norrci hi this (otitUHiinn /'.)ni(hrti Tmdivig of 
MafhrtTuitirK in thr ]\i^]inr tniti SrvjDr Hii^h Srhn/t}\, h\ Nta\ie N'asc Wondrin^ 
and \'rr.i Sanfonl. rrxisccl eclition. Bmicmu nf .itinu'i. 'ICuhcrs CoUcj^r, 

C()luml)i.i rni\ej*.jrv. ix ^ 133 pp . ici^X. I hv xaiious (onipilntions in ihis hook 
can he of the t;uMtc*.t u^c to the lualltrniatu s tcuhci. 

I he tnpK^ arc t.ikc'n lari;cl\ fioin lists \\\ f'.diit nhm^ S}^pt'rn^t Students, pp. 
'97 'n^' American Hook ('c>m[)atu\ Nru \'ork. nrri A ouni!)er of ihc topics Riven 
in the work irftrred to nu' found in the outlines of pre\ious (■ha[>ters iti this 
Report. 
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Parallelism and infinity. 

Non-Euclidean geometry. 

Higher dimensionality. 

The theory of limits. 

Study of the foundations of geont^etry. 

In algebra 
Generalization of the function concept. 
Maxima and minima problems. 
Mathematical induction. 
Elementary number theory. 
Scales df notation. 
Determinants. 
Statistical theory. 

In trigonometry 
^Spherical trigonometry. 
Applications to astronomy and navigation, . 

An opportunity room for superior pupils is helpful for indi- 
^ idual and special study, and has been provided by some schools. 
When this means of guidance and aid is not a\ -able, the 
problem of dealing with the special study of supeuor pupils 
becomes a responsibility of different teachers. 

Other types of mathematical and related readings than those 
mentioned arc possible.-* and able pupils can also be given in- 
structive activities in connection with mathematical clubs and 
school publications. For all such projects to succeed it is neces- 
sary to have the school library properly equipped. 

It is not desirable to extend study to new topics at tlie expense 
of thoroughness. Pupils w ith able minds often believe the quick 
perception that comes to tlicin is complete understanding, when 
it is not. In an earlier chapter of this report it was stated that 
malhernatics is an admirable study to reveal tlie gi'eat difference 
between superficial understanding and mastery, and mastery 
was indicated as an objective (A educatioti. Able students 
should })e guided into the habit r)f tlioroughness, and dilettant- 
ism should not be encouiaged. Many parts of mathematics 

23 T he W'tnk of W'oodrit^^ atul Snnfntcl. (ircd on p. will he fruind quite 
as useful in thr ninnrr of hihlio^raphics for thv upper ^tadcs as for the lower 
ones, as il.^ title iridic ntcs. 
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, \_ 

must be repeatedly relleetc<i upon and nui.st be considered from 
many viewpoints before they ale adequately understood. Simi- 
larly^ many of the processes nuist be employed attain and again 
before they can be assimilated and used with tiie readiness that 
a skillful person manifest;;. An innnature mind may find nuuh 
glamour in what is nv\\\ but the trained mind expeiien.ces great 
^Satisfaction in penetiating more deeply and searching for un- 
suspected relations among familiar things. Some students go on 
to university or college with a wide vaiiety ot topics in mathe- 
matics studied in hi.i;h m IuhjI Inu wirli limited insight and inade- 
cpiate techni(]iu'. A sc.iuhing (luoiion bewihleis. and an in- 
volved problem is hevoutl ihcm. Alihon^h it is imperative that 
high school progiauis slKaihl provide pU'Uty ol material tor able 
classes or for able students in (hdinaiy (lasses, the imjioitanic 
of thoioughness should not he ((Mgotteu. However nuuh it mav 
be necessary to relax fioui this ideal in the case ol pupils with 
moderate abilities, it shouhl In- kept ( onstantly bd'oie those w Ikj 
are superior. 
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Malloiv. \ 77//' Rcliil i. Diffif ulf\ of Crttdui Toj^ifs n Matli- 
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(iohunhi.i ^Iu^<■l^it^. ni;^<*- 

NoMti.iii. Noiin.i and Noiiis. Doiodn K. '■^^u<l^^^ ol (.liicd Ohil- 
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MATHEMATICS IN THE JUNIOR COLLEGE ^ 

'7 put them aside to finish \ater in the year, and in the 
meanwhile, deserving, as I thought a little real restful lux- 
ury, devoted myself to Difjerenual and Integral Calculus." 

-DE ^ORGAN, IN JOSEPH VANCE 

DEVELOPMENT OF THE JUNIOR COLLEGE 
The rapid spread of the junior college reminds one of the devel- 
opment a century ago of the high school after its first appearance 
in 1821 as the English Classical School of Boston. - Although the 
junior college is especially prevalent in ♦he West, its origin is to 
be found in the East and the Middle WesL The Bradford (Mass- 
achusetts) Junior College and the Joliet (Illinois) Junior Col- 
lege both date froifKigo2, and of the junior colleges now oper- 
ating, they are a^pai^ently the first institutions to bear the title. ^ 
Today there are more than 550 junii>i<col leges in forty-four 
states and the District of Columbia; California has 57; Texas, 
38; Iowa, 37; and Oklahoma, 3a-. As to origin, two classifications 
are to be noted. In the first place, some four-year colleges which 
were not especially flourishing have contracted their programs 
and concentrated on the first years of college work.^ In the sec- 
ond place, junior colleges as such have been founded, both as 
private institutions and as public schools. Of the private^chools ^ 
some are denominational and some are not; of the public schools 

1 The school in Bradford had existed for a century and that in Joliet for a 
year before the present names were adopted. See ^'Junior Colleges," Bulletin, 
1936, No, 3, U. S. Office of Education. Wa'^hington. 

2 In this connection it may be noted that President Harper of the Un'vprsity of 
Chicago, who is often referred to as the "father" of the junior college, gave no 
less than six r<;asons why a small ineffective college should drop senioi- work and 
become a junior college. Cf. •'Junior Colleges," Bulletin, 1936. No. 3, U. S.-OfTue 
of Education, Washington, p. 19. 
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some aie .suppovietl by a city, some by a district, and sonic by 
a state. No Muall luiinber of junior collcgcij have closed their 
doors, and on tlie other hand some have merged with standard 
universities or c^olleges, or liave been re«rgUni/ed as four-year 
iiistitixtions.'^ Ahhough junior colleges are organized differently, 
sonie'giving only one year of work, and some having preparatory 
work connected with them, a decided majority of them are two- 
year institutions/ With increasing general public support the 
junior college is rapidly becoming an important part of the sys- 
tem of public education; and, if present trends continue, it will 
constitute the thnteentli and fourteeiuli j;rades of the public 
schtjol. Thus, It appears appropriate for tliis Report to deal 
with the junior college ai falling withia the field of secondary 
ed.ication.^ 

The recent teiuiency of the secohdary school system, as here 
conceived, to expand upwards has crcate<l a somewhat new 
viewpoint toward the entire (}ucstiV)u of the readjustment of the 
adnuni.sirative organi?ation for earlier years. Although the two 
most conmion types of organization for the elementary andjxom- 
plete secondary sc hool system are at present the 8-4-2 plan and 
the fi-'^-^^-s i)lan, it may be that neither of these plans is the one 
that \s-ill most ^cnerahv prevail in the hiturc, at least in many 
( iiies. There are stroiiii; advoc ates ot a plan, an organiza- 

tion in whii h there arc six years f)f elementarv sc hof)l, four years 

^ . \}\}. 17. \>^. n). 2-2. Snnu* <»f the iri^timtion"? »hai have cldsrd wctc 
fmiiiilctl l»cf«>tc the Hi.itlfdnl :iri<l \\\r [ulici '^clumls. ati<i l\u' huUrtin referred to 
rn.ikcs the fnllnuiDv^ tnuriu . ufmh ^h^ws rlie iinpo'i^ihilifv of any [icrfectU'' 
.it<iir.iU' iii{(Mnu: 'M.itu h.i\c 1 >Iii^M»mcil atui t|i<*<l before their names c<iuM be 
invdihcd in anv (dllei^e (hit\to! V." 

.*.\tuudiM}; to the '(utuoi (ollc^c IbutttMv" of t'ne .iffirruati .t\^n( iutunx of 
]ii>n'^ C'ilU\ir\. WiNhuiLittin, uri*!. thi-n* .nc .it pwstnt joX two vcar s<ht)<ils. 

^ Ihe >^jiu^tion whedu-r the jutnor (nllc^f "^himld f^r -^hMidd \vn be rej^arded as 
p.ni i'\ the st( otul.il \ sdwwil vxsitin h;oi Wvw ninth deb.nrd. At.L>unic!Us pro atui 
u»nt.ni befnnniiiii IdU. W.dit'i C. I'hf (uumt ( Cii.ipier Hough 

ii»n \filHin i i). \ ]\r Ntitcrnrnt in iIk* text i^ tutt init-ndt'd to ahRn the 

( ■< •Mitni"^M"n NtKiir^h iin the alfnniaiivc side nf the- rpir^ji<»n. l flls. who prefers 
lo mnsidei t)u' jiHum ((dh^e as <onNtinniMi» ro/^^v'/v lather ilian secondaiy 
i«l(n .11 inn. yi^s he i- nnt t!jsp(ise-<l Ki jntss the matli-i of tenninoU)^v . 
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of high .s(|i(){)I. and four years of junior college or college. It is 
not wiihiii the province of this Report to go into the advantages 
and disadvantages of such a plan.° The discussion deals only 
uiii* li 'tuo-veitr type of junior college, uhich, sei)araied com- 
pletely from a high sdiool,. offers woik only for grades 13. and 
1.}. .\ iiored before this is the most prevalent ty])e of jiuiior 
(ollc^Lre. On the oiher hand those junior colleges that constitute 
the lower di\ isioiis.of uniNersities are also not inider considera- 
tion. Ihnv rlu' piii^ranis of such institutions should resemble, 
and how* ihev sluuild flifTej" from, the })K)gvams of strong inde- 
pendent junior colleges is an interesting and important problc n. 
hut oni- u hii h ( aiuiot pi opei ly he gone into here. 

Il-NC:ri(>\ OF IHI' JUNIOR COLI.I'Gn 
The jimior colleq;e plays the double role of a terminal school 
and a pieparatoiy school. As the n^(^st advanced part ofnhe sec- 
on<larv svMrm it ofTeis an educati(Mial term uiis for many siu- 
(I'-nts tliat is < ()ni])artt[)lc to college gradu.iiion of a eentiu v ago. 
As a f)repara.torv sc hool it })roN idcs for othvr students the pic- 
liminaiy training; lecjuired for entrance into the u()per years of 

^ Ihc (\uv\iuiu (>f iKf* fnnr \tMr juninr (nllcue* flisrusirti at Icnuih bv Fells. 
f'.ft fit^ pp. r>72 He hijMM'lf (!iws iu»t f.i\in th<' .uiai.Kciiiriit ami. [or the <iukc 
f)t t.iHiirss. svl'< fiuili Mi[>p(>rtin^ ;ir'^Uiiit.'nts h\ (pi()i.itUM)s fitnji \i< athtxatc^. 
Polls .iiMh/r<i i}\v tjts.ith.iiiraufs of the :\\u\ aftrr lofutin;^ .ticjiuiu'nts in its 

f.iv«»t. cir\(itrs a (hapUM 720 in a ussi«»ii t)f {he two \car jui)it>r ffl- 

Ivj^r. whith IS rhc inu- lie ^'inisrlf »'nflins("<. 

In Mr-'*. H.ni\ I. UiiniiliiKi/i. in a Atasier's tlu'sis ;:t ihc I'nixcisitN nf C^ilifni iiia 
ninili.ii s*'f>-n'ilr)fi m/ Juui tr C.tillriir fmm Hmh S/ f ^nl, picscuirjl sdnir inu*i(*s| 
UHi aNp''«t-. t»f thr qucstmii. He ^ht»w."fl thai heatl^ ..f junior ((»ilc:,cs ni ( aiilomia 
\\v\f^ m u<*nrial ^ti<»ni^l\ m fa\nr nf sri;ri'i;aiinn if i;i nli^ .\\u\ i\ (nun the 
i«i\\rr L'^aMes. f^'aultiMU al^t) pie^t-ntetl ihi* tcMilt'- a ^UnU tli'Ni^MHiI In slu>w 
uhtlhrt UKwIuans (»f pinit*! (nllei^e's (hat .iir nc^i i';;alt > I finin a hii^h sihunl had 
heutr NU(t(vs in ^uhse^juerU wni\eisii\ \vtnk ilian uia«iuair^ pmini (olle^es 
that aie lUiU parilv se'^ie^au d. f»r nn\ sr^ieiiate^l at all. He ffunul juaUitalU no 
ili(Fei«»nie in ihc at hir\ f nK r]ts nf qra<lnaifs of ilie ihicr i\pes nf ^1 !»«:(. K. 

lunun iMlle^es (hfh'i .jx U) ifir Upe (( H, fit. ire [\\c\ i^'wr ^all^fa<(nn taux 
plefjon (A ilien pin^-ains. I he \ \. XwKi.iie n? Vwih i.in- Aits, is 

^r.mred .js a ' {iile" h\ inarn junior olh uev. anil .l^ a ' ilcunre " l>\ a feu. see 
"Iinuni C'.t»ll(t;<N." p. \\}ieie ihrii- iv -nNen a (pi »iah'»n ficni a ^I^^1\ ni.nle hv 
n<».ik S. f*..iinfii"!l in nr».i. ^^hifh sho\»s lii.n .»i ;h.i{ tnnr j'l ilttlcuni litles ueie 
bcin^ viivrn h\ ti""!''' «'i!h.:is 
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a four-year college or a university. In the beginning of the 
junior college movement most of the students were of the pre- 

♦paiatory type, but in the last ten years there has been a signifi- 
cant increase in the number of students intending to end their 
formal schooling with graduation from a junior college. For 
example, in the Pasadena (California) Junior College in 1926 
there were two of the terminal and 43 of the preparatory type of 
student out of an enrollment of 45; in 1935 there were 318 of the 
terminal and 192 of the preparatory type out of an enrollment 
of 5 10 J It would seem that the 6-4-4 p'^^^ encourages more 
students to remain after the twelfth year, since entrance into a 
new school is not involved. A wider adoption of such an organ- 
ization would therefore increase the tendency, already well' 
under way, toward a preponderance of the terminal type of 
student in grades 13 and 14. 

The junior college should offer a range of instruction that 

) will meet the needs of both preparatory and terminal students, 
aiKl sliould provide for: (a) the hrst tWo years of pre-pi ofessional 

veducation. given in a manner acceptable to the four-year col- 
leges and universities; (b) two years of general and liberal arts 
echication, suitable both for terminal students and for those who 
continue tlieir study; and (c) semi-professional education for 
which there is a community need. A semi-profession is here 
defined as a vocation for which two years of post-high school 
education are needed and are adequate. 

Tlie courses that the junior college offers in any field should 
he based u{x)n tlie purposes of its students and upon community 
needs. Tlicy may he limited considerably by the character of 
the high school preparation presented by entrants and by ina4e- 
(\\VM\ of connnunity resources; and they will doubtless be af- 
fected somewhat by the type of o:ganization of the school itself. 
A mere growth of enrollment alone is lively to result in an in- 

• J tninY CnUr^i^ Jnnm.il, Vol. \\ p. 37. It is tn he noted that the Pa<ia- 

(li'TK'i ^rhciol. h(tnir of ihe fnnr vear t\pc. \^ tiof reprcspntative. «io that fij^ur^ for 
It ni.u nor hr upic.il, hnrollmentii ii Rrades i.^ and 14 alone arc inclii ' in the 
fii^iitr^ ah()\c. 
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creased number of vocational preparatory curricula, some of 
which may in turn call for the development of somewhat spe- 
ciaUzed courses in mathematics and other basic subjects. 

PRESENT JUNIOR COLLEGE MALIIEMALICS 
Matliematics courses in the junior college have generally been* . 
patterned atter the lower-division courses in the iniiversities.^ 
An examination of ^^52 junior college bulletins and mathe- 
matics textbooks in use in junior colleges in 1939 revealed the 
typical offering 4o be: intermediate algebra (offered by ljG 
junior colleges); college algebra (u.jS); trigonometry (295); and 
calcuhis (i7f)). There were i,}^ .c niibined courses for freshmen. 
Elementary algebra, plane geometry, solid geometry, solid ana- 
\ lytic geometry, differential e(juations, functions of a complex 
variable, and rouibinations of these with other ^subjects were 
offered, each by a few junic^r colleges. Mathematic^s of finance 
was offered by Ch} institutions. Lew semi-professional courses 
were found.^ 

In many jiniior colleges the courses offered cover aj)proxi- 
niately 3 to 5 semester hours of college algebra. 2 to j hours of 
J^igoaometry, 4 to 6 hours of analytic geometry, and 6 to 10 
hours of differeiuial and integral calculus. In some juiiior col- 
leges the courses are not organized under these names but. are 
designated as Mathematics 1, Mathematics II, Mathematics ill, 
and the like. Such courses attem{)t to avoid arbitrary divisions 
that have seemed to many college teachers bcuh aitificial and 
imdesirable. Ih^wever, a careful examination of these "unified" 
courses is likely to show that the student who tiikes from 15 to 
25 semester hours of mathematics in "unified" courses will have 
studied nuicli the same set of topics and to a])proximatt^'Iy the 

® Hills. }usiin I-.. "Jutiinr C^)lU-^e M.ilhciH.iiics/* School Science and Mathe- 
matics, Vol. XX. pp. HSo My:[). 

^ H'duuc\\\ . Rohcit }. The Mttthetudiics Prnt^rajri im the Jtniior Cnllrc^^. Vn- 
published OtKtoi's <liMscrfali<)ti. Ltuvfrsitv of C'olot.tiio. io-^q. See ;iK<i in 
I-uiik. e! fO f'nii i.i th»' .\J'tt h*'ni,ui( \ ( *t7ny)iii'r, f.f ihr ( tihi^njiiii finn'nr 
Cftllef^r Aw'xiiith.Ji. Mum ni^i;i|>|w(i iii.HcM.tls. Cjiifofiiia st.itr UopuUHun! tjf 
tducaiion. licikiit*^. uyy,. r 
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same extent as he would have if he had taken that number of 
semester hours ii\ the usual courses in algebra, trigon^lietry, 
analytic geometry, and calculus. No implication is here in- 
tended as to which arrangemeiu of material is to be preferred, 
nor is it implied that a completely satisfactory unification could 
not produce materially different results. 

DIFFERENT MATHEMA FICAL PROGRAMS NEEDED 
Since the mathematical courses now offered by the junior col- 
lege are in the main patterned after university courses pre- 
scribed for pre-profes.sional training, they presumably meet the 
needs of specialist students. Any question as to modifications 
that might be advantageous* for the pre-professional group falls 
within the field of university rather than secondary education, 
and is thus oj^uside the scope of this Report. S{x*cifiC mathemati- 
cal requirements for advanc'cd college work, particularly in 
scientific and engineering courses, must be fulfilled if the j>iug^- 
rcss of the student is not to be interrupted. 'To tlie^xteiu to 
which a junior college serves a pre-professional clientele, it may 
properly include the existing type of course among its offerings. 

As already noted, however, a large majority of junior college 
students are of the terminal type. Moreover, a largc^ proportion 
of the minority who constitute the preparatory group have a 
general or libtral arts interest. Thus only a very small part of 
all junior collei^e students are of a pre-professional type. 

In setting uj^^a mathematical cinriculum suitable for special- 
ists, it seems to iTave been assumed tacitly that studen^ of the 
terminal tY{>e, as welWs those intending to proceed widi more 
advanced work in such subjects as languages and luerature, 
journalism, and social studies, had already received sufficient 
mathematical instruction in the high school. Or. it may have 
been taken for granted that all students who studied mathe- 
matics should De given the same material, although naturally 
some of them would procee^^ fmthcr than others in the estab- 
lished se(juen( e of mathematical courses. 
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The validity of these assumptions is open to serious question. 
Any person intelligent enough to graduate from a junior college' 
presumably should be able to carry successfully a course that is 
planned to give both an insight into the nature of mathematics 
and an appreciation of its wide and growing importance in mod- 
ern life. If he does not take such a course, there is a strong likeli- 
hood that he will bar himself permanently from understanding 
some of the most significant and distinctive phases of our present 
civilization and culture. ^ 

Moreover, clifferent groups of college studeiTits, .with different 
purposes, have different types of mathematical needs. Non-^ 
specialists, particularly those having a general or liberal arts 
interest, need very little command of the higher techniques; 
but they do need the sort of insight and appreciation just men*'- 
tioned-in short, familiarity with the cultural significance of 
niathematirs. Students looking toward a semi-profession or 
other vocation may also need special mathematical courses dif- 
ferent ^om those designed for pre-professional V^ning. In 
discussing different types of needs it will be convenienf to clas- 
sify all students outside the pre-professional group as either 
Semi-prof'^ssional, including vocational, or Academic. 

COURSKS FOR SKMI.PROFKSSIONAL GROUPS 
Semi professional currif ula are feasil)Ic mdv in. large munici- 
pal junior colleges or in those small Itniior colleges of the 
disirict-and union-of (lisirii ts types that are situated in areas in 
which one or more common semi-professions are practiced, e.g., 
in rich atrricultural or mining regions. Such currit iila. not all 
f:)f which involve courses in mathematics^ are in operation in a 
number of spec ial fields, mostly coiuiecied with business or en- 
gineering. For semi-professions relating to business, appropi iate 
inatheinalical work inc ludes computational nieihods. comrnercc- 
algebra. mathematics of finance, and statistics. Wore detailed 
suggestions will now be given relating to commerc ial and voca- 
tional ^loups. inllf>u(^(i })v a lemark on cultural imerests. 
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Commercial Group. TheVudents of the junior college in 
this gioup should have an opportunity to continue their work in 
commercial mathematics. 

The work should be somewhat broader than high school 
commercial or business arithmetic, though it must fit the stu- 
dent's preparation. Some students probably will be deficient in 
algebra, and since this subject is fundamental to financial math- 
ematics, attention must be given to it early in the course. After 
a foundation in algebra has been laid, questions involving 
simple and compound interest, true discount and present value, 
annuities, sinking funds, and amortization, and related prob- 
lems can be studied intelligently. Detailed recommendations 
with regard to the course do not seem necessary; standard text- 
books are available and teachers should titrable to develop 
materials suitable for special situations. The use of logarithms 
and the slide rule, as well as computing machines, is recom- 
mended. 

Vocational Group. Students in this group, many of whom 
may be graduates of vocational high schools, are likely to have 
their objectives rather fully developed. They will represent 
many fields of specialization, and in the same cluss there may be 
found future carpenters, electricians, plumbers, printers, ma- 
sons, and mechanics. In fact, unless the junior college in ques- 
tion is so large as to allow separation into more homogeneous 
ftTOUj)S, such students must receive common instruction. 

There can be no question that the vocational group can profit 
from the study of mathematics and its applications in their pro- 
posed vocations. Decision as to the mathematics best suited for 
the purpose must be reached as the result of a careful analysis of 
the vocations in question. With the growth of the junior college 
movement the field will become one of the most fertile for the 
cxpevimontally-minded teacher. Flementary mathematics of 
engineering, including the strength of materials, might consti- 
tute one approach. The study of stress and strain, force, friction, 
beamed structures, and so on has direct applications in all of the 
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vocations, with the exception of printing. The printers consti- 
tute a sonjewhat special group. They are more concerned with 
questions of synunetry, hiyoui. and so on, than with problems 
that occur in construction work. 

• « Although the vocational group or others in the senii profes- 
sional group may express a primary interest in things that are 
practical, we can hardly assume that only a few members of 
either grpup may be appealed to by other phases of mathematics. 
Matters that are strictly ^'practical" nre likely to interest a person 
only if they lie in his. own field of activity, while ideas and re- 
sults not so narrowly restricted may stimulate the intellectual 
curiosity or satisfy the aesthetic sense of an alert mind, irre- 
speciive of vocation. So long as we see men in vocations desiring 
to have h(mies that have taste and charm as well as homes that 
are comfortable, we should not doubt that a group of vocational 
students can be appealed to by the aesthetic nature of mathe- 
matics. The subject can he distinctly cultural for them, and it is 

^ one df the {)rimary responsibilities of the mathematics teacher of 
NU( h a group to correct any false impression the students may 

_luN e that the subject exists simply because it is useful in a narrow 
hread-and-buiter sense, In short, majiy vocational and other 
semi-piofessional students may develop an in^rest in the sort 
of course /low to be suggested as ajiprojniaie for libeial arts 
students. 

MA'l HI'.M.VncS FOR I HK ACADF.MIC GROUP 
/riie academic group of students constitutes one of the most 
peiplcxing problems of the junior college, in so far as niathe- 
nialics is (oiuenial. It will be heicroeeneous with respect to 
background: most of the members of the .Ljioup will have had 
no inoie than liic cquivak^nt of a year of ali;el)ra and vear of 
phuie yeomen y, while there will ()e some who have had maihe- 
maiics through ^radc twelve. The sludeius whose mathematical 
study has !a()st'd shouUl be gi\eii an oppoitunity to take coinscs 
different fiom those of the last cwo years of higli school, which 
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they already have declined. On tlie other hand biiulents who 
had niatheniatics throughout the high school obviously should 
be offered something with a new flavor. By no means should 
the work offered the academic group of terminal students be 
merely customary high school mathematics slightly glorified^ 
Great care should be used in so planning a course tliat it will 
give the appreciations and understandings of tlie nature of 
mathematics'and its accomplishments tliat inay form an impor- 
tant part of tlie cultural outlook of tlie well-educated layman. 

An important consideration arises at this {x^int. Few students 
who take mathematics in the four-year college go beyond the 
calculus of the second year, and the majority who take mathe- 
matics stop with one year of the subject. The upper year courses 
are composed largely of mathematics majors, and of other stu- 
dents who recjuire advanced work. It follows that junior college 
courses suitable for the academic group of terminal students 
should also l)e suitable for the majority of picparatory students. 
Up to the piesvnt time, however, colleges and universities have 
given a very lestricted type of mathematics offering for the first 
two yeais, though there is a tendency now to design survey 
courses for the general student. This trend makes it appear 
Nkelv that the piohlem of ti an.Nfci i ing credits from the junior to 
the senior college in the field of mathematics may be liberalized. 

U he CionnnisNion belies es that four year colleges should give 
icroj^nition to strong survey courses iti junior college, whether 
or not thev tliemsclves offer such work in their first two years. 
If this pKutice is ffjllowed. many preparatory students of a 
junior college nuu be well scivcd by mathen atics courses set up 
espt'c iallv for the academic terminal students of the school. 

Tlic Connnission does not wish to endoise only one type of 
(omsc. Two ahcrnative t>pes will l)e outlined, with the under- 
sianding that otheis aie fea.sil)lc. 

Basic Gcnoal Course, \ first tvpe is designed for a five- 
hour couise tluoaglioul a vear for an able ginup of trrniinal- 
t\[)e students wlu^se higli sdiool mathematical preparation 
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iiiciudes but one year of algebra and one year of geometry, or 
the equivalent. For a class of medium ability and preparation, 
some topics would need to be shortened or eliminated; for a 
group of yet lower ability enough material is here suggested for 
a two-year course. Flexibility is a matter of primary importance, 
since one of thc^)roblems of the junior college is the adaptation 
of a coui sc to students with different high school preparation. 

(iKNKRAL MaTHI.MATK:s, 1'YI'E I 

(/) MtKisurciuLiit and c()ni[)utaii()n:^ comparing distances; ac- 
curacy ot incasurciiKMit; >i]inificanL fij^ures; rounding off numbers; 
use of c\j)oncni.s; laws of cx})oncnts; logarithms; computation by 
logarithms. 

(2) Elementary trigoiiomVtry: historical development of linear 
measurements; shadow-reckoning used to determine heights; right 
lriangk*s; similar rij^ht triangles; ratios of sides of triangle as func- 
tions of the angles; construction of tables for sine, cosine, and 
tangent; lieight and distance problems; laws of sines, cosines, and 
tangents; solmions of oblicjue triangles; applications. 

()) C;raphs and ecpiations: graj)hs of straight lines and circles; 
graplis of cjuadratic functions; solutions of cjuadratic ecjuations; 
grapliical solution of sinmltancous line and circle ecjualions; al- 
gebraic solmions, 

(7) Conic sections: definitions of parabola, ellipse, and hyper- 
bola; ecjuations in standard forms; gra{)hical and algebraic solu- 
. tions of pairs ot conies that are easily solved by cjuadratics; ap{)lica- 
tions of parab(;la and ellipse. 

(s) S-atistiral representation: illustrations of statistical investiga- 
tions; measures (;t (eiural tendency; statistical graj)hs; scatter dia- 
grams; simple correlation; ap{)lic ations. 

(6) Normal distribution: simple illustrations of chance distribu- 
tions; curve of normal distribtuion; aj'plications. * 

(;) Elementary mathematics of finance: installment buying and 
selling; present vvorth of deferred payments; building and loan ac- 
comits; annuities. 

{S) Series: aiithmetic: and geometric scries; sum of first n terms 
of series; infinite descending geometric scries; idea of a limit and 
the nieanimr of the sum of an im'initc geometric scries. * 
/ (<;) I)eii\ati\es: slope of a straight line; idea of rivativc as slope 
at a p{)int: idea of detivaiive as velocity of fallintj body; derivatives 
of ])oI\nomials: maxima and minima; applications. 

(/o) lmei»iaiion: (he inu i;ral as the Hmit of a sum; apj)lication to 
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areas; integration as inverse -of differentiation; uses of integration, 
A similar selection of material, but with more emphasis upon 
its significance in the social studies, was recommended several 
years ago by a committee of the Social Science Research Council. 
The list of general topics tiiere suggested-details of which, with* 
a statement of the reasons for the choice of the material, can be 
found in the published report^^-is as follows: 

Logarithms, with applications to investment. 
(2) Graphs, as a tool in the study of tabulated data, 
(j) Interpolation by various methods. 
{4) Equations and forms of curves, 

(5) Probability and frequency distribution^. 

(6) Elements of dillerential and integral calculus, including par- 
tial differentiation. 

(;) Cur\c fitting and least squares." 

In' order to ecjuip students to understand these topics ade- 
quately, six to nine semester hour.s were estimated to be needed. 

Higher Orientation Course. The other ^course that is sug- 
gested resembles the survey courses that have recently appeared 
in some universities, and- that have caused the Commission to 
recunnnend a liberali/atioii in the policy of transferritig credits. 
I'he aim of the course is not so much to prepare students to 
work with maihematits as to give them a broad familiarity with 
ihi\ nature of various parts of the subject, 

GKNrRvi. Maimimatics, l^TF. II 

(/) The genesis and development of niuthematics; origin in 
problems of mankind: relaiit)n to advances of civilization: impor- 
tant role of intellectual (vn-iosit\; vast modern extensions through 
free creative invention ()f new fields. 

(2) Endidran ^cf)nu-try. somcwliat critically viewed; its signifi- 
cance as a loi;ica! system; postulates and uiulefinod elements. 

(?) Non-EiHliclcan Kt*'^JJi'-tric's; liohaid.ol)atc hevsky geometry; 
Riciuatniian f»eonu'ti y. 

(/) Ninnl)er: suc-trssivc- i^enerali/atiotis; svnil)olic treatment; nu- 
merical cominitatiotr. simple illustrations ()f number theory. 

(5) The group concept: elcnuiitaiv illusiiaiions of finite gn)ups. 

\oAwrTtran Mnthemntirnl Mnfiih!\. \\'\. XWIX. pp. 5^"J r>77' Mi.S2 
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(6) Classes: correspondence; types of order, transfmite number; 
mathematical induction. 

(7) Functions: varieties; use in studying scientific laws; periodical 
phenomena; some ideas and techniques of coordinate geometry. 

(8) Limits: occurrence in familiar concepts; derivatives; integrals. 

(9) Statistical concepts: elementary ideas; probability, and the 
distribution of errors; illustrations from biology, medicine, the 
social studies, psychology and education, technology and! other 
fields. 

(10) Further nialhcniatical asj)ects of the physical sciences: Vise of 
differential equations in studying phenomena; relativity, and cither 
modern physical theories. 

(//) The nature of mathematics; rival views; nature of 
foundations; sigMificancc as a system of thought; relations to phi- 
^^^^^^^^^^^^^ef^6phyf aesthetics, and the sciences. 

The outlines above are meant to give only a first suggestion 
V)f the kind of courses that .should be worked out in the interest 

at the terminal type of junior college student. 
' / In earlier chapters, in connection with the work of grades 9 
to 12, the importance of instruction in the history, of mathe- 
matics was pointed out. The courses outlined above will be- 
come more interesting, and may take on new significance, if 
they are so piescnted that students gain a clear impression of 
mathematics as a constantly growing subject. If historical mate- 
rial is properly presented, mathematics gives a student a look at 
the centuries as well a.s helps him to understand contemporaiy 
life. 
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EVALUATION OF THE PROGRESS PUPILS 

". . . and whether he stood fortieth or ninetieth musf ' 
have been an accident or the personal favor of the profes- 
sor. Here his education failed lamentably. At best he 
could never have been a mathematician; at worst he 
xoould never have cared to be one; but he needed to reai 
mathematics, and^ he never reached the alphabet." 

—HENRY ADAMS, 'IHK KDUCATION OF HENRY ADAMS 

A GENERATION ago the testing movement as we know it today 
was m its infancy. Although teachers thought of testing as a 
part of their work, their purposes and the methods they used 
may now be regarded as rather inadequate. Ahiiost all teachers 
believed that the chief purpose of giving tests was to furnish a 
basis for assigning grades. In framing test questions and direc- 
tions characteristic woids were who, what, when, where, define, 
describe, and discuss. The most important qualities which a 
pupil needed in order to respond successfully were a good mem- 
ory and crmsciciitiousncss in studying the lessons that were 
assigned. Tlic diicf (onccrn of teacher and pupil alike was 
mastery of the siihif(V'inatt(T of tlic couise. while the school as 
a whole made little systematic cITovt to (U-terinine the extent to 
which difTcicnt stiulies and other scliool activities contributed 
toward a general ami broad development of the pupil as an indi- 
\idual on the one hand and as a valuable citi/cn on the other. 

As t.ime has gone on a transformation has been under way. 
Many tcac hers have broadened their conception of the purposes 
of testing, and giadually the emphasis is shifting to a different 
set of charatterisiic words. The cue is now more often xohy, 
how, explain, intcrfnrt. There is nunc concern that the pupil 
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. ' Evaluation of Pupil Progress 163 

uiulcrstaiul as well as vcnienibcr what he has learned. Probably, 
howcNcr. tlie most striking development iias been the large num- 
ber of so called objec tive tests that have hern published and 
.ised. t'nlortunately it often seems that the. authors have been 
so interested in making use of new testing techniciues that they 
luive neglected basic questions relative to the validity of the 
tests. In spite of this, however, the tests have revealed many sig- 
nificant facts about achievement, and have stimulated the lead- 
ers of the movement to re-examine certain assumptions hitherto 
uncritically acceptcct Finally the s^x^pc of testing has been 
greatly extended, and an ever larger group of teachers has be- 
come concerned with the evaluation of more than subject matter 
achievement. They recognize that mastery of various bodies of 
subject content is but one aspect of education; and they are at- 
tempting to evaluate the development of interests, apprecia- 
tions, and other characteristics of personality to which the 
schools are increasingly directing their attention. In this con- 
nection it is important to note that evaluation means more than 
the giving of tests or examinations: the term is used to refer to , 
any method of obtaining and interpreting evidence about tliQ 
development oj' {jupils. In the process, the discovery of reU- 
tionships among data healing on diirerent aspects of develpp- 
MU'in is \ery ini{)oriant. 

The purpose of this cha{)tev is to call attention to some of the 
pK^hlems in the field of testing and to encourage investigations 
that will C(Mitrihute to their solutioii. It is obviously impossible 
to give within the connnes of a single chapter more than a brief 
summary of recent developments. The Commission has there- 
fore chosen to consider only a few basic topics. It wull discuss: 
the purposes of evaluation, some limitations (^f the types of te.ls 
noA\' (onuTionlv used, s(nne advances that have been made in re- 
cent veais, and some suggestions for improving this phase of 
instnutinnal activity. Much of the disc'ussion'lvill he (piite gen- 
eral and will apj^ly not only to tiie teadiint^ of mathematics hut 
10 tcailiin^; in other fields as well. 
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1 HE PURPOSES OF EVALUATION 

Primary Purposes, Many teachers would assert that the chief 
purpose of testing is to provide a basis for issi^ning marks; per- 
haps a deeper analysis is not to be expected from those who 
stagger under a teaching load of five or six large classes a day. 
But tests arc given for many other purposes, among which are 
the following: to maintain standards, to select and reject pupils, 
U) discover strengths and weaknesses of individual pupils or 
of the class as a whole, to provide a powerful incentive to study, 
to furnish a convenient method of instruction, to stimulate or 
even enforce improvement of teaching, to afford a basis for the 
appraisal of teachers and departments, to serve as a basis for ac- 
crediting schools ancl colleges, to furnish data for educational 
guidance, to accumulate materials for research,^ 

Some of the pur{x)ses noted are formulated from an adminis- 
trative point of view. It is the administrators, for example, who 
are most interested in using tests as a means of evaluating the 
effect ivencs§^ of teaching. The use of tests to discover the diffi- 
culties of individual pupils seems to spring from a different 
type of purj]ose-it focuses more directly upon the learning 
siiuaiion and the pupils. Thus it is possible to distinguish- 
least two types of purposes which differ in point of view. The 
hrst is primarily concerned with evaluation of the educational 
.status and progress of individual pupils; the second is primarily 
concerned with evaluation of the school as an institution. ''Both 
t\pes arc iin[)()rtant, I)ut it i.s quite obvious that evaluation of 
the second tvpe depends upon evidence obtained from evalua- 
tion of the fust type, l-ndcr the emerging concept of evaluation, 
aiietition is fiKirscd piiuiaiily upon the j)upil, the fundamental 
purpose \yv\u\r to obtain a ( omprehensive characterization of 
him as an individual and to discover the effects of school ex- 
peiicMuos upon him. 

' H.i^vktN. H I- . I.m<l<pii^f. V V . iipii Nr. mil. C. R. (aU) Thr Cortstrurtion nyid 
If hhj'f'fnf tit I'xdTfUUfifU'tn. «H<ai'4hu>n Miliiin Co.. \^^0) .See Chap. IX, 
I vc>» .nul .\l)'i>(s ul lA.mHii.UJuiis. ' In Mux MtCionii. 
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Evaluation, when approached from the point of view just 
stated, is analogous to the procedure of the biologisMjK'aniining 
the internal *«^ructure of a minute plant or aninjalf Thin cross- 
sectional slices are viewed under the microscope. By studying 
the vijriatioVi in structural relations from slice to slice, the biolo- 
gist is able to reconstruct the organism mentally and to perceive 
the interreliitions of various parts. Similarly, teachers give a 
variety of tests and also use other means of arriving at judg- 
ments about specific aspects of learning and personality growth. 
The real task of evaluation, and the real purpose of testing, is to 
piece together the data of varied tvpes and from many sources 
into a ccMuposite picture of the individual. 

Wlien evaluation is viewed in this general way some of the 
weaknesses of many current practices become uvmv ai-paiOui. 
Thus the tvpes of tVsts ordiivirily given are seen to be seriously 
jnadcciuaie in >e\eral respects. One recogm'/es the need for 
UKJU- loinpicliensive and r^Hable. testing programs in order to 
a\()itl giving a distorted pictuif of the iii^dividii.il. \ few nu- 
mriitai or leitcr "<;rafles." icpi escniing c^flcn little ..torc than 
abilitv to recall information about school subjc( s :,r^ iiardlv 
sufTicient to serve as a basis for knowing what a person i.> really 
like, or what effect the scliool. or even a particular studv like 
mathcnratics. has had upon him. The necessity of careful inter- 
pretation of test u suits becomes very clear» and oiu- begins to 
understand uliy it is imf)oitant that results on a particular test* 
or in a paiticular subject matter fiehb should not be viewed in 
isolation but in relation to results from many other tests and 
evidenf c . ))onv a number of difTerent aspects (jf sc!u)ol ex- 
perience. 

The acieptaiue of the fundamental {)Uiposc of evaluation 
stated above cariies with it a nuinber of other put prises as corol- 
laries. Thus it inclufles the discoverv of the strengths and 
weaknesses of individual {)npils-it im|:)lies that the testing pro- 
i^am should be fiiof^vn^ftc in nature. If an evaluation program 
IS in fact diagnostic, and if it is granted that the school should 



i66 Fifteen til Yearbook 

attempt to develop the talents andMcniove ihv weaknesses of 
pupils, then at Ica.st an elemental y fonn of ethicational guid- 
ance is indicateci.^ This (lonnni.ssioii, of toiirse, cannot ui^'^ih:^- 
take to dcsciibe how a guidance program may function, but it 
can endorse the pioposition that guidance sliould l)e l)ased upon 
data obtiiined fiom reliable tests. If, for example, one obtains 
alid c\iilence that a pupil fias ulent anil interest in mathe- 
matics, the sug^ 'stion that he should take further ^vork in the 
subject may be justified. On the other hand it may be discovered 
that. 'k* dues poorly in mathematical ^vork— in fact, he may lack 
some of the fundamental mathematical understandings and 
skijls that are vitally important for successful home living or 
conipefence in many ociupations. In such cases it does not 
follow th be should be advised or peimitted to avoid maihe-i 
matics. li .^cerns rather that steps should be taken to provide 
instiucti(;n of a t\pe designed to remove the weaknesses and fit, 
him for competent ciii/.enshij). Such considerations strengthen 
the belief that the basic pin'p(jse of testing; is the construction of 
a (ompi ehensive tlesciiption of the individual. We shall liavc 
moie to say about these matters in later .sections of the chapter. 
Sime. however, many oiher pui poses of testing have been men- 
tioncfl bv diffeient writers, some distussion of them may be 
wai lanti'd at this point. 

C.ornffirfif.s on Of hen' Piofmsr^, 'i'heie is one purpose of test- 
ing that loonrs laige in the ihinking of many tea( hers. I'ests aie 
said to be nciessaiv toi the inanitrnnncr of sinndar(h. Accord 
in'4 to f)ne Nvriler, this "seems to mean either one o: both of two 
tbini^s: the im|)fJsition and enfonement of a prese t ibed curricu- 
linn: or the enh)M (*nunt of some mininuun degree of attain- 
ment/* In [Madite. it means that si liools, state depaitments of 
I'd IK at ion, or ( olle^es a( lin^ tluoo^h an examining ageucv 
su( h as the (!ollc\i;e Kutianie fxaminatif >n Hoanl. u'lpiiie i)Ujiils 
to se(uie a (euain mininnim store oti one or more examina- 
.ions in ouier to achieve some desiietl edmation.al status-pro- 
motion to another giade. a dij)lonia. entrain e to college, and so 
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on. TluMc art* cci lain types of siiuaii(.)ns in whic li the {)r x lion 
01* society makes such examinations a desirable and justifiable 
huidle for the candidate to surmount.^ The licens^'ne examina- 
tions for entrance to the lc»gah medicah and icachii;„ j)rofessions 
are cases in point. This also applies to exaniinations for admis- 
.sion, proinoti(jn, and graduation set by j)rofessional schools; 
but there is some cjiiestion as to how far such a justification mav 
be extended. What position is to be taken on the maintenance 
of standards in the secondary school no\v ministering to the 
adolescent population as a whole? In seeking an ans\ver to this 
(juestion it is helpful tc; examine some of the assumptions upon 
which the notion of standards-enforc ement is based. 

The most r;bvic)us assumption is that for any given field there 
exists both a well-defined body of subject matter and a standaid 
of attainment that pupils may reasonablv be expected to meet. 
It happens, howc\ er, that testing progianis based on this assump- 
tion have themselves prosided e\idcnce throwing doubt on its 
N.didity. Thev have, for example, revealed the wide range of 
(iitfcnencivs in at liie\ cmcnt that exist between individuals, 
(lasses, and school systems.-'^ When the same test is gi\en in 
diffeient sdiocjls it is not uncon.unon to find that the lowest 
stoie H*(orded in one school may exceed the highest store made 
bv anv j)upil in another. In a lecent state testing piogiani it 
was found thtU of two schools sci\ing the same fpe of conuTui- 
nitv and >iTuatc»d oulv a few miles a])ait. one stood at the top 
and the other at the bottom in the* distiibution of mean scores. 
.\n( »th(i ' soui c of (onfusion is the lack of (■om]>ai abilitv b(»- 
t w('(»n tests given in sue c essi ve yeai s; ku ely is thei e anv c\ ideut c 
that a ui\en stoie (ui one test ie[)iesi»nts the .ScOue ac }ii(*\ enicMU 
as the same s(-r)re on another Wsx in the subjt'( i given the f(;llow- 
ing Near. Tuder tbes(» ciu umstam es tlu» inscM tion of a t(»w itc»ms 
thai difh'i in di^'irultv fiom those* on picvious tests m.iv biing 

" T !t>.icjiMsf^ .iMii \f.u!n '■/' rit . pp. p.^ \\ 
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about a change in the standard. It has also htcn fonnd upon 
analysis that, on the ascia.i^c. jnipils do well on material that has 
appeared in a number of pres i(\us examinations, although it was 
not included in the comse of study, 'find tliat they do poorly 

o J 

with material listed in the coiirse of s^^udy but not inchided in 
previous tests. Such findings seem to make untenable the as- 
sumption that unifoim siandaids of subjet t matter content and 
attainment exist in piaeiiee. 

A setond major assnnipiion often niaile in connection with 
testing that purpoiis to foster maintenance of standards is that 
the tests used \ii*ld leliable measures of achievement.. This also, 
is often ^nghlv (piesi ionable. rnforcenient of standards in the 
sense here used depends the establishment of some critical 

or mininnnn stou'. P.issing over the point that this is usually 
done (piiie ai bin ai ily. attention is to be called to the fact that 
while the tests used mav salisfat torilv deteimine both high and 
low aihieNcment. they may lack .suiru ient precision and relia- 
bihtv to plati*,boidiT-line cases m\ uiAtelv. Vet in order to main- 
tain standards in the Mi id sense this accuiacy is essential. 

,\\ pu stMit it is not nuKMumoil for a teac hei to issue the arbi- . 
tiarv (lit turn: "Vou must get a niaik of so and so per cent on 
this test, or else . . /' The alternative may be to receive a 
"f.iihne" in the conise. to lepeat the c(nns(\ to chop oiu of 
vhooh or anv of a number of other possibilities. This sort of 
tieatment may be r(\gaided as a fiisi Kuigh approximation to a 
luerhod of maimaining s::nidards. When one ()f the alternatives 
beconies an actuality it so fietpienily lesidts in psycliologic al 
maladjustment that some ediuatois are sup[)orting a policy 
imder which pui)iK are ad\an(ed imo the next giade or coiusc 
iiiespec tive of past :i( hie\emenl. 'I here.aie many ol)seiveis of 
tiie ('(hKational scene whoasseil lliat vuc h a j)oli(V nu'ans a (oni- 
ph'(e bicak(h)\vn of the (oiu ept (>t staiidauK and h'ads to educa' 
tional ( haoN. 

Re< ()<;nit i' >n f»f the dnbinus \alit!nv of assumptions like thr)sr 
uuniioned al)o\e and of tlie dinicuhies into whidi thev lead is 
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resulting in nioditications of tlie \va>s in which test lesuhs are 
used in maintaining siaiuhiuls.^ I'licrc is a growing tendency to 
believe that escape I'loin the dilhcultics lies in the direction of 
devising not only better nietliods of measuring but also better 
nietliods of analy/int», lecordiug, and lejiorting aehieveuient. 
Arbitraiy decisions, such as tho^e t\j)ifiecl by the phrases, **A]1 
who get less than ho^\', will fail" 01 "ilenceloilh there will be 
no failnies in ihis^^ si hool," niust be jiiij)planted by carefully 
h)rrnulatc'd judj^nienls (onccniing what is best hir each pupil. 
It iiv4)ani( ulai ) y iuiporlant that the welfaie c)f able students be 
nov oVei looked bciiiUsc ot pieouupation with those who are 
htivin^ difluully. Tests should be icgaided as moie than a 
method of "scpaicUing tlic sheep fr^)in llie ,i;oats." 'I'hc*y are to 
be used as a means of disi ovei iui; whcU each pupil needs most 
in order to i;ain the full benefit of s( hool experiences. When 
legaided, the notion oi how tests ?uay [)e used to maintain stand- 
ards is extended. .\( hie\ enient of the highest possible cpiality is 
(o be sought for all. Tests caieluUy consluuted and used pri- 
maiily for diagnosis are a means to this end. 

It was noted aF)u\ e that fiom the administrative poiiu of view 
exalucUion is inipoi tant in older to jmlge the elTec tixeness of the 
s( hool as an instiliitif)n. The emphasis in this rase is not upon 
the development of the iiulividual pupih but lather upon 
whether the teadieis aie pioducing the kind and amount of 
growth that Tuight leasonably he expected of the {)upils as a 
group. 1 his is a justifiable puipose. but in lt)llouing it great 
(are nnist be laken to be surt* that the jufi^ments aie valid. All 
thcU .jas been said about exaluation of ihe giowtii of pupils 
applies with atlditiunal ( ompli( ations to the (valuation of the 
woi k of tea( hei s. Ilei e alsf j. a ( ompi ehensi\ e t ui e is needed. 
I'o cont hide that a i;i\en teacher or schf)ol sxsteni is inefFe(:li\'e 
on the b.isis of the icsults r)n a sin<;h* subjec t m.itter tc*st fiiay !)e 
as en 01 u'ous as the idea one would i^ct ot a mi( ios( op ic oiganisni 

< Sfj* I \V i ' W \^\^ fMi I \r\\ \If ilicil nf \((irilifnu' Si'M)n*l.ir\ S/honls" 
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from the examination of a single cross section. T»-'; teaclier may 
in fact be doing superior work in developing niany objectives 
that the test does not measure. 

In this connection it may be well to c.ill attention to .evtain 
points often overlooked in testing progiains. Wlien tbe same 
test is given to a number of different classes (as in state-wide 
testing progi^ams). it is customary to compute an average for the 
group as a ^^•hole and to compare the average achievement of a 
given class with the average of the gioup. \Vhen this is done, 
teaihcrs or classes that fall markedly below the group average 
are often subjected to censure. As a result, steps are taken to 
insure that in the future higher class-averages will result. In 
gctieral this is desirable, since it t'ends to raise the level of 
the achievement of the group as a whole. But it is some- 
times overlooked that the average is a statistical measure, and 
that tr^6\al>ilities ajuunonly measured are, rpughly speaking, 
normally distributed. It thus appears that if die pupils in a 
given class an.- l)elow normal in other respects — of low intelli- 
gence, for example, or the [jroduct of poor teaching in earlier 
work-then one cannot expect the class average to exceed that 
of the total grf)vip. No amount of pressure upon teachers and 
pupils to raise the avt-rages ^vill bring about a situation in which . 
the average .score of every class exceeds the average of the group 
of pupils as a whole. Here again the only safe basis for judg- 
ment of success or failuie of teachers is data on many factots that 
nuist he studied to discover possible relations existing among 
them. The (liteiion of success should be phrased in terms of 
the growth actually pioduced in lelation to the cliaiactei istics 
of the partic uLir i;tou|), rathei than in teims of scoi es made on a 
()aiticular test ar,..l theif- ulation to aveiages !)asfd on scores 
fioni lai'^e ()ij;enc-ous t;toups. 

SiiTH'ntn^. ( :<)nM(lei.iii<)tis of the kind nientiiitied ;il)n\e and 
others that c.nuiot he div ussed here ue bi iii^iti'j; aljont new 
(onu'piions of the 1)ih|ims<' of tcstiii'j;. Tlie use of tests to lu.iin- 
tain :ubiit,u\ si.UKl.uds and to .ippi.iise ihe dice li\eii( ss of 
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teachers is entangled in many difficulties and subject to abuse. 
Teachers are becoming more conscious of the fact that the 
•\ % . major utility of examinations is Mucational guidance. 
I'hat th^ developing doctrine (A guidance demands, first, diversi- 
hcation of si^nchirds and courses and schools, and, second, the 
general intnKluction of the methods now available for tlie study 
of individuals . . in examining for guidance we need all 
known kinds of tests, nrany of them, preferably comparable tests, 
and pieferably tests used explicitly for tliis purpose,"'"* 

I'he (:(;nnnissi()n wishes to emphasi/.e in addition that cx- 
aminaticjiis should aim t(j reveal the effects of all the educational 
forces ac ting upon the mental, physic al, and personality charac- 
teristics <;f individual pupils, 

SOMK l.lMlI.VriONS or CURRI-Nr TFSriNG PRACTICES 

Sioffr nj Ihr Ohjn fives Cnffimnnly Trstrd How well do tlie 
K *s now C(;nunonly used scive to ic\eal the effects of scliool 
hfe upon (he development of individual pupils? The disc ussion 
thus far has implied that single te^t is adccpiaie for this piU*- 
posc. P)Ut w'h'M aie the nit(Mia for adecpiacy? To answer tins 
(piesiion in detail would lead to tedmic.d discussion beyond tlic 
.s(ope of this Rej)oii. Hut we may observe that the answer de- 
pends fundauienially upon the statements of the objccMves that 
the S( hools hope the pui)iK will a( Iiic\e. Kai lier cha})iers c)f this 
Rcpoit }]:\\r discussed (Citain educational objectives ;it sonic 
leui;th. 'I'Ik^ le.d (pK'sUtjn. llu-n. is this: What soit cjf evidence 
do u c nt)W obtain about the a( hie\ement of these or similar ob- 
jectives? 1 he tiist (liic iion Un the adecjuacv of a testing pro- 
uram nuisr be e\pi v^scd in iei nis of the extern to which the tests 
ui\en \it^Id eviilcMire (oncemiu'^ the a(hie\ement of all th-J ob- 
ie(ti\es th.tt aie consideied to be important. 

\\\' nmst lecouni/c at nutset that until recently few 
ic.uhris liavc becMi ( one enied wiili nune than subject matter 
a(hie\enient. Thv' tests '^i\(Mi b\ m.u lu in.u ics i(\'u he»s have not 

^ H.iukcs. I.iinifjmst. .in«i Mann, f^fy cit , p. |7<^. 
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\y£ts0f t\<l!i^ncd to measure more than achievement with respect 
to the subject matter of specific courses. The same remark ap- 
plies to tests prepared for state-wide testing programs and for 
entrance to college. This situation exists in spite of the fact 
that the objectives stated for these courses often emphasize 
general abilitics—lox example, the ability to interpret data, the 
ability to gcucrali/e. and the ability to reason logically. These 
objectives, and others like them, are also considered important 
by tcacluMS of other subjects. The study of mathematics can 
contiibute to the growth of diese abilities, but it is not unique 
in thi.s respect. In stating these and similar objectives the as- 
sumption is commonly tjiade that they are general abilities to 
be applied on any appioj^iate occasion. But typos of tests in 
connnon use do not take cognizance of this assumption, and 
restrict the field of measureinent by sampling only the applica- 
tion of the abilities in situations ordinarily or exclusively mathe- 
matical. In order tt) satisfy the criterion given above we must 
either plan to extend the scope of oi;r sampling of pupil reac- 
tiotis to inc hide many other types .of situations, or we must 
suitably rostiict \\\v statement of the objectives so that they 
apply only to situations that are definitely niathematic ah The 
latter altcrnatixe is one that few tiac heis are ready to arccpt per- 
manently: hut we nuist admit that at present our tests give us 
little direct evidence cone fining ac hicArincnt of many of the 
inij)ortant general ol)je((i\'es of insttnclion in mathematics. 

A (*arcful analysis of both the te:>ts given by classroom teachers 
and those prepared by e\ti annual examining boards reveals that 
\\\v)' ate rest! ic ted in another way they measure ac hieveinent of 
only a few (A the objectives that aie specific ally mathematical. 
The ordinary test places too much emphasis upon the measure- 
ment of tcdiuical fac iliiv and ahilit\ to recall specific facts and 
principles. In the ficdd of a^ hra. for example, a c^onsiderable 
nnnrher f)f test items js cU'\»...<l to measurement of the ability 
perforin operations with abViact svnrhr)ls. Skill in adding 
or rTniltii)Kin.u ninnomials. sohing equations, and evaluating 
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formulas is an inipoitant objective of instruction in mathe- . 
niatics, but not the oiily one. The welUrained mathematics 
teacher should also be interested in discovering the extent to 
which tlie pupil understands the signihcance of what he is 
doing. The measurement of this understanding calls for ques- 
tions that require interpretative answers— statements that ex- 
plain why one pnjceeds as he does, that describe the values 
achieved by j)erioiming the process, or that show in what sense 
tlie fornuda or ecpiation involved is a powerful tool of thought. 
Que^stions of this type are sadly lacking in most tests, and their 
absence is the basis for asserting that present-day tests measure 
oidy restricted types of objectives even within the field of 
mathematics. 

One reaiion for the existence of this situation grows out of 
tertain tlieories of test construction. Farly work in the field re- 
vealed that the scoring of test papers was often a highly subjec- 
tive process— the same jxiper when maiked by dilfeicnt teacliers 
was assigned a wide range of scores. Following this tliscovery, 
lest experts began to seek tedmupies ot scoring that would re- 
sult in a given paper receiving the same scf)ie ^vhen marked by 
several competent teachers. This led to the modern objective 
type of test and the widespread use of short-answer tcchni(jues, 
such as the *'ti ue-false" and "completion" type of test item. The 
desire f(jr objectivity stimulaied a (oiuem for lechnicpies that 
tended to obscure more basic cpiesiions ui validitN . The metluKls 
used proved effective in the mea.suiement of skills, the aljiliiy to 
leeall facts, and similai objec tives; hut they appeared to be 
unsuited for the measmcment of luideistandings. appreciations, 
and other objectives often called "inlani^iljle." Tiie assinnption 
that objectivity rccjuires the use of the better known techni([ues 
has prevented some examiners fiom concentrating nw the al)iliiy 
to be measurer! and desising a terhnifpie tt) suit. 'Fhis has 
tended tosiiile nieasinement of achievement of many impf)rtant 
o[)je(ti\es. Ihc assun^j '"on leleiied to a!)o\e is not. hr)wever. 
an essential one. and lec o<;nii icni ol iliis iac t f)])ens the door to 



ERIC 



■ \ 

174 fifteenth Yearbook ^ 

investigations in which the dctcnniuaiion of suitable short- 
answer techniques becomes subsidiary to other more basic 
estions. 

There are, of course, other reasons for the faihire to attempt 
to measure certain complex abilities, understandings, aiul appre- 
ciations. Perhaps one of these reasons is the assumption tliat if a 
pupil shows satisfactory achievement with /respect to certain 
rather specific abilities he has achieved the more general oljjcc- 
tives. No one doubts that in order 10 think cleaily and succeed 
in mathematical wuik a .student ie(piiies ceilain essential facts 
and skills. If these al)ilities aie liighly coirelated with acliieve- 
nientof the moie general objectives, it would he unnecessary to 
test directly for the latter. Hut to settle this (jue?>lion it is neccs- 
saiy to devise valid nieurs oi measuiiui; the more complex abili' 
tics, understandings, and appicc:iati(Mis. and this has raiely been 
done. However, a .similar assumption with lespec t to the ob- 
jectives of a numl)er of ditrereul college (ouises has been tested 
and it has been found that the assumption is not eniiiely valid.'^ 
Similar (hidings in ttie field of secondaiy mathematics tend to 
confirm the olxservations of tea( heis that pupils who apparently 
know the farts and can peifonn the opeiatii)ns nu'( lianically 
may lack real understanding and comprehension of the signifi- 
cance of the piocesses.*' 

1 esting in mathemaiic:s must find ways of measuring; achieve- 
ment jf many objectives in addition to those dealing primarily 
with recall of information and operational skills. Many excel- 
lent tests exist for the meaNUiement of these abilities, and f(jr 
ceilain other objectives of icstricted types. Study of test exer- 
cises indicates that in .some cases successful re^p()llscs suggest 
the inference that the pupils undei stand what they aie doing 
and why they arc doing it. But ordinarily direc t evideiu e of this 

'^Si'v ]\\M, C. H.. ft nl. Educattfiy\ a\ CuUivatinn of thr Ht^hrr Mrritnl Prar 
f\yt'y, <.h,i[)rrr U {'"riir Relation hciwcpn KvcaW and Higher Mcnr.il I'mkosscs." 
Ijv R. W. 1 '\ \\c Nfaonilhm Co.. New York, lo.-^ri. 

^ Ihhi ^ C li.ipic is I\* A\\'\ V 1" I ^UInl^^*r Ssstrtn .tiui S\ml»>lu *I hinkiii^." 
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understanding is not obtained. Hero, then, is a promising field 
for investigations relating to insiruc tiun in niaihematics. 

Comioners vs. Prodiumof Malhematics. There is one aspeet 
of the usual type of niutlieniatics test that is so important it de- 
serves special mention. An analysis discloses that tests seem to 
be designed piimaiily to nieasuic abilities reipiiied by those 
who use mathematics from a somewhat advanced standpoint. 
Tlie numbc/of such persc^n.s lunvcvei, is relatively small. A far 
greater mnnber of eiti/ens are, on occasion, consumers of inathtf- 
matics: they read newspapers and maga/ines, and they study 
semi'technical or technical books in which mathematics is used 
to obtain or cxj)lain the findings of investigators in many fields. 
In such cases, the abilities rc(puied aie piimarily interpretative 
rather tlhui manipulative. 

Mathematical insuuctiun has hitherto pioceeded on the as- 
sumptiiju that operational abilities are essential tO interpreta- 
tive undeistanding, or that the latter is a concomitant of tlie 
h)rn)er, I his assumption should be tested, and for this purpose 
tests are needed which miuiuiize icchnifjue and concentrate 
upon interpretation. If it should be found that interpretative 
abilities cati be developed by attacking them cliiectly rather than 
thiough the intei medial) sie{)s of calculation, then some reor- 
ganization of mathematics ionises wn'uld appear to be in order. 
The MUei pietatix e .ispec t.s of ni.iiheiiiatits laiigc fiom very sim- 
ple aritlnnet ii al noliniis to ieKui\elv coiunle\ concepts associ- 
ated with ( aUulus and statistics. ( ioinpt cheiisioii of the magni- 
tiule of Ln ^e iminluMs. :auh as the si/e ol tlu.* ii.uional debt, is 
one simple illustiatioii:'* the int<-i pi ei.n ion of tabu! w and graph- 
ical data is another. Matters of this kind iecei\e iusuilicient at- 
tention in ninsi tn.uheiiutics tc^sts. 

I\rfil}inlifni n/ Oninnl Ohjrilivrs. Mention has beet) made 
aboxe <»f leitain general ohjci ti\es at piescnt inipc i fcctlv tested. 
The ilhiMtatioiis ^ixen weie all lelated to the dexelopment of 

•J See pjiM H. •Inf.'im.iiion.tl \s Ciur puf.tt ;* hmI Nf .i'.h<rnati(.s.** Thf Mathf- 

*'l(lfU^ T'-iuhrr^ \ nl. Wll. j.j) iS; u,;, 
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various aspects of clear thinking— for example, the ability to in- 
terpiet data and the ability to reason logically. But there are 
many other general objectives ot education. Tiiey may be classi- 
hed under various heads, the following being t\pical: Interests, 
Appreciations, Attitudes, Ktfective Work Habits and Study 
Skills, and Kmoiional Maiiuity, Tlie well-irained mathematics 
teacher can Loniiibute lo the development ot many specific as- 
pects under tfiesc general headings, l)Ut growth with respect to 
desirable goals ol" the.se t\pes is raiely measured. It is true, of 
course, that leachei.s^ in other lieids have also tencied to neglect 
the measurement of tliese so-tailed "intangible" or "ultimate" 
objeriives, in .spite of the fact that in certain lields-notably the 
ai ts (iiu luding music) and English-objectives relating to inter- 
ests and ap{)rcciations are of paramount importance. Similarly, 
manv leathers of the social studies are deeply concerned al)OUt 
the SOI ial atiiiudes of liieir pupils, Dining recent years much 
work has been (hnie toward the deNclopment of tcchni(}ues for 
cxaluaiiou with lespect to objec li\es u[ the types mentioned. As 
the t^fiei li\ enc*ss of ilicse tec hnicpu'S inc leases and the value of 
the lesulting intei pretatifjus becomes better known, we may 
e\|)e(t similar lechni(}ues to be applied by mathematics 1;M(1ums 
in order to measure the effec ti\ euess of ilieir instruc tion with 
respect to such otjjec ti\ cvs and to pi oxide a )iasis foi sound educa- 
tional guidance. I'lie c cjustruc t ion ol te>ts that measuie grcnvth 
tow. lid "intangible" objectives and that lia\e sj)ecial reference 
to niathenialic al itrstiuclion waits iJiimauly upon the lecogni- 
lir)n of need h)i them and of the \alues tliat would accrue ♦'rom 
theii use. 

SOMl ADX ANCJ S (>I- RICI N I VE,\RS 

The ( '.oinmissiiMj has cUsc ussed the limitations of present tests 
at soiue length in oidei lo su-^-est (liiections in which improve- 
uiem ma\ be sought. It mighr appeat 10m the discussion that 
Httle ini[)ro\einefit has been n.ade in tesiing during the pdst fet\^ 
yeais. Thi.i inipiession would be eiioneous. foi the last decade 
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has witnessed a number of significant developments. A brief 
discussion of several of these may not be out of place here- 

The Report of the National Committee, to which reference 
was made in earlier chapters, included as an appendix an article 
by Professor C. B. Upton on ''The Testing Movement in Mathe- 
matics.'' That article summarized the status of the testing 
movement in 1923. In this chapter comments will be made only 
upon some of the developments since that time.^ 

Among the promising developments since 1923, the following 
may be noted: the extent to which knowledge of testing methods 
has increased among teachers in general; the publication of im- 
proved tests of various types; the growth in use not only of im- 
proved achievement tests but more particularly of tests; for other- 
purposes, such as diagnostic and instructional tests. Tthe latter 
devclopmciu has been facilitated by the appearance of various 
workbooks that are designed primarily with particular purposes 
in mind. This movement, already under way in 1923, ^vas dis- 
cu.ssed and its growth predicted by Professor Upton in the Re- 
port of the National Committee on Mathematics Requirements. 

In spite of growing recognition that modern methods of teach- 

9 It is not posMhle lo. disfuss particular tests and techniques in any detail, but 
the ff)llo\vinj> references are given: 

HiUIrerh. Ciertrude. A Bibliography of Mental Te\t!i and Rating Scale^. The 
Psytholoj^iral Corporation. New York. 1933. 

Ruro^. O^car K. Educational, Psychological, and Personality Tests of /o]j and 
toll. RufRcrs rnivcrsity Press. 1935. f Also. extended to period 19^53 >936' 'OS^O 

Hawke^. I.iiul<iuist. an<i Mann. op. rit, 

Siahiaker. John M. "Report on the Mathematics Attainment Test of June. 
jO-^fi." Rrsrarrh nullrlin Nn. 7 of the Course Kntrance Fxamination Board. 

Breslirh. F. R. The Technique of Teaching Secondary School Mathematics, 
Chapter VII. rniversity of Chicago Press. 1934. 

Smith. D. E. and Reeve, \\\ D. Teaching of Junior High School Mathematics. 
(iinn and Co., Roston. 1927. 

Every Pupil Te^ts, Mathematics, Supplementary Bulletin, University of Io\\a. 
N*ew Series. No. 716. 

Announcements nf Tc\ts. The Cooperative Test .Service. 500 West ufilh .^t., 
New Voik. 

Ru^-h. C. M. The Ohjrctive or Sew T^pe F.xamin>ition. .Scott, Foresman and 
Co . Chicago. 1929. 

Burns. Osc.ir K. ^editor). Mental Measurement ycatb'}f)k, i<)^^ Riitgcrs Tnivcr- 
sity Press, flnchides reviews ot tests and of hooU on mrasurement.) 
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ing involve more comprehensive evaluation programs, the* 
greatest eniphasis has hcen and probahly will continue to. be«» 
upon the measurement of achievemeoK We shall now discuss 
some the developmenis in tliis particular type of testing. 

We have'already mentioned the growth in popularity of the 
woikbook. This device has niade testing materials available to 
teacheis in a cheap and easily adniinistered form. For the most 
part the resj)onses of die pupils may be (juickly and objectively 
scored. This development lias proljably been an influential fac- 
tor in making teachers acciuaiiued with modern "short answer'*^*^ 
techni({ues. On the otluT hand, workbooks have in some cases 
contributed to formalism. Teachers have sometimes allowed 
pupils to *'fill in the Ijlanks" as a means of disposing of the class 
period with a mininumi uf exeition, both mental and physical. 
The Ixlame for such abuses sliould, however, rest not upon the 
instri^ment* 1)UL upon the peisoiis %vho misuse it. Many of the 
critic isms' of tests in tj;eiu*ial au* apj)Ucable to w()i kbf)oks, but 
the Weaknesses aie not iiecessaiily inheiciit in the devic:es» and 
may be eliminated by expei iiiieiiialioii ;uid study. 

A second sii^iiilKam (le\ I'lopmeni of lecent oii^^iii is the do- 
opeiati\c* Test Seivite. This seixite publisher annually a lar.i^e 
number of (litFeient lesls. In tlu* field of luailieinalic s alone the 
foUouinir ale a\.iilable: (icnetal Mailieni;uics» Elementary Al- 
gc*bia t!non.«;li Ouailiaiirs. IiUcnnedi.ue Aliiebra. Plane (ic^ome- 
II V, Solid tieoiiieii v. and \ \ ii;niionK-ii y. The annual foi nis ai e 
appioximatcK I'^piivalcin. in dilhtuhv. and uoinis aie so com- 
puteH that < oiupai isnus aic pMssildc *1 hcsc Ic^ls aie whollv ol)- 

t i \ e. Usin*^ N( \ el al ol i he well-ku* >\\ !i slmi i aiiswei iv ( Inii(]iies. 
and ai e c.n c I ulK (*r»nsi i u< ted ar ( < »i diti'^ to w idcl v a( ( epied tech- 
nical pi iiK ipU's. dht^v .lie 1 ( pi c^^t nr.n i\ e ol \hv best niodcMU 
ac hicxcMiicnt tests '^cneiallv a\ailabli\ 

AtKUher iinjfniaiit dcxclopmcnr ot lecciit \ears lias bc»cn tlie 
spread oT st.itewid{* iSsiJiiii; pr<>mains, They aio ii^iialh spoil 
sou'd bv rh{* st.jic ini?V <'f*«^ties. or st.itt' dep.ntnu'Uts (j1 edtu a 
t ion. and ai e [)i < >\ <1 )i the >cl;ool.s ul i he indi\ iducd stale and 
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Others interested, on a non commercial basis* The decision to 
use them or* not usually Vests upon the individual school or 
teacher. Carefully cJSs^n^Ctd (and^ often experimentally vali- 
dated before publicatfon) by outstanding teachers or committees 
in cooperatign with experts at the universities, they are a dis- 
tinct improvement over the average test prepared by classroom 
teachers. Norms are computed that afford teachers of the state 
a basis for comparison of their work with that of others in so 
far as the tests, pupils, and objectives are similar, and to the 
eNjjtient tlmt the tests niea'sure the achievement of these objectives. 
The programs and tests of the states of Iowa, Wisconsin* and 
Ohio are representative of this, movement. 

For a generation the College Entrance Examination Board 
has been a' dominant factor in secondary education. The com- 
mon criticism that e\tram|nal examinations encourage the 
tendency of teachers and pupils to regard passing the examina- 
tion as- the chief aim of the course, and the tendency of the ex- 
amination to retard curriculum reform, has often been stated 
with added force in connection with the College Koard examina- 
tions.' As a result the Board from time to time has changed its 
requirements. A noteworthy revision in the field of mathematics 
was adopted in 1935. Beginning in 1936 the Board instituted 
*\hree new comprehensive examinations designated Alpha, Beia, 
and Gamma. They attempt , to combine the advantages 
of tlie longer essay-type, multiple-step question with those of the 
single-step question. ..." 

The following quotation from the report of the Commi.ision 
which formulated the revision will indicate the spirit of the 
recommendations. 

Itl formulating its recommendations, the Commission has been 

strongly influenced by the wish to leave teachers of mathjematics in 
secondary schools free to guide tlie developments of their. pupils in 
such wavs a,s seem to them most desirable. / 

It has b( on the aim of the Commission not to itidicate the c6ntent 
of the mathematics courses which lead up to the cxaminatiop&on 
such detail as to hamper the work of the teacher,. but to be'suffi- 



180 Fifteenth Yearbook \ 

ctently definite in specifying th^ scope of the examinations to avoid 
uncertainty on the part of. the teachen^^ ' 

The new examinations are superior in several rjespects to the 
former type used by the Board. In the first place, they are much 
more readily scored in an objective manner; second, they are. 
more geni^ral in nature and do not emphasizd^ the traditional 
divisions into algebra and geompfvy— in fact/ the solutions of 
some problems require an effective integration ofthese branches. 
Finally, there have been indications tjiat the examinations would 
include itehis that aim to investigate the, candidate's under- 
standing of the iiatuve of logicaU reasoning. ^ As yet, however, 
they have not gone very far in this direction, \p ^ 

The above discussion of some of the recent developments in 
the field of educatiohal measurements as applied to mathertiatics 
should make clear that contiimous hiiprovement is taking place. 
By way of summary we may note that aside from tlje points 
mentioned previously the dianges have been chiefly in the di- 
rection of increased objectivity through the u^e of short-answer 
techniques, increastd availability of carefully constructed tests, 
and possibly reduction of the influence that extramural examin- 
ing bodies have exerted upon the curriculum. 

In connection with the last point, it may be noted that mjjiny 
educators have expressed the view that the testing prograihs 
mentioned above tend to obstruct dpsirable curriculum changes. 
There is little doubt that thkffear is \vc'll founded; but it may 
well be that the tests also prevent some teachers from making 
unwise revisions and eliminations, andirom undertaking experi- 
mental programs which are unsound in theory and execution. 
On the other hand, the evil t^ffects are within the- control of 
those who make^the tests atid administer the programs and who 
can use the tests to brmg about gradual improvements in meth- 
ods and nuuerials that \v()uld othcrwiscvbe clefcrrcd for some 
time. Tluis these j)i ogvams are a potetitial source of stretigth. par- 

Rep'>rt of thf (.nmmi.^wn on Examinations in Mathematics, College Kn* 
trance Kxannnuiion Board, New Yoik. 
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ticularly in that they provide data on which to base conclusions 
and revisions. Real progress is slow when it depends upon ran- 
dom experiiTxenting on the part of individual teachers, but jnuch • 
can be done through concerted action based on reliable evidence. 

A PROGRAM FOR THE FUTURE 

The preceding sections of this chapter have indicated some^ 
of the developments of the last fifteen years, and have pointed 
out some of the limitations that are recognized to' still exist. 
The obvious program for the next few years involves work 
toward the removal of the weaknesses of current evaluation prac- 
tices and the development of new or improved methods. The 
following discussion will summarize the mil^^^^ints on which 
attention may well be centered. 

Evaluation. The development of means of evaluating achieve- 
ment of important objectives not now measured is the first essen-. > 
tiil of the emerging program. Thi& will include a preliminary 
clarification of the meaning of the objectives, for in many calKs i 
they are only vaguely formulated and few descriptions of the J 
specific behaviors involved exist. It will also include the-'^toT- 
lection of numerous/, illustrations of situauons in which the 
pupils should exhibit one or more of the specific behaviors in 
terms of which a particular objective is defined. In many cases 
these illustrations should be actual concrete life situations rather 
than relatively abstract ''problem** exercises. The preceding 
steps are in reality a part of curriculum making. Evaluation 
proper begins when the pupils are faced with the situations and 
j a record is obtained of their behavior— what they do or how they 
\ think. Further steps in the jprocess involve the interpretation of 
' the behavior and tjie attempt to find convenient and^ reliable 
• " short c\it methods of obtaining the record. In somie cases familiar 
types of short-answer techniques may be found satisfactory. lUit 
in general we must expect more elaborate testing devices in ^ 
order to measure the complex behaviors associated with many 
general objectives. 

/ 
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Methods of Reporting. Revision of metl^ods of reporting 
achievement is a second essential In the program for the future. 
In the past we usually have attempted to describe acfffevement 
in terms of a single numerical scofe or letter grade. This as- 
sumeinthat the abilities involved a'^e distributed^ on a single 
linear scale. If the abilities measured by the ter^ are quite 
homogeneous this is a justifiable and convenient practice; but 
there is little basis for assuming that all of the varied abilities 
included in the objectives of mathematics are homogeneous. 
The attempt to lump the different aspects of achievement into a 
single score often conceals more than it reveals,' 

In the future we should seek to express achievement verbally • 
in^ternis of the stated objectives of . instruction. For this pur- 
pose we shall need thp results from evaluation devices or tests 
that measure separately growth towarjd each important objec- 
tive. In many cases it will be possible to compiiic average scores 
or normal beKavior with respect to achievement of the different 
objectives. W? can then describe the status of the individual in 
terms of a number of different factors. This permits the re- 
placement of a single store by a comprehensive verbal descrip- 
tion of an individual. The lai.ter may, of course, include men- 
tion of the various scores that are included in the to\al mass of 
evidence. 

It may be well to clarify these points somewhat. Suppose a 
pupil has taken tests that^*neasure different objectives. The 
teacher of geometry might thus have available the scores on tests 
that reveal: 

Ability to recall geometric facts and principles. 
Understanding of geometric concepts. 
Ability to prove ''original** geometric exercises. ^ 
Understanding of the role of definitions and assuiiijnions in 
' . an argument. 

Ability to recognize \ind use ccrta^m principles of logic in life 

situations. ^ 
Social and economic attitudes or beliefs. 
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Work habits and study skills,, including reading compre- 
hension. 
Scope and depth of interests. 
This Jist is- only a sample of tHe different types of objectives on 
which data may be obtained. The last three items are objectives 
of concern to teachers in other fielcis, an^ in some schools the 
tests for them are given on a school-wide basis, In such cases the 
teacher of geometry would be responsible primarily for the first 
five objectives only. 

With scores from these tests available, what report might a 
teaPher make about a given pupil? In the first place, it would'be 
possibl^o report or comment on work habits and study skills, 
including reading comprehension, and on scope and depth of 
interests! These obviously have a bearing on achievement in 
most subjects, and particularly in geometry. In the second place, 
it is possible to comment briefly on achievement with respect 
to the objectives relating more specifically to mathematical in- 

j^truction. One pupil may be superior in solving exercises. 
Another may do well with purely geomet^ric material, but may 
hav? difficulty in applying principles of logic in life situations. 
He may, for example, allow his social and economic attitudes 
or beliefs to sopcrsede logical principles in arriving at coriclli- 
sionl in these fields. Data relative to the sixth item above would 
serve to support or perhaps to weaken a teacher's judgment on 
, this point. Still another pupil may understand the role of 
definitions and assumptions in an argument, but show rather 
poor understanding of geometric concepts. - 

Written reports^ sometimes in the form of a leticr to the par- 
ents with a copy vetainod for tlie scliool files, are now being used 
in- a number of schools. The labor of preparing sucli reports is 
of course greater than that involved in assigning a numerical 

' or letter grade. For this reason reports arc prepared less fre- 
quently, say three or four times a ycai* instead of six, but they 
are more thoreTTTj^h and more revealing. Moreover, the task of 
accumulating tlie evideiuc and preparing the reports may be 
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distributed over a fonsiderable period of time. When achieve- 
ment of general objectives is being evaluated, it is not necessary 
to wait until the end of a marking period to administer tests and 
prepare reports, Wljcn tests measure principally recall of in- 
formation and skills, a few days or a week or two of instruction 
may produce appreciable increments to a test score, but im- 
provement- is muth less likely in a short time in the case of 
objectives less specific. 

*If data on the different abilities are obtained at intervals, it 
is possible to describe growth and retention; if in addition daM 
aie available on home and community background, previous 
training, and similar f«^ctors, still more significant interpreta- 
tions may be made. The relation of growth made to initial 
status may be more significant than the pupil's final status, Thus 
a pupil who originally ranked very low in several abilities may 
succeed in reaching the median. If hi.s backgi-ound and a num-. 
ber of personality traits a.re taken into consideration, this de- 
velopment may merit high praise, and may represent greater 
achievement than that made by a pupil originally well above 
the median who succeeds in maintaii^ing his position but shows 
relatively little growCh. Numerous ilew methods of recording 
and reporting pupil progress are being devised and tri^d. l.i 
every case the aim is to furnish to pupils, parents, guidance 
officeris, future employers, and college entrance ofticials data 
more revealing than data provided in the usual records and 
rep(vrts. 

We may summarize this section hy saying that a forward- 
looking program of evaluation involves the devclopmcMU of new 
meihods of judging, recording, and reporting the acliicvcnient 
of pupils. These metliods should emphasise growth toward the 
o[)jectives f)f tlic educational proyrain and the ^)arti( ular course. 
ai44 intcrpreiations should take into account e\idcnco concoru- 
ing many relevant factors tliat influence adiicvcment. 

Adrninistratix^e Problems. The task of cviiluation as here 
outlined mc\y appear to be so great tliat the practicality of the 
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proposals is open to question. This is a pertinent issue, and can- 
hot be taken lightly. The following observations may help to 
allay anxiety on this point. 

In.the first placef when general objectives become dominant 
in an educational prpgram many teachers can contribute to their 
development and to evaluation of achievement. The teacher 
of a particular subject, such as mathematics, need not be solely 
responsible for obtaining all the evidence. A cooperative or 
school-wide progiam of testing becomes possible, and the time 
and work necessary to e^ct it may be shared by many teachers. 

In the second place, the testing does not need to be carrleHon 
in a continuous block of time, say at the end of the year, leading 
to the complete exhaustion of both teachers and pupils. Ideally, 
it will be distributed tllfoughout the school year, and the keep- 
ing of cumulative records will make possible the interpretative 
comparisons that should be made. The total testing period need 
not absorb an undue proportion of school time, Some of ^he 
time now spent ir^ relatively ineffective but extensive testing of 
a few objectives may be expended on testing for other 'objec- 
tives, and the results of the test'i if properly used should lead to 
more effective teaching which would compensate for the extra 
time required. The American schools now spend hundreds of 
millions of dollars each year on education and the pupils spend 
hundreds of hours in school. It is no too much to expect that 
ten or fifteen per cent of this expenditure may well be devoted 
to the determination of the effecdveness of the remaining 
portion. 

The administrative problems associated with a comprehensive 
testing program are gradually being solved. One striking exam- 
ple is afforded by the recently invented electrical tesr. scoring 
machine. With the aid of this complex machine hundreds of 
test papers may be scored in an hour by clerical help, and with 
an accuracy exceeding that olVained by hand scoring. This de- 
vice ma/ ultimately relieve teachers of most of the drudgery of 
scoring test papers, and leave them freer to devote their talents 
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to interpretation cf the results and the planning oi more effective 
work. ■ 

CONCLUSION 

Teachers of mathematics have not been accustomed to con- 
sider the probiems of testing from a broad point of view. Yet * 
professional miaturity, the welfare of the pupils, and the future 
of mathematics in the secondary schools all demand an ever 
deeper and broader study of instructional problems. In such 
study evaluation plays a fundamental role. Curriculum revision, 
guidance of pupils, and improvement of instructional methods , < 
• all depend upon caneful evaluation. It it is superficial and nar- 
' row, the development of the place of mathematicsNin education 
is retarded. If it is thoroughly and comprehensively done, there 
is much hope for the future. 
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' . CHAPTER X 

• THE E^DUCATION OF TEACHERS 

^ "When 1 say I'll learn a man . , . / mean it. And you 

can depend upon it. I'll-4earn him or kill him." 

—MARK TWAIN, LIFE ON THE MISSISSIPPI RIVER 
) » 

GENERAL CONSIDERATIONS 
. In a consideration of general educational problems it is neces- 
sary to give prominence to the preparation of teachers. The part 
of the teacher is so important that other considerations, even 
very essential ones, are secondary by comparison. For instance, 
any insistence that is placed upon good objectives and good 
programs of study only "emphasizes the importance of the 
teacher. Not until we turh our thought to the persons who are 
to carry on instruction, do we reach the crux of the matter; for 
then it is that we pass beyond mere plans on pap^r to the per- 
sonalities who will bring either success or failure to them. 

There are two important postulates that underlie our efforts 
at mass education and that are related to the teadiei. First, it is 
assumed that teachers can be secured in the large numbers re- 
qaired, and second, it is assumed that the necessary training 
will be given to them. 

There is no reason to believe that the de.nand for teachers 
cannot be met numerically. It is true that the 'teacher's salary 
is often so small that it has been justly denounced as inadequate 
when -.ccount is taken of the social importance of his work. Yet 
, it is sufliciently Attractive for persons to seek it. There has been 
a relative stability to the teacher's pay, even in periods of depres- 
sion, for economics that will make education suflcr are likely to 
be applied with some moderation. The possibility that a posi- 
*■ 187 
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tion may be permanent is certain to be jegarded as something of 
a balance for the smallness of its wage. Herein, however, there 
lurks a real danger, for we should not be content to know that 
we can obtain teachers. We need good teachers, and men and 
women who are truly able will be attracted into the profession 
in sufficient numbers only if there is adequacy as well as relative 
security of compensation. 

There are five major qualities that are to be considered in the 
mathematics teacher: (/) social and civic attributes, (a) general, 
culture, (5) familiarity with educational problems and theories, 
{4) skill in instruction, (5) knowledge of and interest in mathe- 
mafics. It would be rather difficult to list the five attributes in 
their exact order of relative importance, but the Commission 
regards the last quality mentioned as distinctly the most im- 
portant of all, after making an assumption, presently to be 
mentioned. In the discussion that follows, {3) and {4) will be 
grouped under the general heading of professional education,^. 
designation now very common. . 



SOCIAL AND CIVIC ATTIjLlDUTES 
Since it is undeniable that the personality and character of a 
teacher have much influence upon his success, an explanation 
is needed to justify considering knowledge of the subject taught 
as of more importance. It is taken fo- gt/anted that in the matter 
of personality and character the teacher is satisfactory. Persons 
who are clearly unsuited for teaching, because of poor personal- 
ity, very poor health, or lack of sympathy for young people, 
.should be eliminated early and they should not be allowed in 
practice teaching courses. Although it is possible to overcome 
many personal handicaps through instruction and the exercise 
of vigilance, the instruction required may he of so individual a 
nature that universities and colleges cannot provide it. No 
greater responsibility rests upon officials and instructors who 
are connected with teacher education than that of preventing 
persons from entering the profession when they are obviously 
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unsuited for it. The cour^ . in practice teacliing, which is npw 
generally required, is especially adapted to serve as a safeguard- 
• ing Carrier, ' , 

One naturally expects that teacliers wift show civic interest, 
■for the schools have a purpose beyond spreading the knowledge 
that is found in books and-^parting the understanding that 
may be gained in the laboratory. Since an objective of the 
schools is to inculcate civic attitudes and ideals, a teacher should 
feel the responsibility of exemplifying some of the attitudes th^t 
the school says are important. Public problems should interest, 
him, and he should be willing to bear a share of those burdens! 
that are necessary for the common good. But neither civic nor 
non-curricular school activities should be expected or encour- 
aged at the expense of good classroom work. The primary duty 
of the teacher is to instruct, and it is only a short-sighted policy 
that will put upon teachers demands that prevent a growth in 
scholarly attainment or general professional Competence. It is 
to be expected that some teachers will have viry discriminating 
tastes in ,die matter of using their leisure time. The great- 
estusset to any school system will always be those teachers whose 
time outside the classroom is, spent in activities that are con- 
genial to a person of intelligence and culture. In way,s that may 
not be perceived by an undiscriminating observer they reach 
those boys antl girls upon whom must rest the real iiope o.f raising 
the standard and tone of American life. Such teachers'should 
not be visited with official displeasure merely because they have 
no inclination toward certain popular activities. 

p GENERAL CULTURE 

The complaint is fretjuently made that knowledge is too often 
artificially divided into compartments. Of course such a situa- 
tion as exists is to a large extent inevitable, beinir a consequence 
of the growth of civilization Und a result of ihc progress that has 
been made in the arts, the sciences, and technology. Each major 
field of learning has become so vast ^hai it daunts even the most 



sic ^ J 



iQO Fifteenth Yearbook^ * . 

industrious student, and if the education of the secondary, 
school teacher of mathematics is to be^de^uate, a Iarg6 part of 
his rorege work must be devoted to mathematics and allied 
subjects. But this fact is not an excuse for departing too much 
from the expectation that the teacher of high school mathe- 
matics should be a person with varied tastes and ohelvho hSs 
interests outside of mathematics. Especiall^r is enipKasis to b? 
placed upon, knowledge of English and correctness in its use, 
both spoken and written.^ One cannot expect to have good 
teaching of mathenatics unless there is accuracy of expression, 
correct use of words, and a watchfulness of shades of meanings ^ 
and the implications of sentences. The teacher of mathematics 
should be as careful in his speech and writing as the teacher of • 
English^, and he should help English instructors by the standards 
he requires in his own classes. 

PROFESSIONAL EDUCATION. 
Professional education is older than is often realized. By 
1840 norpial schools in An?erica provided practice teaching, and 
in the early iSso's some universities did the same. In the ^874 
catalogue of an academy one finds the statement: "Teaching is 
no longer an occupation, it is a profession; a profession'which 
demands for its successful accomplishment as studied a prepara- 
tion as that required for medicine, law, or the ministry." In the 
general progTam^that was outlinet^we find "a course of pro- 
fessional instytictioh' in which the science and art of Pedagogics 
will be presejited with a discussion of all the minutiae of the 
school room/work." The modern teachei\piay not be kindly 
disposed to/ard the word pedagogics, but it mv^st be admitted 
that it iiaS a candid -directness. The Commission believes that 
professional training ".s an important part of the preparation of 
the teacher. We require far more teacheiis than can be obtained 
by selecting the "natural born teachers." Probably such indi- 

I The presetii Commission endoises the stau-mcnts made with ret^ard to English 
)»y the National Comniiitce of 1923. Sec iis lepoit, The Rfovgamzation 0/ Mathe., 
tnatics in Secondary Education, p. 84. 
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vidual^ cf^ist, but most successful teachers will admit that they 
have learned a great deal by experience. If this is so, it cert)iif:ly 
shpuld be possible to give valuable instrk^ion and training to 
the future teacher while he is still a studeiu. The Commission 
believes, however, -that in America, t^ie time spent in profes- ' 
sional training has been carried in some cases beyond all reason, 
and it c^xpresscs the hope that members of education faculties 
wl)b are conscious of this danger will take the lead in maintain- 
ing a sane 'balance, • ^ 

The most important element, in professional training is stu- 
dent practice teaching, carried out under the most competent 
jifpervisibn that can be procured* The Commission considers 
this work so important tliat it urges thai even greater attention 
t)e paid to it in the future than in the past. .Work in practice 
teaching should be preceded by a good course in methods; and 
in this course ^special stress should be put upon the topics that 
are most intimately connected ^ith the ideas, the concepts, and 
the basic processes of mathematics.. Some phases of the work of 
the m<jthods teacher should be carefully correlated with instruc- 
tion that students receive in mathematics. ^ 

Our public school teachers should certainly be acquainted 
with the history of American education; they should understand 
its pliilosophy, the problems that beset it, and the ideals it strives 
for. Incidentally, by way of broadening the viewpoint and giv- 
ing the basis for a significant appraisal, they should know some- 
thing about the schools of other countries. Such topics make 
up the content of the familiar course jn secondary education. 
It would appear to be more in conformity with sound educa- 
tional practice if a person were allowed to demonstrate his 
knowledge of them by an examination, without registered at- 
tendance at lectures in the subject. Not a great many prospective 
teachers would avail themselves of such a privilege, so that 
courses in secondary education would not dwindle away. But as 
the content of such courses is very simple, with little material 
that is in need of the exposition of a teacher, encouragement 
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should be given to tliTVifitriti^us and industrious student who 
desires to follow a route other 'tijsan the customary one. 

The science of psychology has achieved an established place in 
teacher education. Since-the teachW is dealing with human 
beings and is seel.ing to stim^ulate and arouse them to activity, 
he should know Kow to establish sympathetic connection with 
them. An understanding of otiier persons comes to some people 
quite naturally, and there are masters of the art of instruction 
who never sat in a class in psychology. But other teachers fail 
badly through ignorance of principles that they might readily 
have been taught. A course in psychology of moderate duration, 
devoted largely to its educational aspects and to the learning 
process, is an important general requirement. Teachers are 
generous in their' praise of such a course, especially if they have 
had the good fortune to take it from an instructor who was hinK 
self a good teacher, and who" by his own example could give 
conviction of the effectiveness of the principles^that he set forth. 

The fact that this Report devotes an extensive chapter to the 
subject of testing is itself evidence of the importance that the 
Commission attaches to the problem. Systematic study should 
be devoted to it in the preparation of the teacher. Study of edu- 
cational measurement inevitably brings in statistical considera- 
tions, for which the prospective mathematics teacher should be 
well prepared by courses in his major department. It is not too 
i;iuch to expect that mathematics teachers in general should 
be helpful to colleagues in the subject of educational measure- 
ment and statistics. 

Professional preparation should not be terminated with the 
' Initial education of the teacher. In fact, one can doubt if a per 
son can appreciate the importance of some aspects of such prepa- 
ration without a year or move of active teaching experience. 
Formal courses, during gradiftue^tudy in- a university, may not 
be necessary, though they are valuable when real substance is 
put into them. The teacher can grow professionally a great deal 
in the environment of his own school and through contact with 



Education of Teachers 193 

other teachers* Unless a school is so large that there are several 
teachers of a single subject, the bnly bond between them may be 
common educational probleijis. The only^tudy that they can 
^ undertake together is stu4y of general educational probiemSi 
and when this is well doiiducted by a good school administrator 
it may be as profitable as an additional educational course. The 
professional in-service growth d"f his teachers is certainly one of 
the major concerns of the principal and the superintendent. 

TRAINING IN MATHEMATICS 

The amount of study of mathematics that is required in order 
to obtain a license to teach the subject in a high school is far too « 
low in most of the states. In some of them the prospective 
teacher need not have studied mathematics in cbllege at all; so 

^Csr as regulations are concerned, he is not obliged to have ad- 
vamsed beyond those subjects that he may be expected to teach. 
Even in states where there is a requirement of college study, the 
regulation can often be fulfilled by a year, or a little more than 

• a year, of work. All of this indicates that however much we 
profess a devotion to education, and however zealous we are 
in providing buildings, equipping ^gymnasiums, transporting 
children to schools in rural communities, and doing other like 
things, we have not in any determined manner faced the essen- 
tial problem of education, namely the competence of the 
teacher. By instituting certain professional requirements we 
have perhaps guarded against initial ineptitude in an instructor, 
and we have encouraged teachers to think about school prob- 
lems^; but in spite of that, we are content with the-most modest 
attainments in the subjects they teach, at least so far as official 
requirements go. The situation suggests that although we desire 
something in this country definitely superior to bare literacy, 
we are not greatly annoyed by mediocrity. Excellence or su^ 
perionty does not stir us so deeply t^at we choose them as our 
watchwords and insist upon them in a grimly uncojnpromising 
manner. We desire that our boys and girls should be instructed 
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teachevs ^*'ith social attitudes and community interests, b^t^ 
we do not demand that they have contact with teachefs who are 

I so well informed as to inspire, and who, having awakened inter- 
est, can assist their pupils toward su|>erior attainment. 

It is even argued at times that a scholarly teacher is likely tO 
•'talk over rhe head^" of his pupils, as if it is to be feared that a ^ 
teacher may be too well informed. A teacher, especially an in- 

^ experienced one, sometimes does attempt too much and breaks 
connection with even tht abler pvipils, through fofgetfulness of 
the needs of 'beginners, The danger may be particularly real in 
the case of mathematics, where understanding rather than mere 

o memory is constantly involved. But a teacher who offends in 
such a way might still perform poorly if his knowledge of hiathe- 
matics were ev^n' more limited. It is not to bp forgotten that 
the verdict, "He knows his subject, but cannot present it/' is 

■ often passed on teachers who really have only a modest knowl- 
edge when judged by a sufficient standard. The evil that is 
being considered i§ one that should be lessened by the practice 
teaching course, and experience in the classroom aids in its 
eradication. Administrators and supervisors should be only too 

' glad to help correct such a defect when they are so fortunate as 
to have teaciiers who need help in bringing their daily class- 
room work doxon to tlie necessary level. It is far easier to make a 
correction of that sort in tlie case of a promising teacher than it 
is to bring the instruction of a teacher inadequately prepared 
in b.is subject up to the level to which the able pupils in his 
classes arc entitled. . ' • ^ 

It is fortunately true ^hat in many localities the preparation 
of teachers is distinctly above the minimum set in the regula- 
tions. A hrge prop 'tion of teachers of mathematics in the 
larger schools today Lave Mad in college an undergraduate major 
in the subject, or at least a minor/ Rut so long as defectively low 
regulations rellcct education'^practices, a teacher prepared for 
some other Jrubject may be found weakly and diRidently presid- 
ing over a class in algebra or nonchalant^ly listening lo the dem- 
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onstration of y^theorem in geometry. Pupils realize the im- 
propriety of such occurrences, and we shall never create the 
respect for competence and knowledge until such instances 
become very rare. It is, of coUrse, an excellent thing to have 
our practic^e actuallysbetter than* our regulations, but the latter 
should be sufficiently high to command respect. 

If mathematics were simply a tool subjecti ii still would be 
necessary to insist that teachers study branches of it that extend 
beyond the relatively smay field to which the secondary school 
is restricted. It is true that a person may acquire a seeming 
proficiency with high school algebra by thorough study of a 
number of high school textbooks^ and that he can gain a certain 
corppetence in geometric demonstration by painstaking perusal 
o^the better anU more exhaustive introductory books. But suclr 
narrowness of preparation' is contrary to modern ideas of what 
education means. There is no rftargin of safety, no large surplus 
of knowledge and competence, always there to be relied upon. 
( A teacher should not resemble an unhajJpy banker who, with 
reserves in a poor condition, nervously watches thfe door for the 
examiner; At any time the bright boy or the able and insatiably - 
curious girl may cause considerable embarrassment. Nothing 
but study beyond the bare elements of a jubject can make the 
elements seem simple and natural; notliing else can show their 
full significance, 

A still stronger reason for requiring broad and thorough 
training on the part of the teacher grows from the cultural at- 
tributes of mathematics. The teacher's responsibility is not con- 
fined to the details of the lesson of the day, for he should seek 
to inspire and interest pupils in things superior to the contents 
of the book and the day by day discussion of the class. To pupils 
he should appear as a person witli experience, knowledge, and 
capacity that far exceed tlie requirements of the mornent. It 
should he manifest that he is interested in thinking, that he is 
A citi/en of the world of ideas, of concepts, of mental enter- 
prises, as uell as a titi/en of a p()liiical community with its vari- 



igO Fifteenth Yearbook 

ous social problems. Contacts with personalities of such a type 
should be among the life situations that schools give to boys and 
i»irls it we are to hold schools in esteem.-and not be forced either 
lb smile or weep over their shortcomings. Of course a large 
number of boy* and girls, absorbed in adolescent impulses or 
eii^vossed in fancied responsibilities, as well as the exhilaratmg 
Huck Finns, wijl not be at all impressed by such teachers. BuT 
this faci in no way affect^the obligation of providing teachers 
widi tlic'charactcristics described. g 

A detailed consideration of the contents of the college course 
of study is not necessary. In algebra and geometry, which are 
flie basic subj^*cts of the high school program, the study of the 
prospective teacher should carry him into fields that are^defi- 
niter>^ wider than he will need in his day by day teaching, His 
study of trigonometry should make^ him something of a master 
of that subject, so that the parts of it that find their way into 
the v^ouer high .school years will seem as simple as they truly 
are, while the parts that are taught in later years will present no 
difficuh^ to him. His contact with the calculus should be suffix 
ciently prolonged and exacting to give a giasp of the prin- 
ciples and basic concepts that is so dear that.it will last, and a 
grip of simpler tcchni(|ues so firm as to be durable. The calculus 
being in a way the beginning of modern m»uhemaiics, this 
Commission believes that it is as bad for a high schobl teacher 
of uuithcn)aU(S not to have some clear conception of it two 
hundred and hfty years after its beginning as it would be for 
him not to know where London and Paris are, or to be unable 
to tell something of ^ the story of Benjamin Franklin, The 
teacher shoukj certainly be able to give an intelligent answer 
to the curious boy or girl who may ask a serious question as to 
* the na^ne of the subjects studied in the calculus. It is to be 
recalled,' iuvtherniore, that })ar[s of elementary differential 
calculus have 1>een suggested in earlier chapters of this Report 
as topics for the last year of the high school, A study. of mathe- 
matical statistics and of the mathematical theory of finance is 
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also iinporUnt in addition to the study of the U'aditional 
subjects. N 

The Commission believes that it should stress one subject, 
namely the history of mathematics. If the study of secondary 
mathematics is to reveal mathematics as one of the fundamental 
enterprises of man, which, though i^ooted in daily need, is an 
expression of deep, irrepressible, and idealistic impulses, then 
the teaching of it should constantly be associated with its history. 
One recalls the statement of Glaihier, "I am sure that no subject 
loses more than mathematics by any attempt to dissociate it from 
its history. "2 The history of mathematics, however, is too often 
treated by our universities and colleges as a stepchild. Though 
courses in it are provided, the Commission fears that too often^ 
they are dry and sterile, and it believes that they will remain so 
until the subject is properly appreciated and step^ are taken to 
develop more scholars who are ardent in the cultivation of the 
history of mathematics and enthusiastic in its teaching. 

Attention^has already been called to the increasing number of 
subjects that are becoming mathematical in nature. The mathe- 
matics teacher may have acquaintance with this general fact, 
and know a little as to the nature of the^ applications, without 
having carried on systematic study of the related subjects. "It is, 
however, quite desirable for him to have had^-a good college 
course in physics, or chemistry, or astronomy; of such a nature 
that the employment of some mathematics was needed. As a 
high school teaching subject to be combined with mathematics, 
physics continties, as it has long been, a very natural related 
subject for many teachers oP mathematics. 

But another consideration should be touched upon, even 
if slightly. There are many mathematics teachers who have pre- 
ferred foreign language, frequently Latin, as a minor, and others 
who have been drawn toward English, or toward hfstory. The 

^Glashier, J. W. L., **Maihematics ^n<\ Physics/' Presidential address before the 
British Association for the Advancement of Science. Section A, 1890. Saturf, Vol. 
XUl, p. 466. 
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Commission regards such tombinations as having much merit, 
and would not discourage them. However correct may be the 
assertion that language study does not employ matKematicsi the 
question involved is not disposed of by so obvious an assertion. 
N^any investigations have shown a striking correlation between 
grades in mathematics and grades in foreign language. Both 
studies are definitely intellectual, with a good firm texture 
unalloyed by the trivial and the commonplace; and it is not 
strange that some persons should desire to teach two subjects 
that spring from congenial impulses. Majiiy strong students of 
nuthematics are not attracted/to the laboratory with all its 
'paraphernalia, and it is doubtfyl if there is a gain when, for a 
second teaching subject, we force^them away from, a natural 
inclination into a study that has unattractive aspects, just be- 
cause the latter uses formulas and employs equations. It is also 
TO be recalled that, if our schools' are to -exemplify culture in a 
A)road sense, it is a wholesome thing to have some teachers cut 
across traditional lines and reveal an interest in subjects that on 
the surface seem unrelated. The teacher of mathematics who is 
competent to teach Latin andVijoys doing so, should not feel 
obligated to explain why he do\s not prefer meter sticks and 
galvanometers to amOj amas, cimoL^ , 

It should be clear that the leaching of English may well be 
congertial to some teachers oErmatheimtics, both on account of 
the part that deals with grammar a^d the part that deals with 
literature. In fact, if the greXLiP^ortan^e of English training 
to the mathematics teacher is stressed, we are quite certain to 
find ourselves producing some teacheis competent in the two 
fiel(ls. As to the teaching of history, let the following remarks 
suffice. There is. a tendency to have historv deal more with the 
development of culture and less with political and military 
matters. The oppornniity for the teacher of mathematics is 
obvious, especially if he has gu^en thorough s^urly to the history 
of science. 

Althoug^Mly traditional "major work'' of the university or 
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college department of mathematics has been for the most part 
quite \yell conceived so far as content is concerned, its' actual 
bearing on secondary education has too often been left for the 
student to infer. Moreover, university and cbllege teachers have 
not always kept in touch with the problems of secondary educa* 
tion, even when a large number of their itiore advanced students 
were preparing for high school positions. Every mathematics 
department of any size should have some member, well^trained 
in mathematics, whose dominant concern^is the teaching of 
mathematics in the high school. In addition to an awareness 
of the difficulties of the problems of secondary education, such a 
person should reveal a strong devotion to the subject that he 
teaches. Though he may not be engaged in technical research, 

, there are plenty of. ways in which he can show an extensive 
knowledge, activity, and enterprise. 

There is an increasing number of teachers of mathematics 
who take -graduate study, and in many of the larger hi^h schools 
teachers are expected, if not required to hold the Master's degree. 
Though some states nW require tha^ all Tiigh school teachers 

-hold \Ji\e degree, it is to be observed that such a prescription 
may not be accompanied by a comparableancrease in training in 
the subjects that the teacher teaches, strange as this may seem 
to many persons. It is a]so to be observet^ that il the output of 
persons receiving a Doctor's degree should exceed the demand 
of colleges arid universities— a situation that seems likely to 
arise— many of the recipients of such degrees will naturally find 

' positions in junior colleges and the larger high schools. 

Several very important questions arise in connection with 
graduate work in mathematics for high school teachers. Al- 
though the traditional training has been quite suitable for those 

• teachers who are strongest mathefriatically, it can be doubted 
whether it is best suited for many others. Certainly there is a 
great wealth of good mathematical material from which courses 
could be built that would be appropriate for different types of 
high school teachers, although a too diversified list of offerings 
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is not to be expected; and the graduate programs oi universities 
should not be devised solely for "^those persons who expect to 
o^take the traditional degrees in the expectation of teaching in a 
^ university or a collie, A commission of the Mathematical As- 
sociation of America has recently published^ a ^Report on the 
^Training of Teachers of Mathematics/' which consider** various 
aspects of the problems here briefly 'alluded, to. 

SPECIFIC PROGRAMS' 

There is given below an outline of the training for mathe- 
matics teachers that^the present commission recommends, the 
recommendations being in essential agieement vath tbbse of the 
. commission pf the Mathematical Assocratio^, to which reference 
has just been made.* w 

HIGH SCHOOL TEACHERS OF MATHEMATICS AND A 
SECOND SUBJECT 

A large number of teache^^s are employed in high schools in 
which they must teach more than one subject, and in some 
states where certification in specific subjects is required, a. can-' 
didate must qualify in. two subjects. A committee of the North 
Central Association of Colleges and Secondary Schools has re- 
cently recommended® that learned societies, '*in order to ^pro- 
tect their own immediate interests as well as to improve the 
American high school . . . should undertake the task of de- 
fining the make-up of the broad fields within which their own 
subjects should be included." It further states: *'It is clear, for 
.example, that physics and mathematics are inseparably related 

^American Mathematical Afonthly, Vol. \LU. pp. 26.'^-277, uj.V)' 
* In its tabulated recommendations the fortner commisst)n listed the study of 
EnRlish. Although this subject is not mentioned in the tabulation of the present 
report, enou^h^ has been said already to show that the present commission en* 
dorses futty^ the statement of the former commission with regard to EnRlish, as 
well as its statements about language, literature, and other cultural studies. 

'^See the report "Inadequacies in the Subject Matter Preparation of Secondary 
School Teachers and Suggestions for Their Corrections." Sorth Central Associa* 
tion Quarterly, Vol. XII. pp. 439-539» ^938- 
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and together might be regarded as a sufficiently broad field/' 
There is no question at all as to the great breadth of the field of 
learning composed of the physics ard the mathematics of today » 
but it is to be noted that there is a non-i*eciprocal character in 
the relation of the t^o subjects that gives rise tff a grave question 
if one seeks to make a permanent union of them. Mathematics 
is necessary for most parts of physics, unless the latter is made 
purely descriptive, but physic^ is not fundamentally esspntial 
for most, of mathematics. The present Commission has already 
called attention to the fact that many good students of mathe- 
matics, finding no special appeal in laboratory manipulation, 
would prefer a second teaching subject outside the broad field 
recommended above. Especially in the case of women there is 
likely to be an attraction toward a foreign language, toward 
English, or toward history; and the Commission does not be- 
lieve that the necessity of preparing a^teachcr for two subjects 
prevents a nqn-mathematical subject from being joined success- 
fully with mathematics. The teacher will presumably have 
taken a major in one of the subjects he teaches, and a minor in 
the other, though in some current teacher training programs, 
relatively equal weight Is given to each of two teaching subjects. 
As a rule, a teacher of mathematics and a second subject will 
not be giving the more advanced courses in mathematics, such as 
were outlined for the twelfth year in earlier chapters of this 
Report. Consequently a somewhat more restricted training in 
mathematics might be accepted than in the case of a teacher-in a 
school where more advanced courses are offered. 
The teacher's training should include: 

(/) In mathematics. 

(a) Courses including complete treatments of college algebra, 
analytic geometry (including a little solid analytics), and 
six semester-hours of calculus. 

(b) A course that examines somewhat critically Euclidean 
geometry, and gives brief introductions to projective 
geometry and non-Euclidean geornetry» using synthetic 
methods (three semester-hours). 
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(c) Advanced algebra, including work in theory of equations, 
mathematics of iinance, and stati&jtics (six semester-hours). 
This course should give some cardul attention to the basic 
laws of; algebra, to the nature of irrational and complejt 
numbers, and operations with them. It should be through? 
Out soniewhat aitical and not purely manipulative, ^ 

{d) Either directed reading or a formal course in the history 
of mathematics and its concepts. 

(2) In related fields.* ^ 

An introductory course in physics, astronomy, or chemistry 
that makes Use of some mathematics. 

(j) In professional preparation.'' 
. {a) A course in methods (two or three ^emester-hpurs). This 
work should be given by a person who has had a good 
mathematical education and also experience in high 
school teaching. ^ 

(b) A course in secondary education (three semester-hours). 
Some consideration of educational philosophy and of the 
history of education can be given in this course. 

(c) A course in psyclTblogy, with emphasis on its educational 
bearing ^nd on the problem of learning (three Semester- 
hours), j 

(d) A course in educational tests and measurements that 
etnploys some statistical material (two semester-hours). 

(e) Practice teaching. It is not usually possible for a student 
to have practice teaching in two fields. If mathematics is 
his major he should have practice teaching in that subject, 

HIGH SCHOOL TEACHERS OF MATHEMATICS ALONE 

A teacher whose full time is devoted to mathematics and who 
is in a school that provides courses in more advanced secondary 
mathematics should have, in addition to the training previously 
described, as much as possible of the following work. 

(/) Advanced calculus and differential equations or mechanics 

(six semester-hours). 
(2) Additional work in geometry, such as projective geometry, 

descriptive geometry, etc. (three semester-hours). 

^ The relai«Kiibjcct la not regarded here as a teaching subject. 

7Th^ coj><scs mentioned arc likely to be included in state rcgulatiotis, and it is 
taken fo/pranted that a prospective teacher actually prepares to meet the pro- 
fcssimial requirements of the state in which he wishes to teach. 



Education of Teachers 




(j) Additional work in algebra^ including some modern algebra 

(three semester-hours), 
{4) At least one more of the three sciences of physics, chemistry, 

and astronomy. 

•\ 

JUNIOR COLLEGE TEACHERS 

The twcher of mathematics in a junior college should have 
at least the Master's degree in mathematics, and should pref- 
erably have some graduate work beyond that normally included 
in preparation for that degree. Irrespective of whether a legal 
requirement exists as to professional preparation, he should 
have given attention to this question. He should be a close 
s*^.:dcnt of educational problems, especially those that affect the 
junior college, so that he can assist in directing this new enter- 
prise in American education along sound lines. He ^ould be 
able to institute and carry on successfully instruction for the 
commercial and Vocational groups mentioned in Chapter VIII 
as well as for the academic group. 
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~ ANALYSIS OF MATHEMATICAL NEEDS' 

'*The faculty Iqr tridh is recognued as a power of dislin- 
* giiishing^hd fixing delicate and fugitive detail/' 

— VVAUER PATER, COL^RIDG£ 

There will be given here an analysis of the mathematical equip- 
ment npeded for the activities and experiences o£ life. In discussing 
this question, the word need will be understood to denote not only 
such knowledge or capacities a ma> be indispensable, but also at- 
tainments th^t may profitably be used in either a utilitarian or a 
cultural manner. In a very real sense such knowledge and capacities 
^re actual needs, to be provided for by the schools, Fpr it must be 
remembered, as has been said before, that the school has an obliga- 
tion to treate capacities of one kind or another, and should explain 
to pupils the advantages which may rcsuU from them, though it 
recognizes that in many cases the capacities will. not all be employed. 
For reasons that seem obvious, the needs will be discussed under 
three headings: 'Tor ordinary life"; 'Tor leadership and higher cul- 
ture"; 'Tor specialized use as a vocational tool." 

FOR ORDINARY LIFE 

Arith'tnehc. The paramount' mathematical need of the average 
citizen is for a greater knowledge of arithmetic than is now common. 
By arithmetic is meant more than computational facility arid under- 
,standing of principles. There is needed also familiarity with appli- 
cations to a wide variety of'problems or situations that confront 
people, and ability to understand certain mkU^ematical ideas and 
procedures that may be encountered in ordinary reading. 

From among the many activiucs of ordinary life which requirg ^ 

some use of arithmetic, a few typical examples are listed here:' ( 

(/) The home: 

(a) Budgeting income, keeping-accounts, checking bills. 

(b) Quantity and installment buying. 

(c) Estimating depreciation on home or car. 

(d) Buying or settling fire or burglary insurance. 




\ 
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(2) Personal finances: 

(a) Handling funds: depositing, checking, remitting. 
{b) Borrowing; paying loans and interest. 

(c) Saving and investing; choosing securities. ^ 

(d) Buying life and disability insurance, and annuities. 
{e) Paying taxes; contributing to charities. 

ij) Recreational activities: 

(a) Buying season tickets for sports, plays, lectures, music. 

(b) Planning trips— expenses, time schedules. 

(c) Arranging social functions. 

((/) Helping with neighborhood entertainments, 

Anlong the numerous iten. often encountered in general reading 
matter, the cQinjfDrehension of which lequires a considerable knowl- 
edge of afithmetic, may be mentioned some relating to: 

(/) Civic and social life: : 

(a) Taxes— property, income, inheritance, sales, imports. 

(b) Use of public funds— for roads, pul^lic defense, social se- 
curity, health, interest on debt. 

(c) Social statistics— population, vital statistics, distribution of 
wealth, dependency. 

(2) Economic conditions: 

(a) Industrial activity, volume of output, dividends. 

(b) Agricultural acreage, crops, prices. 

(c) Labor conditions, wage levels, unemployment. 

(d) Price indices, real wages, living standards. 

(e) Financial conditions, interest rates, public debt, monetary 
standards. 

(/) Exports, imports, international exchange. 
(j) General information: * 

(fl) Scientific and technical advances, involving use of very 
large or very small numbers; e.g.. relating to stellar dis- 
tances, infra-hiokcular physics, engineering feats, number 
theory. 

(b) Statistical data involving averages— mean daily tempeia 
lure, or average annual rainfall; average crop per acre; 
average sf>eeds. 

(c) Further data involving ratio, proportion, or percentage, 
dietetic and budgetary matters, probability of death or 
illness, ''exptctation*' in games of chance, cost of essential 
elements in materials coijtaining large portions of waste. 

(d) Diagrams, records, puzzles in reading material for recrea- 
tions, and in accounts of sports. 

Graphic Representation. To understand numerous mathematical 



r 



Mathematical Needs 209 

ideas which are commonly encountered in general readings one 
should be able to interpret graphs such as the following: 

(/) Line graphs: ' 

As used for market quotations, growth of population, progress 
of a campaign, course of a fever temperature* ^ 

(a) Bar graphs: 

Showing the distribution of telephones, radios, automobiles. 

ij) Circle graphs: 

Portraying the percentages of land given to cultivation, graz- 
ing, forest, waste; or the distribution of the national income. 

(^) Scale drawings: 

As used in surveying, or to find forces or velocities. 

'Algebra. Although the average citizen rarely or never uses formal 
algebra as an instrument of calculation,, it could so be used c^tca- 
siorially to advantage if its possibilities were understood. For in- 
* stance, Irr studying investments, installment buying, statistical as- 
pects of one's business, solving mixture problems, or indeed in 
dealing most effectively with various matters listed under arithmetic 
above, one needs some command of formal algebra. For the average 
citizen, however, the chief need is for such algebraic knowledge as 
will give him insight into and appreciation of mathematics aspects 
of the modern world, scientific achievements, economic questions, 
and the like. In particular he needs to be familiar with: 
(/) Positive and negative numbers: 

Their frequent use in describing such opposites as assets and 
liabilities, forces or motions in opposite directions, tempera- 
tures above and below zero, rates of increase and decrease. 
(2) Formulas and the function idea: 

Such related variables as the age and value of a house, amount 
of use and annual cost of a car, driving speed and distance re- 
quired for stopping, length and period of a pendulum. 
(j) Equation:: 

Their constant employment in technical and scientific work, 
as a general way of finding unknown quantities. 

(4) Coordinates: 

Their more common use in plotting curves, mapping, and as a 
basis for engineering projects. 

(5) Indirect measurement: 

Finding elevations of inaccessible peaks, or constructing a long 
tunnel from both ends, understandable on the basis of nu- 
merical trigonometry using simple algebraic equations. 

(6) Modern methods of calculation: 

The power of generalized exponents as logarithms. 
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(7) Permutations and combinations: 

Their frequent application in devising distinctive labels, etc. 
Informal Geometry. Some geoipetric knoVlcdj^e is occasionally 
employed as a working tool about the home, in such activities as: 
• (/) Making meipurational calculations, " 
(2) Usi ig a protractor and other instruments. 
But, as in the case of algebra, the most important uses that the 
ordinary citizen can make of geometry are those by which he may 
achieve insight. For instance, a good foundation in geometry will 
contribute materially toward an informed appreciation of matters 
relating to: 

(|) Architecture and decorative art: 

F ecognition of the skillful use of geometric relations in pat- 
terns, arches, vaults, columns, buttresses, apses, win^dows. 
(2) Ejfgineering ajid manufacture: » 

Realization of the importance of triangles for rigidity of struc* 
•Hires; of angles in ^rveying. geography, and navigation; of 
circleyin machinery, and appliances; of polygons in furniture, 
jewelry, diamonds. 
(j) Natural forms: 

Awareness of geometric figures in natural objects, terrestrial, 
and celestial, eclipse phenomena, stellar configurSitions, hexag- 
onal cells, crystals. 
By way of summary it is to ^e said that the important uses of 
mathematics for the ordinary citizen are in *^large measure cultural. 
Mathematics provides an outlook, and a means of understanding. 
There arc important aspects of the world that only mathematics can 
interpret to the citizen. Mathematics furnishes a mode of thinking 
about many aspects of life, and a very general kind of language. A 
liberal view of education regards such matters as genuine needs of 
even the ordinary citizen. It rejects the thought of a person being 
satisfied with such a minimum working equipment as would enable 
him to exist as nothing more than a "hewer of wood and drawer of 
water/' 

FOR LEADERSHIP AND HIGHER CinCTURE 

Next will be considered the further mathematical equipment 
which is important for most persons who are to occupy positions of 
responsibility and leadership, or who seek through higher education 
to attain a broad culture marked by a catholicity of»interest. 

Public Serrnce and Leadership. Individuals who exercise large in- 
fluence on either organizations or.xommunities should understand 
public aiTairs thoroughly. Some mathematical aspects of such a 
many-sided competence arc ihc^.z abilities: 
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(/) To judge the significance of complicated numerical ^ata: 
Here one needs a knowledge of statistical analysisi involving 
' considerable mathematics. 
(3) To follow quantitative studies of social phenomena where 
necessary: 

. Studies of cyclic changes commonly employ trigonometric 
analysis; those dealing with population growth and other 
trends often involve calculus. 
(j) To recognize fallacious conclusions: * 

(a) By checking against known facts. 

(b) By scrutinizing critically the authority for each step in the 
aif^ument and the cogency of each implication. 

(c) By realizing that the validity of conclusions depends not 
only on correct steps of deduction but also on the basic 
assumptions or presuppositions. 

Cultural Saiisfactinn, The more highly educated grouj^of persons 
who wish to be familiar with the most significant modern theories, 
the ceiural jjroblenis, and the principal methods of investigation, in 
various fields, can make good u&e of mathematical knowledge far be- 
yond the elementary field; 

(/) To yhdejstand quantitative procedures: 

Through some fanyli^rity with calculus and with group con- 
cepts. 

{2) To folloxo philosophical discussions: 

(a) As to the nature of space: using ideas of non-Euclidean 
geometry. 

(b) As to the nature of number: complex numbers, series, 
theory of classes. - 

(c) As to the problem of knowledge; foundations of mathe-. 
matics. 

(d) As to the nature of scientific law: functions of a real vari- 
able, and of many variables; point sets. 

Obviously laymen can scarcely devote to mathematics all the time 
needed for high achievement along all the lines mentioned; but, to 
the extent to which the indicated equipment is lacking, in so far are 
an individuaPs potentialities rircumscribcd. 

I C)R SPKCIALIZED USE 

The mathematical needs of those who are to use this subject as a 
working tool in their vocations or i)r(>fcssions differ greatly, accord- 
ing to the field. i 

The Physical Sdrnrrs. Hctc the needs are especially extensive. 
There is scarcelv any limit to the amount or variety of mathematics 
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bit can profitably be employed in some branches of physics or in 
taiii laboratory researches. Although laboratory work in chemis- 
try is not particularly mathematical, it is impossible to follow work 
in 'physical chemistry or chemical theory without a substantial knowl- 
edge of higher mathematics. The following equipment is in very 
common use: 

(/) By physicists: * 

Advanced calwlus, probability, theory of func^^ons, differen- 
tial equation's; Bessel functions, Fourier and related series, 
calculus of variations, differential geometry, vector analysis, 
tensor analysis, matrices, group theory, and so on. i 
(2) By chemists: 

Calculus, including advanced topics, differential eqyations, 
group concepts. 
(j) By pharmacists: 

Percentage, proportion, (cumulation and solution of simul- 
taneous linear Equations relating to mixtures. 
Engineering and Helated Activities, Handbooks and shop rules 
embody results of mathematical work, and render unnecessary the 
direct use of calculus and higher subjects in routine work. To meet 
situations which are new, engineers must have a knowledge of the 
mathematical principles involved, and must sometiYqes formulat.e 
and solve differential equations. The mathematiral requirements of 
engineering schools arc doubtless reliab^le indications of a suitable 
cquipmcht'in this field: 
(/) For engineers: 

At least calculus and differential equations, ^besides analytical 
geometry and dcsQ-iptive geometry^ 
(1) lor engineering employees: 

As a minimum, facility in handling algebraic formulas and 
graphs, and mechanical drawing; a good knowledge of geome- 
try; sonic familiarity with trigonometric functions and the 
solution of triangles. Larger equipment is very helpful. 
(]) For skilled ^nechayxics: 

Ability to apply arithmetic principles, to compute without 
making mistakes, to determine the degree of precision re- 
(juired in instruments, and to keep calculations corrv^fpond- 
ingly accurate; facility in dealing wSih fornuilas and graphs 
that involve positive^ and negative numbers, square roots, 
({uadratic and simultaneous equations, sines, logariilmis, very 
large and very small numbers, occasional interpolation to sec- 
onds; knowledge of many geometric facts needed in working 
with triangles, and experience in analysis; an extensive mathe- 
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matical vocabulary and ability to read technical books and 
articles. 

The Earth Sciences, In physiography, meteorology, geology, as- 
tronomy, and such related fields as cartography, geodetic surveying, 
navigation, and aeronautics, the situation as to mathematical needs 
resembles that in chemistry. Many branches of the work are not par- 
ticularly mathematical; others are highly so. Essential equipment is 
somewhat as follows: ^ • 

(/) Physiography and cartography: 

A good cWn^and of trigonometry; some analytic geometry 
and calculus. 
(2) Meteorology': ^ 

Elementai[^y mathematics through integral c?lculus. 
"'(j) Geology: . . 

(rt) Locating oil deposixs: graphic, alg^raic, and geometric 

techniques. 
{b) Straiigraphic v/ork: trigonometry, 

(c) Seismology: elementary mathematics through integral cal- 
culus. 

(^) Navigation (marine or aerial): 
Trigonometry at least. 

(5) Ballistics: ' ' 

Analytic geometry, calculus, differential equations. 

(6) Practical astronomy: 

Elementary mathematics including spherical trigonometry. 
The Life Sciences, Most of the work here is not mathematical; but 
there are divisions in which certain algebraic, geometric, trigono- 
metric, or statistici. techniques are cmployqd, and some requiring 
calculus and differential equations. In listing the following typical 
examples of mathematical aspects of biology and related fields, ele- 
mentary algebraic, graphic, and statistical methods will not be ex- 
plicitly mentioned since they occur so generally: 
(/) Biochemistry: 

Production of lactic acid by bacteria. 

Coagulation of blood by adrenalin. 

R^te of digestion as related to the amount of pepsin present— 
this study involving a differential equation. 
(2) Other metabolic studies: 

Healing of wounds-^the celebrated work of Cancl and Du 
Nouv. 

Pathology of bones arid other parts of tlie ])ody. 

•Production of red blood corpuscles. 

Respiration and mitrition. * 
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Metabolic rate as a tunction of body weight in mammals. (All 
these studies use involved irratibnal algebraic functions, and 
some employ nomograpliic charts.) 

(j\ Light biology: 

Depth of penetration of tissues by. light of-^various Intensities. 
X*ray therapy (use of semi-logarithniic charts). 
. Formation of cliemital products\in the retina for different in- 
tensities of light. ' \ 
Fluctuations of luminous intensity in certain organisms. 

(^) Heat and energy proDlems: 

Daily expenditure of energy at various ages. 

Effects of different types of clothing, 

Mechanical efficiency of muscles during work. . 

Circulation of the blood (use of hydrodynamic principles). 

(5) GrotU'th and senescence: ' 

Growth curves— studied by T. B. Robertson and others, using 
y differential equations. 

Growth and form— studied by D'Arcy Thompson and Julian 
Huxley. ^ 

Tissue culture; regeneration of tadpole's. tail; etc. 
Effects of diet and light upon growth. 

Senescence of various types— studied by James Gray and others, 

(6) Population problems: 

Census Bureau studies, using multiple integrals. 

Human and insect populations— studied -by Raymond Pearl, ' 

using differential equations. 

Colonics of bacteria, studied by using calculus. 

Actuarial problems, requiring probability, calculus, and 

higher analysis. 

(7) Grnrti('Jn>s^ 

Mendeliiin and other questions of heredity— using algebra and 
probability, 

CietK^tic theories of natural selection (R, A. Fisher); mathe- 
matical theories of cvohition (G, U. Yule), 
(.9) Forestry and agricultural exprrimrnfation: 

Using sampling theory and other mathematical analysis, 
(9) liiometry and anatomy: 

Studies of arterial form involving trigonometry. 

.Studies of measurements and ratios (sf)me used in medicine), 

involving fretjuency curves and correlatif)n.. 

Relation (A body area to weight, involving nomographic 

charts and Du Hois* formulas, 
(/o) iK^rifrology: 

Electromotive Uncc generated by stimulating a nerve. ^ 
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Current strength needed to excite rierves of different lengths. 
Changes in velocity of propagatidn df *a nerve impulse. 
Reaction times in plants and animals for varying stimuli. 
Elfetts of narcotics^ 
Psychology and Education, Besides the extensive use of statistical 
Aiethods in psychology and education, ^nd the use of matrices in 
some of the newer studies, such as those of L, L. Thurstone in his 
^Vectors of Mind, the following mathematical sections of the field 
."^may be mentioned. 

(/) Threshold stimuli and the Weber-Fechner law: 

Some use is made of calculus. ^ 
(2) Problems of vision: ^ , 

Campimetry, using trigonometry and' polar coordinates, 
Helmholtz's studies, using integral calculus. 
Psychometrics— with its phi gamma curves, and differential 
equations, ' 
The Social Sciences. In the sodal sciences,, economics makes the 
largest demands upon mathematics, though political science and so- 
ciology make considerable use of statistical methods, 5ind employ 
growth curves Jn connection with cultural change and the develop- 
ment of institutions. Subdivisions of economics which utilize mathe- 
matics beyond arithmetic, including calculus in some cases, are in 
part the following:^ 
(/) Synthetic economics (including statistical laws of demand and 

supply). ^ 
(2) Economic trends and cycles, 

(j) Index numbers (and the purchasing power of money). 

{4) General economic theory (including equilibrium, monopoly, 
effects of taxation, and related matters). 

(5) Mathematics of finance and accounting. ^ 

Industry and Commerce. Here the mathematical tools most fre- 
quently heeded are statistical in character: analyses for the informa- 
tion of directors; and sampling theory for the control of output. The 
mathematics of finance is also highly important here. 

Philosophy. What was said on page 2n as to the needs of the edu- 
cated layman who wishes to follow philosophical discussions apph'es 
here with even greater force to the professional philosopher, for 
whom a knowledge of symbolic logic is'afto becoming important. 

^ Instead of ^oinjr ^nto (ictail here reference is mnde to the report of a com- 
niiltee of the Sorial Science Research Council on **The Collegiate Ntathematics 
Needed in the Social Sciences," where an extended discussion may be found: 
American Maihrrrxnlirnl Monthly, nerrnihrr. 19^2. pp. '>fin '176. See also If. Hotel- 
ling." **Some Little Known Applications of Mathematics, '* The Mathematics 
Teacher, Apri], 1936. pp. 159169. 
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Aesthetics and the Fine Arti A broad familiarity with the princi- 
ples of geometry will be found helpful in this field. This is obvious, 
as regards architecture and some decorative arts; and is doubtless 
true in reading such works as Ruskin's on "Drawing and Design." 
Efforts have been made to determine a mathematical 'measure for 
aesthetic qualities. ■ 

In the field of literary criticism the work of W. W. Gregg. Calculus 
of Variants shows what may in the future be deemed a need of some 
scholars in that domain. ^ ^ , . 
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THE TRANSFER OF |'TRAINING 

"Excited as he was, he could have had no conception of 
the adventures to which his mathematical calculations were 
destined to lure men" 

—JOHN NOEL, THE STORY OF EVERESl 

The Commission does not deem it necessary or desirable to present 
an elaborate study on the Transfer of Training. As the problem, 
however, has had an important place in recent educational thought, 
a brief review will be given of the main contributions and sug- 
gestions that have emerged from recent studies and that seem to 
be especially significant for the present Report. 

The importance of the attitude of teachers toward the question of 
Transfer of Training can hardly be overemphasized. According to 
Whipple, it has been for many years "acknowledged to be the cen- 
tral problem of educational psychology." 

The doctrine of "formal discipline" as a theory of learning, held 
many years ago, furnished a valid reason for the inclusion of mathe- 
matics in the educational program. This theory was questioned by 
many psychologists and as a result of investigation was given up as a 
theory of learning. A new theory, known as Transfer of Training, 
emerged. Transfer of Training as defined by Orata is "that process 
of using or applying previously acquired information, habit, skill, 
attitude; or ideals in dealing with a relatively new or novel situa- 
tion."^ This theory has been the subject of scores of investigations, 
and even now is central in the study of the educational process, A 
large p^rt of the experimental investigation was claimed to invali- 
date the theory, and as a result, mathematics rapidly lost its strong 
position as a required subject in the high schools. 

The Commission feels that it is desirable to point out that most 
of this experimental approach was in no sense scientific, and never 
should have been treated as such. Prior to igi6, out of twenty-five 
important studies the subjects of investigation in eighteen cases were 
graduate students and instructors of psychology. Very imj>ortant 
^ Grata. P. T. '^Transfer of Training and Reconsiruciion of Experience," The 
Mathematics Teacher, Vol. XXX* pp. 99- 109, 1957. j 
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conclusions were reached even though no one claims that the learn- 
ing processes of children are the same as those of adults. In the fa- 
mous Thorndike-Woodworth experiment of 1901 a single group of 
adults was used. In many experiments fewer than seven subjects 
were used. 

Many psychologists and educators have protested against the non- 
scientific investigations that were made the basis for far-reaching 
changes. Hollingworth's CTiticism is typical of that leveled against 
this type of study. Referring to the controversy of transfer he says, 
"It is a lon^ and pitiful story of the blind leading the blind. ... In 
due time the experimental method was applied, and a long series of 
studies appeared, for the most part inadequately planned and often 
erroneously interpreted."^ Bagley speaks even more directly, '^As a 
matter of plain fact, the evidence was (quite without deliberate 
intent) actually distorted.. Some of the professorj of education who 
followed carefully ^the published reports of the 'transfer experiments 
as they appeared recognized this and protested against it. Many 
professors of education, however, took their evidence, not from the 
primary sources, but from interpretations of the evidence from the 
point of view of a narrowly mechanistic psychology."* 

In the famous Thorndike experiment of 1924, in which an effort 
was made to discover the disciplinary values of the high school 
studies, \u was reported by Thorndike: "The expectation of any 
large differences. in general . mprovement of the mird from one study 
rather than another seems doomed to disappointment."* It was re- 
vealed that one might as well study sewing as mathematics so far as 
any development of the thinking habits were concerned. However, 
near the close of the report one reads, "A repetition of this experi- 
ment with 16.000 or 1 8,000 more cases is needed before final conclu- 
sions should be stated." Most educators who were planning for the 
great mass of incoming students probably never read that far in the 
report, 

Most of the early experiments on transfer dealt with the meclj- 
anistic or specific habit types of learning. The idea underlying these 
investigations was that "the mind is not a collection of general 
[)owers or functions, such as observation, attention, memory, rea- 
soning, and the like but that it is the sum total of countless particu- 
lar rapacitics."^^ A fundamental weakness of this philosophy is that, 

- Hollin'4:\v{)Mh. H. L. Educatumal Psychnlogw pp. 404. 406. D. Applcton* 
Ccnuirv Co.. New YnxV. ic\'}^. 

■ 3 Hn^lcv. \V. C. Ilducation and Emergent Mny\, ji. 87. T. N'.'lsnn k .Sons, New 

♦l luHnaikr. F.. I.. ••Mental Di^ripline in Hii»h School SliuHrs.** Jnurnal of 
rductti-'tial /^^r//^^^^.o. p[). 07 c^^, 192 

»()r.itn. P. T. Thr(}T\ of Identical Element^, p. 5. Oiiiu Stale rni\t*rsiiy Press, 
C'ohiinhiis. iSaS. 
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from processes involving rote learning, mechanical habUs and drill, 
Which have little to do with real learning, no transfer would ever be 
expected to result. If the teaching and experiments had been 
planned so that large concepts and broad generalizations had been 
taught and tested, the results would have been different, as indeed 
they were in later, better conceived efforts. The following clear state- 
ment as to confusing lower levels of learning with higher under- 
standing has been made by Dewey:* 

"In some educational dogmas and practices, the very idea of train* 
ing mind seems to be hopelessly confused with that of drill which 
hardly touches mind at all— or touches it for the worse— since 
it is wholly taken up with training skill in external execqtion. This 
method reduces the 'training' of human beings to the level of 
animal training. Practical skill, modes of effective technique, can 
. be intelligently, non-mcchanically used, only when intelligence has 
played a part in' their acquisition/' 

In the 192a Thomdike study, ninety-seven graduate students 
were asked to square x + y. There was an error of 6% of the results. 
Thdn the group was asked to square fli + a2i with a resulting error 
of 28% of the results. According to the s^cific habit psychology 
here are two distinct learning situations. 'There was no transfer. Any 
teacher of mathematics knows that there is one learning situation 
here that is a generalization applicable to the squaring of alf bino- 
mials. It is very doubtful if any real learning situatipn had been 
dfjv^ioped and hence there could be no transfer. 

Another school of psychology interprets learning as a result of a 
generalization of experieJy:es. This demands understanding, a 
development of concepts, a conscious generalization of many specific 
related experiences. Thus, if the processes of arithmetic are learned, 
algebra, except for the notation involved, offers far less difficulty 
than when it is considered as distinct from arithmetic. 

Professor Judd. who has for many years advocated the inifiortance 
of training in generalizing as a way of promoting transfer, has given 
considerable attention to the case of transfer in mathematics. Here 
much depends u\>on how the subject is handled, and Judd says, 
"The most promising subject in the curriculum can be turned into 
a formal and intellectually stagnant drill if it is presented by a 
teacher who has no breadth of outlook and no desire to teach 
pupils how to generalize expevicncc. On the other hand, a teacher 
who has the ability to ijrain pupils to look beyond particular facts 
and to sec their relatioqs and their broader meanings can stimulate 
thinking with any material of instruction that comes to his 
hands/*''^ 

•Dcwfy, John. How JV> Think, p. 52. D. C. Heath and Co., 1933. 

T Judd. C H. Psychology of Secondary Education, p. 422. Ginn and Co., 1927. 
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In recent years many experiments have been conducted in which 
c'onscious attempts have been made to produce transfer. Along 
with these experiments others have ' been ^set up with no effort 
being, made to secure transfer. In one of the best studies in transfer, 
' .^'The Theory of Identical Elements." by Orata, a summary of these 
experiments is given. In the first group of experiments, transfer was 
very evident, Orata makes this observation: 

•'It is evident from this experiment that the automatic transfer of. 
training from Latin to English is comparatively small; and that it 
can be increased threc-foUl or four-fold hy proper selection and or- 
ganization of sul)jcct-matter and proper methods of teaching/'^ 

The Commission .could offer much supporting evidence to the 
thesis th^t if ^Vish to transfer we must teach for it, It is the old 
saying ii/diffqrentManguage. "VVc^reap'^only what we sow.'* A very 
herpful suggestion ci^)mes from another representative of the field of 
educati9n, Dr, Freenlan:^ 

"Whtither education improves the intelligence will depend largely 
on whetjier the education is of a narrow specific sort or of the Ijroader 
sort which encourages the development of ideas and generaliialionif. 
The kiiid of education we give the child furthermore will depend 
upon whether we believe in the possibility of the broader outcomes 
n[ education. This being tuc case it seems wise to give the child the 
l)enefit of the doubt and to provide for him the type «f education 
which will develop his' intelligence to the highest, point of which 
he seems capable." ^ 

The education of young people jnust be a cooperative. effort. No 
, subject will transfer automatically. Very early in the experimenta- 
tion on transfer an effort was made to find out if a habit, such as 
neatness, would carry over to fields not included^in the experiment, 
7 The teacher of arithmetic was to use all efforts possible to secure, 
neatness in the class in arithmetic. The improvement in arithmetic 
was very lioticcable. bm the same pupils showed not the slightest im- 
provement in language and spelling papers. In a later experiment 
neatness not only as a habit but as an ideal was held up in not only 
a particular class, hut in dress, appearance, business, in fact every- 
wliere except in other classes. Three months were required for the 
experiment, which inchided pupils of grade seven in three cities. 
\V. C. Ruediger who conducted the experiment re{>orted: ''Evidently 
neatness made conscious as an ideal or aim in connection with only 
one school functTon does function in other subjects/''^ 

Orata. P T., np, ciL, p. ^59. 

•Freeman, F. N. "The Effect of Environment on Intelligence;' School and 
Society, Vol. XXXI. pp. 623 652. 1930. . 

10 Ruediger, W. C. "Impto\^mcrit of \fcntal Functions through IdcaU." Educa^ 
tinnaiReinfw, Vol. XXXVI, pp. 364-371. 1&08. 
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In an article by W, O. Brownell, giving a summary of transfer 
studies recently made, one reads: ''The possibility and ihS desira- 
bility of transfer cannot be questioned. The problem thus becomes 
one of so organizing the materials and methods of instruction to 
guarantee the largest amount of ^positive transfer/*" 
• Transfer, when detached from the qflorts of the leai r, is a prob- 
lem that can be solved only by the joint efforts of all teachers and 
i^y properly uniting various forces that contribute to the develop- 
ment of children. If the teaching of the larger outcomes of learning 
is not secured, no positive transfer can be expected. Quoting again 
frfem Orata in the recent article: 

'The various subjects of the curriculum, most of all mathematics, 
cannot be expected to result iri automatic transfer to the social situa« 
) tion that confronts the child, unless by proper insijruction and or- 
ganization of the school, these subjects can-be made a 'way of life* 
and be so regarded and used by the child himself. This is what we 
mean by 'humanizing education in the concrete.' It isHhe kind of 
.teaching that will promote intelligent .nd functional learning.'i^ 

The question Vaised by the quotation from Orata is that of-trans- 
fer of the results of mathematical study to social situations an^l to 
specific problefns that confront persons throughout life. Such a 
transfer is certainly an important concern, and a course of mathe- 
matical study should be planned so as to make it possible,, and 
teachers should teach in such a way as to achieve that goal. I he 
thought th'at the transfer that is so earnestly desired may not be 
automatic is one to be kept constantly in mind. 

But there is another aspect of the broad question of transfer,, 
that extends it quite beyond its purely social phases. It is described 
as follows by Judd: 

•'At the higher levels transfer is typical, not exceptional. Indeed, 
the function of the higher mental processes is to release the mind 
froni particulars and to create a world of general ideas. Thus, when 
the intellectual efforts of the race evolved a number system, it be- 
came possible to deal readily with every situation in which quantity 
is involved; when languages were developed, men foun^ theniyelves 
in possession of means of communicating on every conceivable topic. 
The psychology which concludes that transfer is unconmion or of 
slight degree 'is the psychology of animal consciousness, the psychol- 
ogy ox particular experiences. The psychology of the higher mental 
processes teaches that the end and goal of all education is the de- 
velopment of systems of -ideas ^vhich can be carried over from tlie 

11 Brownell, W. A. "Theoretical A'jpccts of Lcarnir%.nnd Transfer of Training." 
Review of Educational Research, Vol, VI, pp. 281-290, 1956. 
" Orata. P. T.. op, cit. 
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situations in which they were acquired to other situations. Systems 
of general ideas iUuminafe and clarify human experiences by rais- 
ing them to the level of abstract, generali^ed, conceptual under- 
standing."'3 „ . ■ a 

This staiemci\t should give the teacher of mathematics a hrm 
conviction that the mathematics of the secondary school, especially 
that of the later years, can be of the greatest possible use in achiev- 
ing the highest aim of education. But again, it is the teacher's 0^1- 
gation to teach so as to assist the pupil in forming those general 
ideas and attaining the conceptual understanding alluded to m 
the quotation above. 

GENERAL REFERENCES 

1 Beiz William. "The Transfer of Training, \N'ith Particular Ref- 
■ ' erence to Geometry." Fifth Yearbook of the National Council of 

Teachers of.Mathcmntics, \v^^o. _ 

2 Orata. Pedro T. "The Transfer of Training and Educational 
" I<scudo-Science." (With an extensive bibliography.) The Mathe- 

7ntitirs Teacher, Vol. XXVIII. 1935. 

Hodrick. E. R. "Teaching for Transfer." The Mathematics 
Teacher, Vol, XXX. 1937. ' ' . , . , ^ 

.}. Salislnirv. R. "Study of the Transfer of Training in Logical Or- 
gani/atioii." Journal -of Educational Resources, Vol. XXVIII. 

-,. oirnian, J. R. A71 Exf)erimental Study nf Certain Fa inrs^ Af- 
fecting Transfer nf Trainini; in Arithmetic. War^vick and York, 
lialtimnrc, 1931. • 

'•1 |.i(!<i. C. H, E,lunili>.n <i« CnUhnliun of Higher Mental Professes, p. 200. 
Ihc M;umill.iii Co.. New Yctk. 1936. 
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4 

TERMS, SYMBOLS, AND ABBREVIATIONS 
IN ELEMENTARY MATHEMATICS^ 

. . disclosing the fourth important fact, that the ratio 
of the diameter and circumference is as five fourths to four", 

• HOUSE BILL 246, INDIANA, 1897. (FAILED) 
VOCABULARY 

A PART at least of the difficulty that pupils find in mathematics arises 
from the abstractness of* some of its conceptions. In^^ast years an 
exaggerated emphasis upoi? techniques jind skills often failed to 
reveal the vagueness that enveloped the fundamental concepts of the 
subject in the minds of individual pupils. If understanding and 
power are to be explicit aims in mathematical education, then it 
is essential to emphasize the meaning of all basic terms. Mere 
verbal 'memorizing of definitions may become a forinalistic rote 
devoid of value in enlarging the pupil's intellectual horizon. 

The Commission urges that time and effort be devoted directly to 
the problem of clarifying the pupil's understanding and increasing 
his power to use appropriately the technical vocabulary of the sub- 
ject. The teacher should take special precaution to see that mere 
imitative usage docs not pass for real understanding. It recom- 
mends further that enlargement of vocabulary be a gradual and 
continued process, with effective evaluation tests from time to time. 
Each new tcrnj should be made the object of study rather than be 
allowed to enter casupDy into the working vocabulary of the student. 
^ 1 erms may be appro};riately divided into two categories with 
j respect to the nature of the pupil's desirable mastery over them. A 
I large number of the technical terms belong in the category of terms 
to be recogni/cd. Such recognition involves, first, that the pupil 
learn which term among several terms offered is the one appropriate 
j in a given situation. Second, after this f^rst stage is mastered, it re- 
quires that the pupil become proficient in illusT'^ting terms as they 
are monrionecl; for instance, he should be able to sketch figures, or 
^ An extension and revision of the rccommcmlalions found in ihe Report of the 
National Coinnniiec ol 1933. 
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give examples. For the numerous terms in this first category, formal 
defimtions may eventually.be presented but need not be made the 
object of memorization. Formal definitions, despite their logical 
priority, must be recognized as psychologically furnishing the sum- 
mary or final synthesis of the process of understanding. Explana- 
tions, with simple illustrations, with comparisons and contrasts, serve 
to carry the pupil over the first difficult stage of acquiring a new 
concept and placing it in proper relation to his previously acquired 
system of concepts. • 7 ^ , 

A second category, much more limited than that just considered, 
comprises terms of so clearly derivative a nature as to admit of defi- 
nition in terms natur:\l to the pupil. Fpr this smaller category the 
pupils may reasonably be cxpecled to ^ngage in the problem of de- 
vising adequate definitions. This endjEfavor should be a task for the 
group, proposals and criticisms beiijg made by all. After a class has 
reached a workable definition, a standard official definition may be 
offered by the .teacher as an exanqjle of w^hat others have done. For 
all terms in this second category the pupils should ieel that they 
have the power to franie apprc^^riate definitions and pick out serious 
flaws in defective proposals. • 

The question whether a- term belongs in the first category or in 
the second cannot be settled oflfiand or permanently and simul- 
taneously for all classes. The decision must depend upon the intel- 
lectual maturity of the pupils, the time available, the extensiveness 
of the course, and so on. Although some thousand technical words 
are likely to be met in elementary mathematical instruction, a large 
part of them arise in the field of application. 

1 lie Commission urj^es that teachers recognize in their teaching 
Uie futility of pretending to define all terms. That mathematics 
must be based on certain undefined terms is of course readily seen by 
those who examine the nature of postulational systems. This logical 
inij)ossibility can be recognized in part at least by school pupiU. It 
is distinguishable from the psydiological complication of defuiing 
complex and difficuh notions. At an elementary level the logical 
game of attempting to reduce the list of undefined terms to a mini- 
mum or of hasiii*^ UKUheinatics upon general logical rudiments need 
not be (liscnssed. It is entirely fitting that a rather extended list of 
terms be ae<i[)tcd without attempt at definition, either initially or 
later. Amonp such terms are space, point, straight line, distance, and 
others listed later. 

1 he teacher should be versed in certain points of view with re- 
gard to the nature oi mathematics, not for the purpose of training 
tl-e pupil I poii'uiiii; out logical, ps\c hological, and metaphysical 
tlisiinc tions but rather that the teacher himself may avoid making 
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wrong statements or even adopting dogmatic attitudes, The distinc- 
tion between the view of classical antiquity as to the nature of pos- 
tulates and axioms and the modern conception should be clear to 
him, For Euclid and his followers through centuries there seemed 
to be truths so self-evident and basic that one who could not or 
would not acknowledg^i their truth would be intellectually or psy-^ 
chologically unfitted to pursue the study of mathematics. The fun- 
damental terms, while undefined or at most partially described, were 
regarded as having clear and^ unambiguous meaning. For modem 
postulationar treatment some basic undefined term? are to be 
thought of as essentially undefined logical parameters capable of 
interpretations and exemplifications different for each student of the 
subject. Where consistency is the only requirement, broad general- 
ity is available and a system of logical inference becomes at once 
applicable to realms not anticipated in the original formulation. 
The pupil may be spared all this sort of discussion. But the teacher 
at least should realize that to ask whether a **point" is a spot located 
in (he physico spatial reah , or a triad of numerical coordinates, is 
to ask a nan-pertinent question. Relationships among points rather 
than the nature of points constitute the concern of formal deductive 
geometry. For informal geometry one intends to think about the 
physical space of common sense and daily perception, a space illus- 
trating only approxHuatdy the ideali/cd, jjcnorali/cd, and abstract 
space of pUre deductive reasoning. Hence in inform^ll space study it 
is appropriate to explain, as clearly as possible by comparison, con- 
trast, analogy, and illustrative instance, what is meant by such terms 
as point and straight line even ihougli actual realization is foreign 
to the conduct of deductive proof. 

In a limited measure the pupils will readily sense an clement of 
arbitrary convention in dealing with basic terms and assumptions. 
They are playing a ,,ame with po'nts, lines, etc., according to. rules 
which usually at first seem vague fcr tacit, bvu which the teacher 
seems to regard as important and directive. ThVy have played other 
games, Icar^Mng the rules in most cases incidentally in the process of 
active and vigorous participation. Most school work is a mildly ex- 
citing (or depressing) game, in which the teacher seems to make the 
rules and act as judge. Language, penmanship, spelling, and arith- 
metic become collective ventures in which basic principles, if any, 
may be unsusj)ected but in which teachers hope to niaintain certain 
standards of accuracy, clarity, neatne<is, speed, etc. In outdoor sports 
and games, also, the individual player is not expected to dictate his 
own rules, llie first exercises in formal demonstration offer for most 
pupils an ex{)erieiire of lieli)lcssness in an entirely novel direction. 
It might be well to emphasize more than has usually been the prac- 
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tice that the rules of geometry are the result of a consensus of opin- 
ion involving n-^^ny wise and skillful. players and developed without 
essential change in plan over many "Wituries, and accepted in all 
^countries. But obviously, other games pcrHaps closely similar are 
possi ble. 

The Commission believes that.it is unnecessary to furnish any- 
thing like an ''Authorized List" of fundamental terms, since such a 
list might be in danger of interpretation as both prescriptive and re- 
strictive. The sets of terms that appear in current textbooks are in 
large part neither too extensive nor too narrow for pedagogical 
purposes. 

It is to be noted that many words of a geometric or a quantita- 
tive significance occur in school subjects other than mathematics, or 
are found in general reading and conversation. In some cases the 
words are explicitly taught in mathematical works, instances being 
cone, convex, spiral In other cas6s the words are related *o mathe- 
matical terms, instances being tube, oval, orbit, which can be dis-. 
cussed in connection with cylinder, ellipse, circle. On the other hand 
there are many words that have a quantitative significance, though 
• not technically mathematical, instances being the words fero and 
several The mathematics teacher should not only be familiar with 
tlie precise vocal)ulary of the subject, but also be able to use the less 
tecfinical (|uantitative \\(^i(ls ol daily lile in llic way best approved. 

There arc a few terms which are of such freqVcnt use and funda- 
menial character, and which at the same timclprcscnt such wide 
divergence in usage, according to the tastes artu traditions of indi- 
vidual autliors, that some special C()iiiincnts >6eni to be called for. 
The list of terms selected for these detan^arecommendaiions is to 
b(^ considered typical rather jhan exhaustive. A general comment 
mav l)e made with respect to terms in elementary geometry. The 
pf)wers and also the limitations of algebraic language in describing 
space figures have motivated a profound change in the fundamental 
concepts of (Meinentary geonieiry, a change hardly suggested by the 
\c)cahiilary itself. (>)orciinatc geometry is well adapted to liiindle 
alqehraie curves, but relati\ely poorlv adapted to represent manv of 
the fii^ures studitnl since classi(al antic|iiiiv. With little cliangeM'n 
terniinologv and but minor verbal modifications in tlu* formulation 
of iheorenis. the geometry of the Cirreks is being iransffM*med into a 
ge(Mnetry achipted to algebraic treatment. In general. pr)rtions of a 
coniplt'te algebraic lo(\is have lost the s[)otlight in favr)r of alge- 
braicallv conipletc loci. Specialized restrictir)ns. expressihh^ by in- 
equalities, have been waived, with the rrs\ilt of induding rather 
than <-x( ludinii; spedali/ed cases. There is a growing tendency to 
recogni/(r direttecl (juantities in geometry, a tendency favored by the 
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convdiilions in iiigijiioincli). The Coiuniissioii approves uf ihe . 
creasing use not only of negative angles, but also of negative areas, 
particularly when this permits a single formulation to cover cases 
.oilleru'ise treated as (juite distinct. Sucl^ a change in point of view 
is in no sense a judgment of scientific error on the part of the 
founders of the subject, It is merely an acknowledgment of the 
broader p(/ints of view made possible by the discoveries and inven- 
tions of Ferniat, Descartes, and their illustrious. successors. (These 
coniments are not intended as any reflection upon the permanent 
beauty, conciseness, and suggest iveness of a neat synthetic proof, 
when one can be found. Analytic methods are often almost imprac- 
ticable because of tedious complexities. But a terminology adapted 
to analytic methods offers rich advantages with no corresponding* 
difficulties beyond a possible break with the past.) 

For the sake of unifying mathematics, and avoiding artificial dis- 
tinction re({uiring the use of specialized terminology that may seem 
to the average pupil to be unnecessary or some%v.hat stiUed, good 
psychological practice tends to carry over into geometrical discussion 
availaf)le algebraic notions rather than to prcJervc a separate system 
of terms derived from the Greeks whose knowledge of algebra %vas 
at best (juiie meager. For exami^le, the special terms once common 
in discussing prof)ortion, such as antecedent, consequent, and sym- 
bols such as :: and the sign : for ratio seem inappropriate for present- 
day elementary instruction. 

There are also trends of current style whose origin may not lie 
wholly in logic l)ur which the trac her would do well to respect, and 
svmbols used in other classes or outside of school contacts njay some- 
times be employed. Some special recommendations follow. 

Geometry 

Undefined T rrrns, I he (lonmiission rtTommcnds that no attempt 
be made to define formally terms of logic and geometry, such as 
aui^le, r()rresf)())idence, (j^'CituiJi, distance, figure, magnitude, rium- 
her, plane, relation, solid, space, straight line, surface, variable, ab 
though the significance of such trrms sliould be made clear by 
informal ex[jlanatioiis anti discussions. 

Definite Usage Recommended, It is the opinion of the Coimnis- 
sion that the fijllowing general usa^e is dcsiiable: 

/. Line should mean complete stuu^lii lnn\ It has iid finite leni^ih. 

2. Circle shoultl be consideretl as ihe curve. 

J. Pt}lyg()7i (including triangle, squaie, fjorallelogram, ami tfie 
like) should bo considered, by aiuilngy to a (iicle, as a closed broken 
line. Similarly, segrnenl of a (ircle sbfjuld be defined as the figuie 
consisting of a (boitl and either of its ar(s. 
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4. Area of a circle should be defined as the area (cxprcssU in units 
of area) of the portion of the plane enclosed by the circle, Area of a 
polygon should be treated in the same way. 

5. The usage recommended above with respect to plane figures is 
also recommended with respect to three-dimensional figures. For 
example, a sphere should be regarded a , a.surface, its volume should 
be defined in a manner analogous to the area of a circle, A similai 
usage should be followed with respect to such terms as polyhedron, 
cone, and cylinder, 

6, Circumference should be considered not as a set of points, but 
as th[&-lcngth (expressed in units of length) of the circle (line). Simi- 
larly, perimeter should be defined as the length of the broken line 
which forms a polygon; ib?t is, as the sum of the lengths of the sides, 

7, Obtuse angle should be defined as an angle greater than a right 
angle and less than a straight angle and therefore should not be de- 
fined merely as an angle greater than a right angle. 

8, Convex (as opposed to concave), because of its wide application 
in science and the arts, may well be used and illustrated. 

9. The tertr riirht triangle should be preferred to "right angled 
triangle/' this usage being now so well standardized in this country 

* that it may properly be eontinucd in spite of the fact that it is not 
international. Similarly for acute triangle, obtuse triangle, md 
oblique triangle, 

ro. Such English plurals as formulas and fwlyhedrcns should be 
used in place of the Latin and Greek plurals. 

//. It is not necessary or dcsiral)le to distinguish between axiom 
and postulate. The word assumption can be used in place of these 
words and may have more meaning to the pupil. 

Terms Made General It is the recommendation of the Commis* 
sion that the modern tendency of having terms made as general as 
possible should he followed, although the special cases may continue 
to suggest separate <liscussion. For example: 

/. Isosceles triangle should bo defined as a triangle having tWvO 
equal sides. There should be no limitation of two and only two 
ecpial sides. 

2. lirctangle should be considered as including a square as a spc- 
eial case, aliliou^h the notions of a stjiiarc may l)c discussed first. 

]. Parnllrlograyn shoultl he considered as including a rectangle, 
and heiue a stjuare. as a special case. 

^. Trapezoid seems to be most fretpiently defined in textbooks a.s 
a quadiilaternl with two and only two sides parajlel; but in some 
cases the "only two" restrict itni is omitted (which causes a parallelo- 
gram to be a special case of a trapezoid). Consistently with the first 
definition, a iiapezium is defined as a (piadrilateral of which no two 
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sides are parallel*^ Some American dictionaries agree with such defi- 
nitions, preserving^^the /'only two" restriction in the trapezoid; but 
other dictionaries imerrhange the two definitions. The Commission 
recommends that trapezoid be defined as first mentioned, and that 
the word trapezium be dropped as unnecessary. ^ ; 

5. Segment (in contrast to line) should be used to designate the 
part of a straight line included between iwo of its points (as well as 
the figure formed by an arc of a circle and its chord), this being the 
usage generally recognized by modern writers. (One obtains the 
length of a segriient, never of a line, since a straight line extends 
indefinitely in each of two opposite directions.) 

Terms to Be A bandon^d. It is the opinion of the Commission that 
the following terms are not of enough usefulness in elementary 
mathematics at the present time to make their recognition desirable 
in examinations, and thuL ihey s^rve chiefly to increase the technical 
vocabulary to the point of being burdensome and unnecessary. 

/. Antecedent and consequent. 

2. Equivalent. This is an unnecessary substitute for the more 
precise expressions ''equal in area" and "equal in volumej" or (where 
no confusion is likely tc arise) for the single word "equal." 

5. Trapezium. 

^. Scholium, oblong, scalene triangle, sect perignn, rhomboid (the 
term oblique parallelogram being sufficient), and reflex angle (in 
elementary geometry). 

5. Subtend (ii* certain connections). Probably pupils have been 
confused by the statement that an arc subtends a chord or an angle. 
In such connections the word has can be used. There seems, how- 
ever, to be no adequate simple substitute for the word in such a 
statement as ''A flagpole on top of a building subtends an angle of 
lo^ at a point, etc." 

6. Intercept. Since this term has .special meaning in higher mathe* 
matics, it seems advisable to avoid it in elementary work. 

Algebra 

H 

/. With respect to equatic^ns, the Commission calls attention to 
the fact that the classification according to degree is comparatively 
recent and that this probably accounts for the fart that the termi- 
nc^ogy is so unsettled. The Anglo-American custom of designating 
an equation of the first degree as a simple equation has never been 
satisfactory, because the term has no real significanre. The most 
nearly international t^rms arc equation of the first degree (or first 
degree equation) anrl linear equation. The frequent use of both 
phrases will enlarge the pupil's understanding, though it is to be 



230 Appendix, III 

noted that the apt ropriaieness of the name liri^Rfir equation is not 
seen until the graph of such an equation is considWd, 

2, The term quadratic equation is well established. There should 
be, howcvct, a clear understanding of the somewhaK confusing ety» 
mology involved, and the use of the description secon\degree equa- 
tion should be neither prescribed nor banned, ThcXternis /;?nr 
quadratic, af}e( fed quadratic, cowl)Irtr quadratic, nnd\ncomj)lc(e 
quadratic are f()rtun;HeIv disapprariiig, 

J. As to other special terms, the Commission reconimcn(is\hat the 
us J of the'followjlng be avoided in elementary instruction: cvohitinn 
as a general description for finding roots; involution for finding 
powers; extract for finding a root; multifUy ar} equatioi}, cleaknf 
fractious, cancel an I transpose, at least until the sitfiiific ancc of tf 
terms is entirely clear; aliquot part (except in commercial work), 

4. The Conunission also advisees the use of either system of equa-^ 
tions or set )f equations rather thau- the phrase ''.simultaneous • 
v{j\iati()n« ** 

5. The term siynplify should nf)l.be used h\ cases when* tliere is 
possibility of mi^iuntVrstaiiding. For purposes of computation, for 
f\;unplr, liu* form y^B mav I)f siniph-r than the form 'Uid in 
sonic cases it may be brilt'r to txpuss as iiisti^Uv of as 
\\/'\. In such (asrs- it is beitt'i* to give more explicit in^trucUw.is 
than to us(^ the mislea>ding term **siinpHfy," 

6. The ConunissionViggests that the word need not be use(i 
for the expression irrwlional n^nnhcr. It re(o^iii/es the difiuuhy 
generally met by youtigf pupils in distinguishing between coefficient 
and r,v/-^o;^r7^^ luj^H<1(.-('ls that it is undesirable to attempt to change 
these terms wTmli have come 10 have a standardized meaning and 
which are reasonably simple, (lonsicU-rations of a sinuMar nature 
will probablv lead to the letemiou of ^U( h terms as rufinnalize and 
extrn}}f'f}us root, 

7. Sinte the word is associated with addition and rninid u4th 
subtradion, the ('ommission feels that '*posiii\f" and '"negative" 
munbers are-toJ)e preferred to '*phis" and *'niimis'* numbers. Tfie 
fact that **[)his" ami "nu'nuN" se) \e aNo to c Iiara( tet i/*^ results of 
rountbu'^ oir appioviiiiafe numbers as in 17.2 and 3.4 --militates 
against the use ol "j)lus mnnbei*' lor ''positive mnnber.'* 

A ritii nirfic 

/. Wliilo it is rai< 1\ wise* to attempt to aljandon suddenlv the use 
of word*; ihar are wel! establislied in our lan^ua^(\ 'ih(^ (ioinmission 
f(^rls calh^d upon to express regK^t that.\erv vounu; pupils, often in 
thi» primarv ^radc^. are still retpiired to use such terms as suh- 
trahrnd. addend, winunid, and rnulfi ptirafid. Teachers seem rarely 
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to understand the real significance of these words, nor do they recog- 
nize that il' ire comparatively modern additions to what used to 
be a much simpler vocabulary in arithmetic. The Commission rec- 
ommends that such terms of theoretical arithmetic be used, if at all, 
only after the sixth grade. 

2. Owing to the uncertainty attached to such expressions as "to 
three decimal places," "to thousandths," "correct to three places," 
"correct to the nearest thousandth," usage of the following kind is 
recommended: '*To three decimal places" and "to thousandths" 
should be regarded as identical and as referring to a result carried 
' only to thousandths without considering the figure of ten-thou- 
sandths. **Correct to three decimal places" and '^correct to the near- 
est thousandth" should be regarded as identical and as referring to 
.a result which has been or might have been carried to ten-thou- 
sandths and then rounded off to show the nearest thousandth. It 
may be well to use "exact." in connection with the number of correct 
decimal places, using "precise" as described below, ' / 

9. Because of the appearance in many textbook^ of careless defini- 
tions of '^significant figures," the Commission suggests the following 
convention: When every figure in a number except the last is exactly 
correct and the error in the last is less than one-half unit, all the fig- 
ures have actual meaning and are called significant figures. Zeros 
are^ significant when ihcy come wiUiin this definition. When they 
are used simply to give place* value to other digits, zeros aie not sig- 
nificant. It may be well to use "precise" in connection with the 
number of correct significant figures. For example, a measurement 
may be precise to one part in ten thousand'. 

The Commission* recommends the use of the expression "num- 
bers in standard furm." By this is meant a numeral with the decimal 
point located aftcr the first digit and this numeral multiplied, if 
necessary, by a power of ten to compensate for the change of position 
of the decimal point, such as tj^ooo = 9.7 X lo*. .00097 = 9.7 X 10 *i 
97^^ 7 X iui'\ 1,987 1.013 X io'3. 

- SVMROLS I 

Maihrmatics is charactcrisiically symbolic. The importance of the 
general question of symbolism is well recognized— words are them- 
selves symbols. For this section, however, we are intepe&ted in 
nonverl)al syml)ols only. Many questions arise concerning the re- 
sponsibility of those who woulcl origiuaie new syn;bols. Mathemati- 
cians at advanced levels vary greatly in their readiness to propose and 
use Tiov(^l syinl)ols. There are involved (|uestions of tvpo^raphiral 
availability as well as questions of intelligibility and good taste. 
There can he no doubt that new symbols arc being continually in- 
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troduced. Many of them attain favor with the specialises or general 
mathematical public; more are eventually dismissed as personal idio- 
syncrasies. At ihe secondary school level, caution is usually to be 
preferred to unrestrained originality. One should hesitate'to assume 
that new notation is called for extensively in the traditional branches 
of elementary mathematics, ^mbolism that is misleading or merely 
unintelligible defeats its own purix)ses, and reasonable uniformity 
is demanded for maximum service. Consccjuently the Commission 
makes ccAain de|piled suggestions regarding individual symbols and 
even goes so far as to' propose a tfeftror^ wliich teachers may ^elect 
such as seem appropriate. Pupils may b? encouraged to discuss their 
need for new symbols and devise as exercise, material several symbols 
to be used in class. But they should evepjetrep in mind that symbols 
are not mer^fly for the convenience of the writer. Unless the reader 
can be expected to be familiar with them, they fail to serve the first 
objective of communication. For habitual use in examinations or 
elsewhere, it is wise to be conservative and to use symbols familiar 
and acceptable to the public generally. From time to time mathe- 
matics lead ers may be expected to extend approval to new symbols 
tried and aci cpted by experimental classes, 

Pupils sho.ild not be allowed to form the habit of using- unusual 
rombinaiions of symbols and abbreviations. A teacher may well 
hesitate to approve such writing as the following: ''2 boys bt. 2 doz. 
cpcrs (u 45^'/d()A and 3" (o^ *47(f/doz." However, on tests in which 
speed is hv\n}r tested one may permit symbols and abbreviations ?s 
a sort of shorthand, provided that no ambiguity results. 

Elementary mathematical symbols fall roughly into four types: 
(/) r.(Micral literary f)r lypo.^raijhical symbols, such as . ? " : ; (2) those 
v.,cd tHroughoiu mathematics jrcncTally. such as the Arabic numerals, 
+, , (), v. X. and the decimal point; (3) those used extensively 
in special parts of the ihoorv but chieflv in informal classroom work; 
(./) siantlnrd conunrrcial symbols that the student of mathematics en- 
counters onlv in api)lirati()ns to conuuercial problems, such as $, 
rTi). (for pound or for number). 

Grnmrliy 

1, The svmbols A and Q for triangle and circle are international, 
although usetl more extensively in the United States than in other 
countries. T\\c\r use. with appropriate phirals, is recommended. 

2. Tlic svmbr)l 1 . representing the term prrf)ruduular or the 
phrase is prrpendic^ilar /o. is fairlv international and the meaning is 
appamit. Its use is iherrfore rrcommeiuied. 

J. The symbol t| for parallfl or h parallel to is fairly international 
and is recommended. 
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4. The symbol ^ for similar or w similar to is international and 
is recpnimended. 

5. The symbols & and s for congruent or w congruent to have 
considerable use in this country. The Commission feels that the 
former, which is fairly international, is to be preferred (in geometry) 
because it is the more distinctive and suggestive, particularly since 
5 has been widely uied for identity. 

6. The symbol Z for angle is coming to be generally preferred to 
any other because of its simplicity, and is therefore recommended. 

7. Mathematical writers have not developed any symbols that 
have general acceptance for the following words, and there seems to 

'be no necessity for making the attempt: square, rectangle, parallelo- 
gram, trapezoid, quadrilateral, semicircle, (Certain obvious' symbols 
suitable in print, would produce confusion if written carelesslyX 

5/ The symbol 'AS for arc AD cannot be called international. , 
While the value of the symbol ^ in place of the shprt word arc is 
doubtful, the Commission sees no objection to its use except possible 
difficulty in typesetting for publication. 

^..The symbol .'. for therefore has a value that is widely recog- 
nized, but tKe symbol for since is used so seldcrii that it should be 
abandoned. . , 

10, Whh respect to the lettering of figures, the Commission calls 
attention, for purposes of general information, to a convenient 
method, found in certain European and in some American text- 
books, of lettering triangles thus: Capitals represent the vertices, 
corresponding small letters represent opposite sides, corresponding 
small Greek letters represent angles, and the primed letters repre- 
.sent the corresponding parts of a congruent or similar triangle. 
There is much merit in the plan, and the Commission is prepared 
to recommend it, with optional use of the Greek letters, 

//. In general; it is recommended that a single letter he used to 
) designate any geometric magnitude, whenever there is no danger of 
ambiguity. The use of numbers alone to designate non-numerical 
magnitudes should be avoided by the use of subscripts or accents,^ 
as in Af, Aft a\ b'\ 

72. With respect ro the symbolisni for limits, the Commission 
calls attention to the fact that the symbol (f<>r "tends tr)") is boili 
international and expressive and. has constantly grown in favor in 
recent years. Although the subject of limits is not generally treated 
scientifically in the secondary school, the idea is ofien mentioned in 
geometry and a s>niboI may occasionally be needed. 

2 Elementary niaihcin.itical notation is relaiivcly sinii;lc, aiu'. supcrscri[)is. 
which can be easily confused with cxponcnis, are hardly needed. Tliere is not ihc 
same danger in primed letieis. 
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I). The Cuuiuii'>:>ioii/ccb no ubjccliun lu the use oi {.\\*t iulluwiiig 
abhrc'viatioiu alter the has acquired facility, in stating the 

theorems: 

^55 f{)r "three sides," ' 
ass tor "two sides and an angle adjacent to one of them/' 
sas ioY **tuo sides and the i!iclud(/d angle," and 

Qsa for "two angles and tlie included side," ^ 

The words topluyuir, (<illinear, 'M\d concurrt'nt have now acquired 
wide use and should he retained. Concerning the terms ray and 
half-line tlie Conmiission wislics to be non-connnittal, 

Algebra 

The sNnihols in elemeniary algebra are lunv so Well siandardi/ed 
as to re([^iirc* hut few connnents in a report of this kind. The Com- 
mission heHcyes that it is desirable, however, to call attention to the 
follo^ving points. 

/. Owing to the frequent use of the letter x, it is preferable in 
most cases to use the center dot (a raised period) for multiplication 
in the few cases in which any symbol is necessary. For example, in a 
ease like i • 2 • 3 • • • (x 1) • x, the center dot is preferable to the 
syinhol Xl while in cases like 2(i{x — a) no symbol is necessary. The 
Comir.issio) xiogni/es that the period (as in a , b) is more nearly 
iin'ernaiioi ' than the ceiner dot (as in a -ib); hut since ihr, period 
will coniiiuie to be used in tliis country as a decimal poirit, it is 
likely to (ause (onfusioh, to eleiKentaiv pupils at least, to attempt to 
use it also as a symbol for nmltiplication. As noted earlier one writes 
(in standard form) 97^ = 7.8 X lo^'*^. to avoid possible confusion, 

2. In recent yt-im the ''decimal" point has ac^^uired new uses. For 
exami)lc. banks cjuote ()^).i7 f<^)r a Liberty Bond, meaning 95 17/32, 
and educational psychologists state^a pupil's mental age as 12,3, 
meaning twelve years and three rKonths. The Commission looks 
with disfavor upon such practices but admits their convenience. It 
is necessary to inform pupils of these practices. 

5. With respect to division, the symbol -7- is purely Anglo-Ameri- 
can, the symbol : serving in most countries for di\ision as well as 
ratio. Sim(.* lu itdcr svtnbol plavs^anv lar^c* pan in business life, it 
seems propoi* to consider only the needs of algebra, and to make 
mc>re use of the fractional form and (where the meaning is clear) of 
the symbol \ and to drop the symbol in writing a-lgebraic expres- 
sions. In the case of umisually long ex[>ressions for numerator and 
denominair)r, one mav write, **A/B where . . li^ . ^,," or 
otherwise make ( lear the occurrence of division. 

^. With resjM'f t to the distinction between the use of 4- J^nd — as 
symbols of operation and as symbols to di^tinguisli positive and nega- 
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tive numbers,, the Commission sees no reason for attempting to use 
smaller signs for the latter purpose, sujch an attempt never having 
received internal ionil renjgniiion, and there is nf)t sufficient need 
of two sets of synil)()ls to warrant violating international usage and 
placirtg an additional burden on the pupil, 

5, In connection with signs it is well to refer to the pedagogical 
question of explaining the rule of signs in products, One cannot 
explain, for instance, that a j)o.sitive number nuiltipliud by a nega- 
tive number gives a negative number, by saying that subtraction is 
involved. A correct explanation based upon the distributive law is 
simple, and throws much light upon the nature of algebra. The 
proof reveals that algebra resembles a game with the distributive 
law prescribed, and shows that important consequences can be de- 
rived from the law. Special cases can be used to advantage; for ex- 
ami)le, by applying the distributive law to the product 5(9 4^ (—3) ), 
which is known to be 30, it is readily found that 5(-^3) must be —15. 

. It is better not to attempt to prove the law of signs than to use 
fallacious reasoning that proves nothing and either confuses or mis- 
leads the pupil.^ 

6, With respect to the distinction between the symbols ^ and = 
as re[)resenting respectively ideiUity and fequality, the Commission 
calls attention to the fact that, wliile the distinction is g^erally 
rerogni/ecr the consistent use of the symbols is rarely seen in- prac- 
tice, The Commission recommends that the symbol = be not em- 
ployed in examinations for the purpose of indicating identity. The 
teacher, however, should yse both symbols if desired. 

7, The Commission calls attention to and approves the use of the 
symbol lov approximately equal to, the symbol having been intro- 
duced first by the engineering societies and having found wide use. 

^ , 6^q X 47 600 X '^o 

For example: — ^ ^ — = 1,000. 
32 30 

8, With respect to the root sign y/^ , the Commission recognizes 
that convenience of writing assures its continued use in many cases 
instead of the fractional exponent. It is reconnnended, however, 
that in algebraic work involving complicated cases the fractional 
exponent be used. It should be emphasized that (wiiere is a 

* For somewhat more advanced pii])ils it is a finnd exercise tint to use the fihis 
and minus signs to distinguish j)ositi\c and negative numbers, hut to use colors, 
uriiing. for example, positive numt)ers in hhie and nrgativc numbers ih red. A 
brief addition table should then be made out ^in rrctanj^ular form\ resfr* ted 
to integers, iti which numbers of t)orh colors cicrur. Thru a multiplication table 
shduld be started. Here the entries for the prnduct of a blue number by a blue 
numbe* arr easilv inserted, and the table can be completed l)y using the dis- 
IribiUivr law and the adrlition table. A pupil will understanrl that it makei no 
sense ro say that a blue number multiplied by a red number means subtraction. 
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positive number) means only the positive root. To have ambiguity 
in such a symbol would be confusing, and good us^ge is clearly es% 
tablished. If the root sign itself indicated two numbers, it would not 
be necessary to use the sign of ambiguity, ^, in the familiar formula 
for the quadratic equation, but that sign is always printed. Thus- 
s 2, and it is not good usage to write y/^ = ± 2, Similarly'the 
two square roots of 3 arc and — ^ •'^ Analogous remarks can be 
made about a"'^ ^'ay a''* etc. 

When imaginarics are used, the symbol i should be employed in- 
stead of f ex( (•j)t possibly in the first presentation of the subject. 
The reason for writing (where a is positive) in the form iy/a 

becomes apparent upon considering multiplication. The product of 
(«%/(>) (^VrO Vso", ^vbich \-ahic might not be ob- 

tained if the numbers are left in the form ^^^^ ^^spec- 

tivcly. Finally it is to be noted that neither i nor — » should be 
referred to as positive; "j)()sitivc" implies "real." 

cp. As to the factorial symbols such as in 5I and L5 j to represent 
5 • 4 • 3 • 2 • I, the tendency is very general to abandon the second 
one. probably on accourU of the diinculty of printing it. In such 
abandoninrnt the Conmiission concurs. (Y\m question is not, how- 
ever, nf .i^rcat im|)ortauce in the i3;eneral courses in the high school) 

/a With resjx'ct to symbols for an imknown number there has 
hvvr\ a noteworthy chaiiji^c within *vC(Mit years. While the Cartesian 
use of X and v will (hnihtlcss ctmtinue for two general unknowns, 
the iecf),unitinn itiat tlie formula is, in the broad isc of the term, a 
central feature of algebra has led in the extended use of the initial 
letters of words to repieseiit {piantities. This is simply illustrated 
b\ the ft)runila ./ • = The custom referred to is now interna- 

tional and slu)uld be fullv Te(ooni/{'d in the schools. 

//, Unft)rtunaiely. it is still necessary .to advise abandoning the 
<lonble Colon in pinpnuii^M), nn<l the svmbnl x> in variation, al- 
though both of these symbols are practically obsolete jn mathematics 
e\( ejit in le\ibooks. 

VFRBAL ABBREVIATIONS 

There is much diflerei^ce of ipste as to Ilo^^• extensively verbal 
abbreviations slundd be used and how loni^ a list of abbreviations, 
should he allowed. The j^upil should be curl)ed in any tendency to- 
ward the slo\enl\ writiu'^ that relics on wholesale use of abbrevia- 
tions for words whrn ih<*v o( ( ur in complete sentences. Abbreviated 
word-synd)()ls arc a(ce[)tabl(' only in so far as they are easily under- 
Mood and are faUed for in the interest of comj>actness aiui economy 
of time. 



1 



Terms, Symbolsj Abbreviations 237 

It may be well for a class to discuss from time to time the words 
for which abbrev ationis would be most welcome, and to vote ap- 
proval, for blackboard work, or upon tests during which a student 
is pressed for time^ of the use of simple abbreviations; but it should 
be insisted that abbreviations be the same for all users and that no 
unauthorized abbreviations be allowed. For example, if *'hyp" be 
used for "hypothesis'* and ''hypn'* for *'hypoteriuse," then to write 
, "hyp" for hypotenuse should be trcafcd- as^a breach Of accepted cus- * 
torn* It is to be hoped that eventually teachers from various schools 
and from various parts of the country may come to some common 
official understanding as to what abbreviations seem appropriate, so 
that students taking examinations in schools other than those in 
which they were first trained may be free to use appropriate abbre- 
viations without fear of ambiguity. No sucli widespread agreements 
have been reached as yet, however, 

In closing this appendix it may be well to quote the followiHg 
forceful injunction frotn the Report of the National Committee of • 

*'It is to be feared that many teachers encourage the use of a kiitd 
of vulgar mathematical slang when they allow such words as /tan' 
and *cos/ for laugenf and cosine, and habitually call their subject 
by the title 'math.' " 
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EQUIPMENT OF THE MATHEMATICS CLASSROOM 

*'We ought to be entirely thankful for it, and entirely 
ashamed of ourselves if we make no good use of it,'^ 

--JOHN RUS^lN, SESAME AND LILIES 

The appropriate furnishing and equipping of a mathematics class- 
room is receiving more attention than formerly, many teachers not 
being contented with four walls and a blackboard. The movement 
is partly a manifestation of the general wish to remove barrenness 
from schoolrooms and make them congenial places whose good 
cheer invites study and reflection. But it is also thought that proper 
equipment aids instruction, if indeed it ii not an essential for the 
type of teaching that has been made necessary, by the present clien- 
tele of the schools. 

Although the Commission strongly recommends that careful at- 
tention be given to equipping the matlRunatics classroom so as to 
aid instruction and stimulate interest, it K'lieves that a balanced 
point of view should be maintain'Jid. The ar^^ument for equipment 
is injured rather than helped if reasons are giv.^n that are not sound, 
or if comparisons are made that are not warranted. For example, 
equipment does not bear the same relation to mathematics that it 
does to a laboratory science, such as chemistry or physics. Apparatus, 
sometimes very elaborate and expensive, is needed by the physicist; 
but the mathematician does his work now as fornierly, with paper 
and pcncil-except when making extensive numerical computations. 
For the strongest students in chemistry the most ext.-nsive equip- 
menf. miKht be needed; for the strongest students in mathematics 
nothin.^ is usually required but books and a place to work quietly 
and undisturbed. Classes may. as a matter of fact, be overindulged 
\s\ih even the simple basic instruments of mathematics. From a 
geometry course a pupil should derive ability to make fair freehand 
drawings. Both his straight lines and his circles should prcNcnt a 
tolerable appearance; but^they will not do so if all his drawing is 
done with ruler and compasses. He will not be able to draw well to 
scale assisird only by his eye if he has worked exclusively on cross 
section paper or on a blackboard di\ided nicely into squares. Since 

^38 
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drawing instruments are not habitually carried, the ability to make 
free-hand sketches of both plane and space figures should be obvious 
enough. It can bi? said also that even the immediate availability of 
instruments does not indicate. that they should unreservedly be used; 
for example, although the digits on our hands lend themselves to 
problems in addition, their Use for such a purpose is somewhat in 
disrepute. Unless a teacher is careful, he may forbid a pupil to find 
the sum of 15 and 12 by using his fingers, only to discover that he 
obtains their product by using a slide rule. 

The place where proper equipment has by tradition been most 
recognized is in connection with teaching solid geometry and for 
giving adequate and clear space perception. Stereoscopic views of 
figures do more than assist in understanding proofs of theorems; 
they cause lines to stand out so clearly that a figure in a plane ac- 
quires some of the charm^f a graceful and well proportioned struc- 
ture. More aids in the way of models and views at a moderate cost 
are available than formerly, and they should be used to instruct and 
to arouse interest. Certain basic figures and solids should be promi- 
nent in the classroom, to which they give an atmosphere that is ap- 
propriate to the subject that h being taught. A knowledge of the 
properties of figures and a recognition of their importance is stimu- 
lated by having the figures form a part of one's habitual surround- 
ings. Equipment appropriate for the physics laboratory may also be 
employed in tjie mathematics room. For example, instruments that 
explain the resolution of forces will assist in understanding some of 
the applications of trigonometry. 

The use of calculating machines in connection with commercial 
instruction is already well established. It is obvious that pupils 
should be taught methods used in the business world and that they 
should be made familiar with appliances that have greatly simplified 
numerical computation. An understanding of machine calculation 
may increase a pupil's opportunity of finding employment. Ma- 
chines also have an important place in mathematical work other 
than commercial work. The time that they save, in the making of 
necessary computations can be devoted to covering mbre theory or 
to studying more thorouglily concepts and principles. Indirectly, 
then, machines, when they are properly utilized, can aid in basic 
mathematical instruction. Pupils seriously interested in mathemati- 
cal study, as well as those who desire thorough commercial training, 
should have the opportunity to gain some skill in machine calcula^ 
tion. Much can be accomplished in the way of instruction by means 
of the lower priced mathincs desi^^ncd especially for school use. 

Instruments for surveying, cvperially a transit, have considerable 
usefulness in teaching parts of geometry and trigonometry. The 
interest of many pupils is increased by ineans of practical problems 
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and an instrumeni makes it possible for pupils to secure their own 
data for a variety of exercises. In addition, skill in. the use of instru- 
ments is valuable. An accurate engineer's transit is not needed un- 
less work in surveying of a high quality is attempted. Very inexpen- 
sive transits designed for the use of builders and for farm surveying, 
as well as special school instruments, are on the marke., and they are 
suitable for demonstration purposes and for the field work that may 
go with a course in trigonometry. Such instruments have made it 
possible for schools to provide a serious unit of field work, thereby 
giving a type of training formerly seldom available. Sextants for 
school use arc al.sy available at low prices and are instructive instru- 
ments. A person familiar with the use of such 5»n instrument may 
desire one for recreational purposes, and ind'vidual ownership of 
inexpensive instruments is quite j^ossible. 

More varied aids tlian those discussed above are needed for the 
rank and file of pupils if they are to understand mathematics and 
appreciate its place in current life. In Chapter VII it was stated that 
the slower pujjils "nr.st handle, measure, cut, count, draw, make 
models, draw giaplis . . . ," in order to learn. Accordingly the nec- 
essarv ccjuipmeut nuist be provided, and it is not expensive. The 
interest of average pupils and even of some of the stronger ones may 
be stimulated by gathering, organizing, and preparing i)osters or 
other material tliat will sliow the wide and varied uses of mathe- 
matics. Some aittntion has already been given to this subject in 
Chapter \\ and tlie possibilities open to a resourceful teacher are 
very great. Displays are iniitvuctivc tilings in themselves as well as a 
means of stiimilating study. Pictures and diagiams do not need to 
be restricted to applications of mathematics; theorems and demon- 
strations lend tliemselves to the purpose. The theorem of Pythagoras - 
with the cuNtomary proof is wortliy of display in any mathematics 
room; one ol the simple methods of trisecting an angle by nnnpasses 
and a straight edge with maiks upon it, would make an e-xliibit that 
would help (oirect tlie eunent miNeoiiet jjtion^about one of the most 
famous of all inatheiiiai ical prolilems. 

Proper furnishing of a room is retpiired for displaying and using 
f(iuii)iiicnt. Tlicre sliould be cavs for liooks, for instruments, for 
models, and wall spate for pictures, and posters. Storage space 
should be conNenienilv accessible for keeping the work tliat is done 
l)y different classes, Tl'ieie sliould be a good drawing table, properly 
ecpiipped, at wliicli careful drawini; c an be done; and there sliould be 
other work tables. In a large school with a number of rooms devoted 
to matlieiuutics instruction, a separate room to serve as laboratory 
and museum can,b>^sed with very vahiable results. A projecting 
lantern and screen can be used to advantage at times, and the future 
will probablv see the development of more and better films having 
a luathematiial beating. 
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Some suggested equipment is listed below.^ While it is to be ex- 
pected that an appropriate amount of the school budget will be 
allotted for the purchase of equipment and supplies for the mathe- 
matics 'department, it is to be remembered that most of the charts 
0 and posters, many of the models, and some of the other equipment 
can be made by the pupils. 

INSTRUMENTS 

Under this heading should be included not only obvious items, 
such as compasses, drawing instruments, slide rtiles, protractors, 
parallel rulers, a pantograph, a vernier, and a vernier caliper, but 
the more elaborate equipment, such as a surveying transit, a sextant, 
and a calculating machine, whose uses and advantages have been 
previously discussed.^ A spherical blackboard should also be in- 
cluded, as well as cross section blackboard graph charts.^/ 

MODELS 

Among models should be found: Prisms,* pyramids, cylinders, 
cones, spheres, ihe five regular polyhedrons. There should also be 
a stereoscope and views. 

SHOWCASE AND WALL DISPLAVj 

An abacus. Napier's hones, sundials, pictures of ancient clocks, pic- 
tures or models of Hiiciciit surveying instruments, various models 
made by pupils, drawings and proofs of important thtcrems, pictures 
of general niatheniatTcal interest, posters, etc.. may be among the 
sho«vcase and wall displays. 

SUPPLIES 

Supplies should include: Graph paper: rectangular (several dif- - 
ferent units), logarithmic, scmi logariihniic. polar. Mimeograph ma- 

*Scc aho Woodring and Sanford. Enriched Teaching of Mathematics in the 
Junior and Senior Hi^h Sthonl, pp. 104-112. 

'Sec WoodrinR and Sanford. toe. cit., for dcalen in in'lrnmcnti!. Advertife- 
mrnts of mathrmariral supplies and equipment will also be fpiind in The Mathe* 
matics Teacher an*! School Science .tid Mnthemnlirs. Well known mail-order 
houses handle low priftd iiansits. Amonj^ (he hotter known calculatinj? machines 
are the Monroe, the Marchai.^. the Fricdcn. the Mathcmaton. and the Mercedes. 

•Different si/cs of Mich charts on slated cloth arc available. Since they are 
movable they present certain advantaj^cs over a pcn.^anent wall board that is 
ruled, 

* There should be prisms with difTcrent numbors of face?, also oblique prisms 
and truncated prisms. There should be a corresponding variety of pyramids, and 
cones cut to show the different conic sections. 
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terial. General sdpplics-paper, colored cfialk, Bristol board, paste- 
board, tracing material. 

4 

TEACHERS FILE 

In the teacher's Hie should be: Instructional materials, including 
applications. Test materials. Bibliographies. 

MATHENf ATICAL BOOKS AND PERIODICALS FOR THE 
HIGH SCHOOL LIBRARY 

Texts, The library should cpntain a good selection of standard 
texts covering elementary algebra, geometry, trigonometry, high 
school general mathematics, college algebra, analytic geometry, 
mathematics of finance, elementary statistics, calculus,^ anj unified 
college mathematics. There should also be an adequate number of 
good mathematical tables, available in the library and at special 
places that art designed for work involving calculations. The li- 
brary should also have standard works on the teaching of mathe- 
matics for the use o'f teachers. 

Reference, Boohs, The list of reference books below does not aim 
at completeness, but it covers very adequately the history of mathe- 
matics, and also provides for other types of supplementary reading 
and instruction. 

* 

Abbott, Edwin A. Flntland. (2nd edition). Little, Brcwn and Co., 

American Council on Education. Achievements of Civilization, 
No. 2. The Story of Surnhrrs, '^iJi)]\, $0.10. 
No. 3. The Story of Weifihts and Measures, Jo.io. 
No. 4. The Story of Our Calendar, 32pp., $o.io. 
No. 5. Telling Time Thrnufihnut the Centuries. 64pp., $0.20. 
American Council on Education, 744 Jackson Place NW, Wash- 
ington, D. C, 1933. 

.\ndrews, F. Emerson. AVw Numbers, Harcourt, Biace and Co., 
New York. 62 pp.. $0.50. 

Andrews, William S. Mafrjc Squares and Cubes, Open Court Pub- 
lishing Co., CLicago, 1908. logpp. (Out of print). 

Arcliihald. R. C. Outliyie of the History of Mathematics, (3rd edi- 
tion). Mathematical Association of America. Oberlin, Ohio, 1936. 
62 pp. So. 50. 

^Somr ft hrieffr and simpler books on calctihis are to be rcmm mended. 
Cnlntiu^ Mndc F.n\\, bv Silvantis V, Thompson ^Nlacmillin and Co.. and cd. 
i^jq. 26;-) pp V h likclv to arotise ihe interest of students, a f.irt that offsets rriii- 
rism one nu-ht make of a decejiii'.e stivrgestion of the title and the unconvcntion- 
alnv and lack of precision of ircainicnt. 
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Ball, W, VV. R. Mathematical Recreations and Essays. (7th edition). 

Macmillan Co,, New York, 1920. 506pp., $3,50. 
Bell, Eric. Men of Mathematics. Simon and Schuster, New York, 

Bell, Eric. Queen of the Sciences. Williams arid Wilkins Co., Balti- 
more, 1931. 138pp. |l,t)0. 
Bentley, W. A. and Humphreys, W. J. Snow Crystals. McGraw-Hill 

Book Company, New York. 1931, 227pp., $io.oo. 
Bradley, A. D. Mathematics of Map Projection and Navigation. 

Lafayette Instruments, Inc., New York, * 1938. io8pp, (mimeo- 
graphed), $1.75. . 
Breslich, Ernst R, Excursions in Mathematics. ^The Qrthovis Co., 

Chicago, 1937. 47pp., 11.50. 
Brodetsky. S. A First Course in Nomography. Open Court Bublish- 

ing Co., Chicago, 1925, 160pp., $3.00. 
Cajori, F. History of Mathematics (2nd edition), IVIacmillan Co., 

New York, 1919. 5i6pp„^4.5o. 
Candy, Albert L. Construction, Classification and Census of Magic 

Squares of Order Five. The Author, 1003 H Street,* Lincoln, Neb., 

1938. 141pp.. 1 1.00. 
Collins, A. F. F un with Figures. Appleton Century Co., New York, 

'9.^3- 253PP--$2'Oo. 
Dantzig. Tobias. Number, the Language of Science (3rd edition). 

Macmillan Co.. New York. 1939. .32opp, 53 00, 
Dudeney, H. E. Amusements in Mathematics. Thomas Nelson and 

Sons. New York. 1917. 258pp.. $1.50. 
Dudeney, H. E. Canterbury Puzzles. Thomas Nelson and Sons, 

London, 1919. 255pp.. $1.50. 
Dudeney, H. E. Modern Puzzles and How to Solve Them. F. A. 

Stokes and Co., New York, 1926. igopp., $1.25. 
Dudeney, H. E. Puzzles and Curious Problems, Thomas Nelson and 

Sons, London. 1932. i95ppM Si. 50. 
Heath. R. V. Maihvmngu\ Simon and Schuster, Now York, ;933. 

i^Hpp., $1.75. 

H()gf--n, Lancelot. Mathrmatics for the Million. W. W. Norton 

Co., New York, 1937. r).}7[)p.. $:^75. 
Hopper. V. F. Mrdiexml Numhrr Symhnlism, Columbia University 

Press, Nciv York. !9;^8. 2.} ipp.. Sl'.8o. 
Ilornuiig. C. P. Hnndhonk of Ih'siiins aud Drvirrs, Harper Xc 

lirotluTs, New York, I9;i2. 20}pp.. S2.50. 
Jones, S. I. Mathematical Nuts, The Author. Life and CasuaUy 

lildg,. Nashville, Tenu.. \(r\2, 3 }opp.. $3.50. 
Jones. S. I. Mathemali(nl IVrinkh^s. Tfie Aiitlu . Life and Casualty 

lildg.. Nashville. Tenn.. iQjfi. (;5r(i editioo). 3O i[)p., 53 00. 
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Karpinski, L. C. The History of Arithmetic. Rand McNally and 

Co., Chicago, 1935. . 20opp,, $2.00. ' 
Levinson, Horace C. i'our Chance to Win: The Laws of Chance and 

Probability. Karrar and Riiidiart, New York, uy^g. 343PP'. S^^-S"-"'** 
Licks, H. E. Recreations in Mathematics. D. Van Nostrand Co,, 

New York, 1517. i55pp.» $1.5^' 
Loomis, E. S. Pythagorean Theorem. Masons, 1321 W. luth St., 

Cieveiaiui; Ohio, 1927, 214pp. 
MacMahon, P. A. Neio Mathem(^lical Pastimes. Macmiiian Co., 

New York, 1930. ii-ipj)., $3.06. 
McKay, Herbert. . Adventures in Arithmetic. Macmiiian Co,, New 

York, 1939, $1,50. 
Merrill, Helen A. Matlirmuliial Excursions, Bruce Humphries, 

Inc.. Boston, Mass., 1933, uifjPF $2,00. ^ . 

Sanfofd, Vera. Short History of Mathematics. HouglUon Mifflin 

Co., New York, 1930. 400pp., S3. 25. 
Sinister, C. and Bedford, t'. Field Work in Mathematics. American 

Book Co,, New York, 1935. i68pp,, $1,20. 
Smith, 1). E. History of Mathematus, Ciiui and Co,, Boston/ 1923, 

25, 2V. i32ipp,, S5.00 eac h. 
Smith, D. Mathematics, Our Debt to Greece and Rome. Marshall 

Jones Co.. Iinsf'>n. i7f)pp.. Si-7r)' 
Smith, D. E, A'/, ^fcr Sl(n'ie\ 0} Lou}:^ Ginn and Co,, Boston, 

1919, 1 3r)pp.. So.tiS. 
Smith, D, E, and Ginsbuif^. J. \umhcrs aiid .\umcrals. Bureau of 

Publications, Teachers College, Cohnnhia University. New York, 

J937- 52pp.. $o,3r,. 
Steinluius, Hugo. Mathematical Snapshots. Q. E. Stechert and Co., 

New York, 1938. i^fjpp.. $:.'.r,o. 
Weeks, Raymond. Boys' Ou n Arithmetic, E, P. Dutton and Co., 

New Yoik. 1924. iS8pp., S'j.oo, 
White, W. V. A S( raf)book of Elementary Mathematics. Open Court 

Puhlishiiif^ Co.. CliicaRo. 1927, 248pp., .$1,50. 
Woodriiif^. Maxie N. and Sanford, Vera. Enriched Teaching of 

Mathematics in thr Junior and Senmr H^h School (revised edi- 
tion). Bure:iu of Pul)li( alions. '-IVacheis CoUe^e, CoUimhia Uni- 
versity, New York. i(j;^S. 133pp.. $i.7:V 

The last bonk, wlii(h has been previouslv referred to in footnotes 
on earlier paj;es. sliouhl he w<-ll known to all teachers of mathematics. 
Its 1*53 pai^es pive in (onveiiient form much material and tnany ref- 
ereiues hroti.t^ht toi^etlier in no other place. Various sections in it 
are (^specially useful in (oiuicdion with pai^es 68-71 of this Report, 
and with the last three horizontal divisions of the Grade Placement 
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I ' \ . 

Chart, which fonns Appciullx V. Blank pages in ihc book give a 
ready place to supplement it by new references that may be found 
in current literature. 

Periodkals. Such magazines as The Scientific American and Popu- 
lar Science have a certain amount of mathematical interest at times, 

Periodicals of special interest in the secondary mathematics field 
are: 

The Mathematics Teacher, 525 West 120th Street, New York City, 
Eight copies a year. $2.00 a year, ' * 

This is a publication of the National Council of Teachers of 
Mathematics. A subscription carries membership in the Council. 
The magazine is devoted to the interests of mathematics in elemen- 
lary and secondary schools. 

School Science and Mathematics. Nfenasha, Wis. Nine copies a 
year. $2,50 a year, 

This is a publication of the Central Association of Science and 
Mathematics Teachers. Contains articles dealing with mathematics 
and its leaching, and also a problem department. 

In addition to The Mathematics Trachrr, the National Council 
ha.H, since igafi, pul)lishccl annually a Yearbook. These works have 
(ovcred a wide variety of articles and studies valuable to elementary 
and secondary mathematics teachers. 
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APPENDIX 

GRADE PLACEMENT CHART FOR 





grade 7 


GRADE 8 


GRADE 9 


ARITHMETIC 
(Number and 
Ck)mputation) 


t« ExperienccSi lan- 
guage, and ideas, 

^2. Fundamental proc- 
esses with whole 
numbers, fractions, 
and decimals, and 
related principles, 

3. Significant appli- 
cations, 

4, (Optional) Ele- 
mentary approxi- 
mate computation. 


I, Experiences, lan- 
guage, and ideas 
(continued). 
; a. Fundamental proc* , 
esses and related 
principles (reviewed 
and extended). 

3, Significant applica* 
cations. 

4. (Optional) Approxi- 
mate computation 
(continued). 


X , Review and exten- 
sion of concepts 
and skillSr 

2. Applications, pref- 
erably in connec* 
tion with algebra. 

3, (Optional) Loga- 
rithms aad- the 
slide rule. 


GEOMETRY 
(5pace Pcrcep- 
tiun> Demonstra- 
tion) 

r 

I 

1 

i 
1 

1 

i 

f;RAPHIC 

ri:prf.sf,n. 

TATION 

1 
t 

1 

i 


{Informal) ^ 

1. Experiences, lan- 
guage, and ideas, 

2. Drawing or con- 
structing basic fig- . 
ures. j 

3. Direct measure-j 

angles)', 1 
'4. Irriirect measure-j 

inr M (areas and 
i vol imes), ! 
* 5. (Optional) Appli- 
1 cation of. elcmeii- ■ 
1 tary approximate 
1 computation. j 
j6. Related facts anii 1 
1 principles 
1 7. Significant appli- i 

cations. j 


{Informal) 

1, Experiences, lan- 
guage, and ideas, 
(continued), j 

2, Drawing or cun- ; 
slructing important , 
figures, ! 

mrnt, • 
4. (Optional) Applica- 1 
tion of elementary [ 
approximate com- , 
putation (contin* ; 

! ued). ' 

' 5. Rrlated facts and 
principles (contin- 
ued). 

: 6. Significant applica- 
1 tions. 

1 


(Informal) 

1 , Review and exten- 
sion of concepts, 
skills, facts, and re- 
lations. 

2, Applications, pref- 
erably In connec- 
ttnn with silffrbrA 

3, (Optional) Intro- 
duction to demon- 
strative geometry, 

(In grades 9 and to, 
algebra and geom- 
etry may be closely 
correlated.) 

1 


I, Interpretation of 
sitTiple pictograms 
or statistical 
graphs. 

'2. f Graphic rcprcsrn- . 
tation of simple sta- 
tistical data. 


1. Interpretation of 
statistical graphs. 

2. Graphic representa- 
tion of everyday sta- 
tistical data (bar 
Ki aph, line graph, 
cirrlr graph). 

3. (Opiional) Tabular 
and graphic repre- 
sentation of relation- 
ships expressed by 
simple formulas. 


1, Statistical graphs 
(reviewed and ex- 
tended). 

2, Functional graphs 
{ f 0 r m u 1 as a A "f ^ , 

i 



NoTF I. The central thetne or rorr of earh sear's trrhniral work is indiratrd by rnrans of 
NfJTK 2. In genrral. no sint^le t las«^ shoiihl attempt ail the optional line.s of work or types of 
omiltcd if iotal conditions require su< h modifu aiion. This is especially true of certain of the 
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V ^ 

PLAN OB" CHAPTER V, GRADES 7-12 



^ GRADE to 


GRADE I J 


GRADE 13 


I. Review «nd extension, 
preferably in connec- 
tion with applied prob- 
lemi. 

a. The use of irrational 
numben. 

3. Approximate computa- 
tion. 

4. (Optional) The iwc of 
the ilide rule. 

■ *0 » ■ 


I , Review and extension. 
a» Study of the number sys- 
tem* 

3. Approximate computation,. 

4. (Optional) Study and use of 
the slide rule. 

5. (Optional) Use of calculat* 
ing machines. 


I. Review and extension. 

a. The number system (com- 
plex numbers). 

3. Approximate computation, 
including use of the deriva* 
tivc. 


(Formal) 
1. Transition to formal 

geometry. 
9. Acquisition of skill in 

demonstration. 

3. Familiarity with facts 
and pr ^position$» prop- 
erly organized. 

4. Development of " ele- 
mentary spatial insight. 

> 

1 

1 


I. Review in connection with 
trigonomciry. 

• 


I. Basic propositions in solid 
geometry with properties 
and mensuration of solids. 

a. Equations of straijght line 
and circle systematically 
studied. 

3. Simple locus problems. 

4. v^p'ionaij introouction to-» 
parabola and ellipse. 


1 

1. Review and extension, 
preferably in connec- 
tion with the social 
studies and science pro- 
grams. 

2. (Optional) Graphs of i 
simple equations. ' 

i 

1 


1. Representation of more 
complicated statistical data. 

2. Graphs of linear and quad- 
r.atic functions. 

3. Graphic solutions of prob- 
lems. 

4. CJraphs of trigonometric 
functions. 


1. Graf)hic solution of equa- 
tions. 

2. Representation of complex 
numbers (cither in rectan- 
gular or in polar coordi- 
nates). 

3. (Optional) Use of logarith- 
mic paper. 

« 

• 



double borders. M^ithematical m^^des of thinkinj?, etc., should he stie.*«ed in all years, 
enrichment sugprested for each /rar. Some of the topics not marked optional can he deferred or 
historical topics suggested. 
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GRADE PLACEMENT 



GRADE 7 



GRADE 8 



ALGEBRA 



. (Optional) The use 
and appUcation of 
formulas as expres- 
sions of simple rela* 
tions and of funda- 
mental rules of pro- 
cedure. 



X 



TRIGONOM- 
ETRY 



{Prfparatnry Work) 

1 . Scale drawing (be- 
Run). 

2. Measurement of 
lengths and angles. 

3. Ratio (begun). 



GRADE 9 



(Informal) 

1. The shorthand of al» 
gebra (concepts and 
simple techniaues). t> 

2. The formula (evalu- 
' ation and construe* 

tion). 

3. The equation (sim- 
ple cases). 

4. (Optional) Signed 
numbers and their 
uses. 

5. Significant applica- 
tions. 



(Elementary) 
I. Language and 

ideas (extended). 
J. f undamenialtech- 

niques. 

3. Fundamental prin- 
ciples. 

4. Thefunciionalcote ' 
of ajgebi-a (for-y 
mula, table, equa/ 
tion, graph). "'^^-^ 

5. SignincantSappli- 
catioha. (Seel text 
for details.) > j 

(In grades '9 anu 10, | 
algebra and geom- ' 
ctry may be closely . 
correlated.) 1 



(PTtparatory Work) 

1. .Scale drawing (con- 
tinued). 

2. Similarity and pno- 
portion, 

3. Out-of-door work in 
indirect measure- 

I ment. 

! 4. The. u^e of simple in- 
i struments. 



(Numerical) 

1. Languagjl^ and 
ideas. 

2. Necessary skills 
(drawing to scale, 
using tables of 
sines, cosines, tan- 
Rcnts). 

\ Applied pj;oblems. 

4. Approximate com- 
putation arising 
from use of tables. 

5. (Optional) The 
aljde rule. 



M.\THE\tAri- 
CAL NfODKS 
OV THINK- 
ING, HAHITS. 
ATITrUDES, 
lYPES OF 
APPRECIA- 
TION 



1. The development of habits of correctness in 
computation, measvirement, and drawing, and 
in making verbal statements. 

2. The development of habits of estimating and 
of checking. 

3. Learning to interpret and to analyze elemen- 
tary problem situations. 

4. Learning to prepare neatly and economically 
arranged written "solutions of suitable matbe- 
xriatiral problems. ^ 

5. The development of an inf^-est in the study of 
simple quantitative relatit- hips with the aid 
of the table, the graph, the formula, and ,the 
equation. 

6. Learning to appreciate the place of mathemaJ- 
irs in everyday life. 



Continuation of 
, the modes (if think- 
ing outlined for 
grades 7 and 8. 
I^earning to under- 
stand and to apply 
relational'thinking 
(the idea of de- 
pendence, of fimc- 
tional think-ng) as 
a key m<'thod of 
•^Mling with quan- 
\itative changes 
arising in nature, 
in business, and in 
everyday life. 
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Grade Placement Chart 849 

CHART {Cotitinued) 



GRADE 10 


GRADE n 


GRADE 12 


I. Use of algebra in con- 
nection with geometric 
proofs and work. 


{Intermediate) 1 

1. Review and extension of 
basic concepts and tech- ! 
niques. | 

2. Linear functions and equa- j 
tions. 1 

3. Quadratic functions and 
equations. ! 

4. Radicals and radical equa» 
tions. 

5. Logarithms and the slide 
1 i-ule. 

6. Series (arithmetic, geomet- 
ric, binominal). 1 

7- ' I (See text.) j 

i 

I 
I 


(Advanced^ and Elements of 
Dijferential Calculus) 

1 . Basic work in- the theory of 
equations, including deter- 
mination of real roots. 

2. Permutations, combina- 
tions, and simple work in 
probability. 

3. Differentiation of folyno- 
mials. 

: 4. vSlopes, maxima and min-^ 
j ima, rates of change, etc.i 
, 5. "(Optional or as substituits) 
i Elements of financei'-scatis- 
tics. 


{Xumnical) 

1. Review and extension. 

2. Functions of 30% 45'', 

3. Significant applied 
pi*'"*b'enis involving use 
of natural trigonomet- 
n" lunerions. 

4. The slide rule. 

5. (Optional) Useoflopa- 
rithms and slfdc rule. 


j (Formal) 

. I. The six trigonometric func- 

tions. 
2. Basic identities. 
. 3. The addition formulas. 
4. Double-angle and half- 

;^ngle formulas. 
: 5. Laws of sines, cosines, tan- 
gents. 

6. Solution of triangles. 

7. Components and resultants. 

8. Simple identities and equa- 
tions. 

9. Field work. 




1 . Review 

2. Radian measure. 

3. Inverse functions. 

4. Identities and equations. 

5. DcMoivre'a Theorem. 

(When desirable, topics may 
be moved from grade i r to 
grade 12, and some topics 
above may be omitted.) 


t. Continuation of the 
modes of thinking out- 
lined for grades 7, 8, 
and 9. 

2. Le; *ning to understand 

live ty,>e o'* thinking as 
a method of dealing 
with situations involv- 
ing sets of incerdepcnd- 
enl concepts and closf^ly 
related propositions. 

1 

1 

• 


1. C Continuation of the modes of thitxking suggested for grades 
7-10. 

2. A more systematic application of functional and siaiisiiral 
thinking, not only in mathematics, but also in science, ia the 
social studies, in economics, and in related fields. 1 

3., The development nf greater skill in using deductive reasoning 

both in nialhema<irs and in life situali(nis. 
4. Learning tn a[3preciate more fully both the service values and 

the cultural values of mathematics. 

! 

■ i -.■■....__^J 
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GRADE PLACEMENT 





GRADE 7 


GRADE 8 


GRADE 9 


HISIORY OF 
MATHEMAT- 
ICS 


I . The story of num- 
bers and numerals. 

a. The story of meas-^ 
urement. 


1. 1 nc story 01 tnc deci- 
mal system and of 
computation. 

2. Early history of 
geometry. ' 


I • 1 nc siory 01 aigc^ 
braic symbolism. • 

2, The story of indi- 
rect measurement. 

3. (Optional) History 
of signed numbers 
and elementary as- 
pects of irrational 
numbers. 


CORRELATED 
MATHEMATI- 
CAL 
PROJECTS 

AND 
ACTIVITIES 


1. Projrcls (home, 
school, commu- 
nity). ^ 

2. The school bank. 

3. Simple measure- 
ment projects. 

4. Simple geometric 
designs in nature 
and art. 

5. Making mathemat- 
ical source books 
and posters. 

6. Correlation with 
J" Titers of interest. 

7. *N«.athcmatical rec- 
reations. 

1 


I . Banks and banking. 

3. Income; taxes. 
% Family budgets. 

4. Installment buying. 

5. Out-of-door work in 
measuring heights 
and distances. 

6. Making geometric 
designs or posters. 

7. Mathematical recre- 
ations. 

\ 


1. The place of . nlh- 
eniaticsinthem id- 
em world. ^ 

2. The mathematics 
of business and of 
the shop, 

3. Graphic devices 
used in everyday 
life. 

4. Correlation with' 
science and the so- 
cial studies. 

5. Elementary astron- 
omy (descriptive). 

6. Mathematical rec- 
reations 


* 






/ 



\ 



Grade Placement Chart ^ 251 
CHART (Continued) 



GRADE 10 


GRADE II 


GRADE la 


t . The development of 
geometry in Egypt, 
Babylonia, and Greece, 

a, Great Greek mathema- 
ticians. 

3, Pre-Greek mathemat- 
ics. 

» 


Sec Note 2, 

1, Systematic development of algebra, as centering around the 
solution of equations; leading contributors,^ 

2, Beginning of the modem period, Descartes,' Newton, Leibniz, 

3, Great development of analysis since lyko; leading contribu- 
tors, I 

4, Mathematical physics and astronomy; leading contributors. 

5, The mathematical discovery of Neptune, 

6, The discovery of non-Euclidean geometry. 

7, Development of mathematics in America, the influence of 
Bowditch, Peirce, etc. 


1. Using postulational ' 
thinking in life situa- 
tions. 

• 2, The geom^ry of archi- 
tecture, vof surveying, of 
design, and of related 
fields, ' 
3. Mathematical recrea- 
tions (fallacies and the 
like). 

I ■ . 


^ • • 

1 . Calculating machines* 

2. Making simple surveying 
instruments. 

3, Surveying projects, 

4, Introducti^on to astronomy 
(rtiathematioal),.'. 

3, Mathematical recreations. 


; , Statistics and modern life. 

2, Mathematics of finance, 

3, Elementary work in me- 
chanics, 

4, "The mathematics of the 
telescope, 

5, The mathematics geeded in 
the leading professions, 

6, Mathematical recreatiofis. 
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